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Dynamic Rate Allocation in
Markovian Quasi-Static Multiple
Access Channels: A Game Theoretic
Approach

Konstantin Avrachenkov

INRIA research group, Sophia Antipolis, France

E-mail: konstantin.avratchenkov@inria.fr

We deal with multiple access channels whose channel coefficients follow
a quasi-static Markov process on a finite set of states. We address the
issue of allocating transmission rates to users in each time interval, such
that optimality and fairness of an allocation are preserved throughout a
communication, and moreover all the users are consistently satisfied with
it. First we show how to allocate the rates in a global optimal fashion.We
give a sufficient condition for the optimal rates to fulfil some fairness
criteria in a time consistent way. Then we utilize the gametheoretical
concepts of time consistent Core and Cooperation Maintenance. We show
that in our model the sets of rates fulfilling these properties coincide and
they also coincide with the set of global optimal rate allocations. The
relevance of our dynamic rate allocation to LTE systems is also shown.

This is a joint work with L. Cottatellucci (Eurecom) and L. Maggi
(CreateNet)

© K. Avrachenkov, 2013



Queue with constant retrial rate 9

Queue with constant retrial rate:
verification of stability region via
regenerative simulation

Konstantin Avrachenkov!, Evsey V. Morozov?,
Ruslana S. Nekrasova?, Bart Steyaert?

INRIA research group, Sophia Antipolis, France!
Institute of Applied Mathematical Research,
Karelian Research Centre RAS, Petrozavodsk, Russia?
S.M.A.C.S, University of Ghent, Ghent, Belgium?

E-mail: konstantin.avratchenkov@inria.fr, emorozov@karelia.ru,
ruslana.nekrasova@mail.ru, bs@telin.ugent.be

We study the stability region of a general retrial queueing system with
constant retrial rate. Considered finite-capacity system (denoted as ) is
fed by the renewal input of primary customers with rate .

If arrivals find all servers busy and buffer full they join an infinite-
capacity virtual orbit and then try to rejoin the primary queue after an
exponentially distributed time with (retrial) rate po. We stress that orbit
rate in 3 does not depend on the orbit size (the number of orbit customers)
unlike classical retrial models. Such a system can be applied to model
some networking protocols.

The infinite growth of orbit size indicates the instability of ¥. Other-
wise, the system is stable and obeys the stationary regime. The following
sufficient stability condition has been proved in [1]:

(A+,LLO)B055 < Ho, (1)

where P, is the stationary loss probability in a loss system with input
rate A+ po. Note that (1) is stability criteria for the system with Poisson
input of primary customers.

© K. Avrachenkov, E. V. Morozov, R. S. Nekrasova, B. Steyaert,
2013
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On the other hand, stability criteria of GI /M /1-type bufferless retrial
system with constant retrial rate has been found in [2]. The main purpose
of the present work is to study by simulation the tightness of the stability
region given by sufficient condition (1) for non-Poisson primary customers.
At that the regenerative simulation is used to obtain an estimate of the
(unknown) loss probability Pjoss-

Furthermore, we consider a retrial queueing system with N classes of
customers and N orbits. Class-¢ primary customers are characterized by
the input rate \;, service rate pu; and exponential retrial times with rate
uéz), 1 =1,...,N. Such a system is also motivated by multiple telecom-
munication applications with multi class customers. For the single-server
bufferless system with Poisson inputs of primary customers, the following
necessary stability conditions are obtained

)\1Pb<,ug)l)(1_Pb)77’:175Na (2)

where P, is the stationary busy probability in an corresponding loss sys-
tem with input rate Y, (\; + ,u(()l)).
Simulation shows that conditions (2) determine the stability region of
a 2-orbit system with a high accuracy being in fact stability criteria.
Acknowledgements. This work is done under financial support of
the Program of Strategy development of PetrSU in the framework of the
research activity.
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Profit Maximizing Problem in Social
Network Product Diffusion

Olga K. Bogdanova, Elena M. Parilina

Saint-Petersburg State University

E-mail: bogdanova.o.k@gmail.com, elena.parilina@gmail.com

We consider a social network consisting of a finite number of agents
and simulate the process of diffusion of a new product on the market
characterized by the network.

Let N be the set of agents. Each agent can be in one of two states:
it can be active or susceptible. Active agent obtains a product. Sus-
ceptible agent doesn’t obtain a product, but he can purchase the product
under the influence of external factors, i.e. influence of neighbors, product
advertising, etc.

The  following  states of the network are  possible:
(0,n), (1,n—1), ..., (n,0). Pair (i,n —1) is a state of the network, where
1 is a number of active agents, n —1¢ is a number of susceptible agents. The
network can move from one state to another. The transition is as follows.

We suppose there are two factors of influence on the network agents.
They are product advertising and neighbors’ opinion. Denote the level of
advertising as A = A(c), where ¢ € [0, ¢o] is an amount of money invested
in advertising of the product, A > 0 is a nondecreasing function of c. The
probability of transition from susceptible to active state is denoted by
p = p(A\, 0), where 6 is the ratio of the number of active neighbors a to the
total number of neighbors k = const, p € [0, 1] is a nondecreasing function
of 8. We suppose that case where the reverse transition isn’t possible.

The diffusion process can be described using the Markov chain with
the finite state space {(0,n), (1,n—1),...,(n,0)} and matrix of transition

© Olga K. Bogdanova, Elena M. Parilina, 2013
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probabilities:
Cop’(1—p)" pl—p)t ... Cppt(l—p)°
0 (1 — p)” Loy i p" (1 —p)°
H =
0 0 1

Suppose there is one firm distributing the product in the social network
under consideration. The task of the firm is to maximize profits in the
long run. Let A and p be known. Then profits of the firm can be described

by the function
b(\,0,¢c,r1) Zb st

where b; = Ela; — a;—1]r; — ¢; is an anticipated profit of the firm at stage
i, a; is a number of neighbors at stage i, € (0,1) is a discount factor, ¢;
is the cost of advertising at stage i, r € [ro, R] is a price of the product,
ro is a cost price of the product.

The strategy of the firm is a set of pairs (r4,¢;), i = 1,, where pair
(ri, ci) is the strategy of the firm at stage ¢, ¢ is a total number of stages.

Therefore, the problem is in finding the optimal strategy of the firm,
that is the strategy maximizing the total profit of the firm.

This study is devoted to empirical research of the behavior of the
model depending on the parameters. Different A and p function types are
considered.

References
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HNccaenoBanme nmHAMWYECKNX CHACTEM
B NHTEPBAJbHOM (PA30BOM
IIPOCTPAHCTBE

U. II. Bonoxypuna, A. B. Kynemnros

r. Openbypr

E-mail: prmat@mail.osu.ru

B nmamHOI#i cTarhe mpeicTaB/IeH BBIBOJ, MMOHATHAS JUHAMUYIECKON CHUCTE-
Mbl B IIPOCTPAHCTBE N-MEPHbIX uHTepBa/oB. OOOCHOBAHbI BasKHbIE CBOI-
CTBA TAKOM CHCTEMbI, IMO3BOJIAIOIINE HCIOJIb30BATH HEKOTOPHIE METObI
JEHCTBUTE/THHOTO AHAJIA3A, I UCCACIOBAHNS MHTEPBAJIbHBIX TUHAMUAIE-
CKHX CHUCTEM.

BBenenue

Paccvorpum juHeiinyo ynpaB/isgeMyio CHCTEMY

#(t) = A(t)x(t) + B(t)u(t) + h(t), (1)

rae z(t) € R™, u(t) € R™ upu t € [to,T] ¢ HAYAIDHBIMU yCIOBUSMU
x(tg) = 2%, B KOoTOpOIt KO3 buUIMenTr A(t), B(t), h(t) - ussecrHble 10-
crarogHo rragrue pyskmuu. CymecrByer Kiace 3aa4, B KOTOPbIX KOIdh-
dunumentor Mogesu (1) mosaraiorcs HeusBecTHbIME (DYHKIMAME, KOTOPbIE
JIeyKaT B IIPe/ielax HHTePBAJIOB C U3BeCTHbIME IpaHunamu. Pa30Bblil Bek-
TOP I[PU HTOM CHUTAETCS IeTePMUHUPOBAHHBIM. OIHAKO, €CTECCTBEHHBIM
[PEJICTABIISETC s, 10 AHAJOrUU ¢ KOI(DDUIUEHTAMEI, CUUTATH UHTEPBAJIb-
HbIM U (pa3oBbIit BekTop. Ho 115 3T0r0 HEOOX0AUMO BBECTH IMOHSATHAE HWH-
TEepBAJIbHON (PYHKIINU ¥ WHTEPBAJIBHON MPOW3BOIHOM. /15t 9TOTO BBEMEM
[IPOCTPAHCTBO MHTEPBAJIbHBIX BEKTOPOB, 33/1a/JMM B HEM METDPUKY M OTHO-
IIeHne nopsiJika u cHopMyIupyeM HeOOXOAMMbIe OIIPEeIeIeHus.
IIpocrpancrBo IR"

(© WU. II. Bomoxypuna, A. B. Kyseros, 2013
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Paccymorpum npocrpancTso I R™ BEKTOPOB, COCTABJIEHHBIX U3 HHTEPBA-

JOB  Xj = [z;, Ti] ¢  JefCTBUTEIbHBIMU rPAHUIIAMUI
z,,T; € R, i =1,n. Cieayst npuHATO B MHTEPBAIBHOM AHAJIN3E TEPMUHO-
JIoruu, nepeiijiem K 0603HAYEHUAM
x = ( [T1,0 — Az1, 21,0 + A1) [Tn,0 — AZp, Tno + Ay ),
rae Tio = %, Az; = Z52 i =1, n. ockonbky x € IR" onpo3nad-

HO OLIPeJIeJIeTcs mapoil JefiCTBUTEIbHBIX BEKTOPOB: Tg € R™ - BEKTOPOM
neHTpoB U Az € R™ - BEKTOPOM IOJIY/JIMH KOMIIOHEHT JaJjiee, TJe ITO
HEOOXOIMMO, HAPSAY C MOAPOOHON 3aIUCHIO, JJIs COKPAIIEHUS OyIeM -
carb X = (x9, Ax).
Bynem BbIensTh MOy KUPHBIM HAYEPTAHUEM WHTEPBAJIBI U WHTEPBAJIb-
HbIE BEKTOPDI, & OOBIYHBIM - YUCJIA U YUCIOBbIE BEKTOPBI.
O6brunbim crocobom [1] oupenenum na I R™ onepauun yMHOXKEHUs BEKTO-
pa Ha YUCII0, CJIIOXKEHHsI U CKAJISAPHOIO YMHOXKEHHS BEKTOPOB.
Merpuka u oTHoOIIIeHUE NOps/gKa B IIpocrpaHcTtBe [ R"
Bagaaum paccrosiue p (x,y) : IR™ x IR™ — R B ciexyiomuM obpa-
30M:

Vx,y € IR",p(x,y) = > _|yio — iol + Y [Ay; — Ay, (2)
i=1 i=1

He rpyano y6eaurbes, uro (2) asiasercs merpukoit B IR™. g Vx,y,z €
IR™ akCuOMbl METPUKU BbIIOJHAIOTCH B CUJLy CBOUCTB MOJyJId J1€HCTBU-
TEJILHOrO Ynciaa. 3Haaur [ R™ - MeTpudecKoe mpoCTPAHCTBO ¢ METPUKOI
(2).

Omnpenenum oTHOIEHNE MOPsAAKa Ha [ R™ ¢ WCIOIH30BAHUEM MTOKA3ATE IS
MHTEPBAJIBHOrO HepaBeHcTBa [2]. CHavaa IpUBeeM 3TOT MOKA3ATEIb JJIs
CKAQJISIPHBIX MHTEPBAJIOB, & 3aTeM PACIIUPUM ITO IOHATHE HA N-MEPHbIH
cay4qait. Ilokazaresnp HHTEPBAJIBLHOIO HEPABEHCTBA €CThH JAEHCTBUTE/IbHA
dyukuus nap unrepsasos: r (x <y) : IR x IR — R, koropas xapakre-
pU3yeT CTENeHb BBIMOJHEHNS HEPABEHCTBA X < Y, CJIEIYIONIErO BUIA:

Yo — &
rx<y) = xR 3

OTHOUIEHNE MOPS/IKA MEXK/ly MHTEPBAJbHBIMUA BEKTOPAMHU Oy/I€EM CUUTATDH
OTIPE/IETIEHHBIM, €CJIM OTHONIEHWS MOPSIKA JJIS BCEX N Map KOMIIOHEHT
r(x; <yi), 1 = 1,n  omHOro  3HaKAa. I[lpu  sToMm
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Rel (x <y) = |fi|sign(7;), rme 7 = minr(x; <y;). B nporusrom ciy-
4ae OTHOIIEHKE HOPsIKa Oyaem chTale HEOIPEICJICHHbIM.
Onpenenenne 1. Muoxecrso K C I R™ Ha3bIBaeTCs OIPAHUYEHHBIM, €C-
g st Vx € K, IM € IR™ : Rel (x < M), Rel (—M < X) 0HOBPEMEHHO
ompeaeeHs u 0obIe 1.

Onpegenenne 2.

Muozxkecrso K C I R" na3blBaercs 3aMKHYTbIM, ecyiu 11 Ve € RY, 3x,y; €
K : p(x,y1) < €,
Jy2 ¢ K:p(x,y2) <e.

Orpanudennabie 3aMKHYThIe MHOKeCTBA, B [ R™ Oy1eM Ha3bIBATH KOMIIAKT-
HeiMu B I R™.

Omnpenenenne 3.

Mpuozxkecrso K C IR™ na3biBaeTcs BBIIYKJIbIM, ecan i VX € K, VA €
R, A e0,1]: x+(1-MxeK.

IIpenes u npounsBogHasa B I R"

Bynem roBoputh, 9TO Ha KOMIAKTHOM MHOXKecTBe 1 C R 3amana n-
MepHas uHTepBaJibHad pydkuus f: R — [ R™ neificrBUTe/IbHON 1IEpeMeH-
noit t € T, ecoiu Vt € T 3 (t) € IR™.

Omnpenenenne 4.

WNurepBaibubiit BeKTOp A € I R™ gBjIsieTcs mIpeeioM HHTEPBAIbHOM hyHK-
unn f(t) npu t — to, ecrm Ve € Rt 3§(e) € RT :Vt € T, |t —to] < § :
p(f(t),A) < e. Ilo aHajornu ¢ JeHCTBUTEHHBIM AHAIM30M, OyIEeM HC-
noNb30BaTh 0003HAUEHnE A = tli)r?o £(2).

Iox, nousitueM npupainenus (GyHKIUA HA OTPE3KE BPEMEHHU OyJaeM Mo-
HUMAaTb MHTEPBAJ, XapPaKTEPU3yIIUil PaCCTOSHUE MEXK/y 3HAYEHUSMU
GyHKIMM B HAYAIbHBIA M KOHEYHBI MOMEHTbI Bpemenu. s ero BBeje-
HHs y106HO Bocmosb3oBarhes 3ammchio f(t) = (fo(t), Af(t)).
Onpegenenne 5.

IMpupamenuem dbynxiyu f(t) Ha orpeske Bpemenu [t1, to] Ha30BeM Besu-
YUHY

F(t1,t2) = (folta) = foltr): Af(t2) = Af(1) ).

Omnpenenenne 6.
IIpoussonuoit hyukuu f(t) B Touke t() HA30BEM mpeEET

: . Of(to, to + At
o) = gim, SR

)
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€CJIM OH CYILIECTBYET.

Pa3obbem oTpe3ok Bpemenu [tg,t| Toukamu ti,ts,...,txy = t, IpU ITOM
Ati =t; —ti—1, 1= 1,N

Omnpenesnenne 7.

Nurerpanom uareppanbuoii dynknun f(7) ma orpeske [to, t] Ha3pBaeTCcs

N
Lpe/Iesl, ec/id OH CyLIEeCTBYeT, BUIA AlimO > £(t;)At;. Ilo ananorun ¢ neii-
ti—=0,=1

CTBUTEJIbHBIM aHaJInN30M, 6y,ZLeM nucaThb

jf(T)dT.

Jlemma 1.IIpedes unmepearvroli GynKyuy pasen uHmepsay ¢ npedenb-
HOLMU 2PAHUYAMU.
Jloka3areabCeTBO JIEMMbI OCHOBBIBAETCH HA CBOWCTBAX MOJYJis JEHCTBH-
TEJIbHOIO YKUCIIA, OLPE/IEJIEHUHU LIPOU3BOAHOI 1 oupeiesienuu merpuku (2).//
B nmanbHeiiimem HaM MOHAI0OUTCS TMOHSITAE HEMPEPHIBHOIO OTOODAKEHS.
Onpegenenue 8.
Bynem rosopursb, uro dyukius f(t) nenpepbiBaa B Touke tg € T, eciu
Ve e Rt 36 e RY, Vt e T : |t —to| <9, p(f(t),f(t0)) < e.
Jdununamuyeckasa cucrema B [ R"
Paccvorpum B I R™ quHaMUYECKYIO CHCTEMY

x(t) = A(t)x(t) + B(t)u(t) + h(t), (4)

rae x(t) : T'— IR", A,B,h - unrepsasibubie Marpuunbie GyHKUUU pa3-
MEpHOCTeH n X n, n X m, n X 1 ¢ snemenramu a; j, bik, hy, i,j = 1I,n, k =
1, m - uATepBaJbHLIME GYHKIHAME THIa T — IR ¢ I3BECTHLIME Hempe-
pbiBHO juddepeHnupyeMbIiMi IPAHUIAMA. ¥ IPABJILIONIEEe BO3/eiicTBHIE
u(t) C Q, u: T — R™ aBaserca nerepMUHAPOBaHHON dyHKIUEil, mo-
CKOJIbKY CUMTAETCs, 9TO €€ 3HAYEHUE OJIHO3HAYHO OLPEIEJIIeTCs Y IIPABJIs-
[01Teit CTOPOHOIA. () OyIeM CYUTATH MOCTOSTHHBIM BBIMTYKJIBIM KOMITAKTHBIM
MHOKECTBOM.

ITycrh u3BecTHO cocrosinue cucrembl (4) B HEKOTODBIH MOMEHT BPEMEHU
10, KOTOPLI cYyUuTaeM HAYaJIbHbIM,

x(to) = x°, (5)

rae x0 € IR™ - UATepBAJBHLIH BEKTODP C M3BECTHLIME KOHETHOMEPHLIMIE
CPAHUIAMUA.



18 U. II. Boaodypuna, A. B. Kyarewos

Omnpenenenne 9.

MHoxkecTBoM mocrukumocTr cucreMsl (5), (6) B MomeHT Bpemenn ¢ € T'
nazosem MHOMKecTBO P(t, 10, %%, Q) mpaBbIx KOHIOB TpaekTopwit X(t), Bbi-
xosmmx 13 X° ¢ y4eTOM BCeBO3MOMKHBIX JIOITYCTUMBIX DEATU3aIuUil yIpas-
aenuit u(7) € Q, to <7 < t. Janee Gyaem nucarb kparko P(t).

Teopema 1. Mnoowcecmso docmusrcumocmu P(t) cucmems (5) ¢ na-
YaALHBM YCao8uem (6) npu cOeAGHHOLT NPEINOAOAHCEHUAT ABAAETNCA KOM-
naxmmom sunykavim 6 IR™ mruoocecmeom [3].

JI0Ka3aTeIbCTBO TEOPEMBL IPOBOAUTCS B 3 ITAIIA.

1. TToKa3bIBAIOT OrPAHUYEHHOCTD MHOKECTBA JOCTUKUMOCTH C HCIIO/Ib-
30BaHMEM AHAJIOra MHTErpabHON (GOPMyJ/bl U TpeOOBaHUI, HAK/IA-
JbiBaeMbix Ha KO3 duuuenror Mojesu (4);

2. O6GOCHOBBIBAIOT HEIPEPLIBHYIO 3aBUCUMOCTD BbIOOPA, yIIPABIILIONIEH
IIOCJIEIOBATEJIBHOCTH U COOTBETCTBYIOIIEH el TpaeKTOpuel;

3. Ucnoub3ys HenpepbiHOCTh coorHomenus u(7), to < 7 < t u x(t),
JTOKA3BIBAIOT 3aMKHYTOCTH M BBIMYKJIOCTh MHOYKECTBA, JOCTHKIMO-
cru P(t).

Kommnakraocrs u BDBIIIYKJIOCTDb IIOHUMAIOTCA 3/1€Cb B CMbICJIE OHpe/IeJIeHI/IfI
1-3.

3akJroueHne

B namnoit pabore mpezcraBiieHa KOHIENIUSA WHTEPBAJIbHON [IHMHAMU-
4EeCKOU CUCTeMbl, JIOKa3aHO CBOMCTBO BbIIYKJIOCTU U KOMIIAKTHOCTH MHO-
2KeCTBa, JOCTUKAMOCTH JUHEHHON HHTepBaIbHOM cucTeMbl. Teopema 1 aB-
JA€TCA Ba’KHEHIINM HWHCTPYMEHTOM IIPH JAJbHEHMNNX PaCCyKIeHUAX, a
HMEHHO, pU 0D0CHOBAHUU HEOOXOAMMOIO YCJIOBHUS OnTuMabHOCTH. Kpo-
Me TOr'0, OHa UMeeT CaMOCTOATE/IbHbIM HHTEepec, I0TOMY, KaK CBOMCTBO Bbl-
IIYKJIOCTU U KOMIIAKTHOCTH MHOXKECTBA JIOCTUKUMOCTU [IPUMEHAETCH [1PU
YUCJIEHHOM pEUIeHUM 3a/1a4 JUHAMUKKU MeToJaMM JIMHAMUYECKOI'O IIPO-
rpaMMUPOBAHUA U SKCTPEMAJILHOIO NIPUTIEJINBAHNA.
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3ajada ONTUMAJBHOTO YIIpaBJIeHUS
IIOBEeJICHNEM MNPEANPUATUN COTOBOM
CB43U B YCJIOBUAX KOHKYPEHTHO
OOPBHOBI

. I1. Bomoaypuna, T. A. Orypmosa

DeepaabHOE FOCYIAPCTBEHHOE DIOMKETHOE 00pa30BaTEIHHOE
yUIepexK IeHre BBICIIEro mpodeccHoHaIbHOTO 00pa30BaHUS
"Openbyprckuii rocysapcrBeHublit yausepcurer"

[Mocenuue necsruiieTuss 0O3HAMEHOBAJIUCH OYPHBIM PA3BUTHEM BBICO-
KUX TEXHOJIOIHMil, B TOM 4mcJje B obsiactu rTenekommyHukaruii. Ha ce-
TOHSAITHUN I€Hb 9TO HAMPABJIEHUE OCTAETCS OJHUM W3 HAUOOJEEe MPH-
OBLIBHBIX U MEPCIEKTUBHBIX. BOJIbIas MTPUBIEKATEIHHOCTD TEJIEKOMMY-
HUKAIMOHHOTO PBIHKA TOPOXK/IAET YKECTKYI0 KOHKYDPEHIIMIO B ITOM CEK-
rope 3KOoHOMUKHU. Cerojnsi IpepusaThs COTOBOM CBA3M IMPEACTABIISIOT
€MHCTBEHHDII HA TEJIEKOMMYHUKAIIMOHHOM PBIHKE CEIMEHT, PACIIOIarato-
it mHGPACTPYKTYPOil TOCTyma K MOTpeduTe 0 KOHTeHTa. KOHKYpeHT-
Hasg OopbbOa HA PHIHKE TEJIEKOMMYHHUKAIIMOHHBIX YCJIYT, CTABINAS PEAJIb-
HOCTBIO U JIJIsi ONEPATOPOB CBA3U, IPUBOAUT K HEOOXOAUMOCTH OBICTPOrO
HPUHATHS MAPKETUHIOBBIX PEIICHUT U OOHOBJICHUS IIAKETA IIPEIOCTABIIS-
embix yciyr. C Hesbio yiAepKaHus W yBEIUYEeHUs CBOEH J0JM HA PbIH-
Ke, KOMIIAHUSAM COTOBOM CBA3M HEOOXOJUMO U3YydaTh JIEATEJIbHOCTD KOH-
KyPEHTOB, 9TO U ONPEIEIIeT BO3MOKHOCTh TAJIbHENIIEr0 Ka9eCTBEHHOTO
Pa3BUTHs OIIEPATOPOB CBSI3M, W, COOTBETCTBEHHO, CTABUT MEPE] HUMU 3a-
nadqy 3(PMEKTUBHONO peArupoBaHUs HA M3MEHEHUE COCTOSIHUS BHEIIHe
cpenbl. Baxkneimum GpakTOpOM, XapaKTePU3YIOMUM KOHKYPEHTOCIOCO0-
HOCTb ONEPATOPOB CBs3H, SBJSETCS €MKOCTb CUCTEMbI CBS3U, OIPE/IEisi-
eMasi YUCJIOM TOTEHINAJIbHBIX a00oHeHTOB. [loaTOMY BechMma akTyaJbHOM

(© WU. II. Bomoxypuna, T. A. Orypnosa, 2013
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[IPEICTABIIETCS 33/1a49a pPa3padoTKu 3 PEKTUBHOIO MEXaHU3Ma, yIIPABJIE-
HUsI CTPATerueil pa3BUTHs MPEIIPUATHN TEIEKOMMYHUKAIIMOHHON! OTpac-
squ. B pamkax 3a7a4uu pa3pabOTKU CTPATErUU PA3BUTHUS U ONTHMAJIBHOTO
yUPaBJIEHUSI [IOBEIEHUEM OIIEPATOPOB CBSI3U B YCJOBUAX KOHKYDPEHTHOMN
6opbbbl 3a 0b6LIMe pecypebl (B JAHHOM CJLy4ae 9TO IIO0JIb30BATEIU YCIyT)
BAa’KHOE MECTO 3aHUMAaeT Pa3pabOoTKa MATEMAaTUYECKON MOIe/H JAHHOrO
nporecca. st 9Toi 1meim paccMOTPpUM NI KOHKYPUPYIOIIMX (DUPM, IPEI0-
CTaBJIAIONINX YCJIYTH COTOBO CBSI3M, KOTOPBIE CYIIECTBYIOT B OJHON KO-
HOMHUYECKO HUIIE, TO €CThb C OOIUMHU TPYIOBBIMU U TPUPOIHBIMU PECYP-
camu u 001mMuU noTpeburessiMu coroBoii cs3u (abonenramu). IIpemiono-
2KHM, 9TO paccMarpuBaeMbie GUPMbI HE ABJISAIOTCH MOHOIIOJUCTAME U 9TO
yciyra He3amernaema. Jjis mocTpoeHust MOIEIN ONTHMAJILHOTO yIIpaBJie-
HUA TOBEJIEHUEM MPEANPUATUN COTOBOU CBA3U Pa3/Ee/IMM BCEX OIEpaTO-
POB Ha JBE HEpaBHbIE I'DYNNbL: IKoHOMUUeckuii arent Nel (arent A7),
000coOUB O/IHO U3 BEyHIMX HPEAIPUATUN PACCMATPUBAEMO OTPACIU HA
PbIHKE, U ee KOHKYDPEHTOB — 3KoHoMu4eckuit arent Ne2 (arenr DA ), 00b-
€/IMHUB OCTAJIbHbBIE [IPE/IIPUATHS [IyTeM CyMMUPOBAHUS YUCIIa ADOHEHTOB
Ha peiaKe. O603HAUNM Yepe3 x;(t) 9UcI0 abOHEHTOB i-T0 SKOHOMUYECKOTO
areHTa B MOMEHT BPEMEHH ¢, T;) — YUCI0 ADOHEHTOB i-I'0 YIKOHOMUIECKOTO
areHTa B HAYAJIbHBI MOMEHT Bpemenu (i = 1,2).

Ha usmenenue nunaMuky pa3zBuTus 4uciia aDOHEHTOB KazK/I0I'0 OLEPATOPa
COTOBOH CB#A3U OKA3bIBAIOT BIUSHUE MHOXKECTBO (DAKTOPOB: SKCIIOHEHI[M-
aJIbHBIN POCT 4nciia aOOHEHTOB B OTCY TCTBUY KOHKYPEHTOB, HEJIMHEHHOCTH
BO B3aMMOJENHCTBAYN, BPEMEHHOI JIar, ONpeJesdioNInil pa3HuIly BO BpeMe-
HU MEXK/y W3MEHEHUSIMU B PBIHOYHON CHUTYAIMW ¥ MOMEHTOM MPUHSTHUS
YUPABJIEHYECKUX PEIIeHH C Ie/IbI0 PearnpOBaHus HA 3TH U3MEHEHUS, a
TaK>Ke HaJu4dne KOHKYDEHTOB Ha pbiHKe. [Ijisi onucanus KOHKYPEHTHOrO
MOBEJICHUS [IBYX YKOHOMUYIECKUX AreHTOB HCIOJIH30BAHA JIOTHUCTUIECKAS
Mozesb (1) ¢ 3ama3ablBaHueM BO BPEMEHH, MO3BOJIAIONIAS YIECTh BCE Me-
pedncieHHbie (PAKTOPHI B TOJHOM 00beMe.

(t) =2 |g; — Z%‘kﬂ?k(t -7, (1)
k=1

e Yik, k = 1,2 — ko3 duruenT B3auMHOrO BJAUSHUSA 1-0r0 U k-Oro SKOHO-
MHYECKHX areHToB. 1uci0 aDOHEHTOB i-I'0 9KOHOMUYECKOIO areHTa Ha Ha-
JaJIbHOM HHTEpBAaJe [—7,0] 3a/1aHO dyuknmamu wi(t),
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zi(t) = pi(t), t € [_Tv 0]' (2)

CymrecTBoBaHue HUXKHEH TpaHu 1); 00beMa abOHEHTCKOI 0a3bl, KOTOpast
ofecrneunBaeT HOpMAaIbHOe (DYHKIMOHUPOBAHUE TIPEIPUSATHSI, & TAKIKEe
BepxHell rpaiu g; o6beMa, OLPeIe/IaeMOl TeXHUYECKUMU XapaKTepUCTH-
KaMU CeTH, T.€. BO3MOKHOCTHIO 06C/LyKUBATH 3a/IaHHOE KOJMYEeCTBO abo-
HEHTOB B €JIMHUILYy BPEMEHH, OIIUCAHO HepaBeHcTBamu (3)

Paccmorpen moaxon K mpobiieMe OJHOBPEMEHHOM MACHTH(DUKAIINN BEJIH-
YMHBI 3aMA3IbIBAHNS U KOIPPUITHEHTOB CUCTEMbBI, B OCHOBE KOTOPOTO JIe-
KAT METOJ, HACTPONKHU MOJE/N Ha, YKCIEPUMEHTAJIBHO IOy YeHHbIE TaH-
wbie [5]. Jus JeMoHCTpauuu BasKHOCTU BBEJEHUS BDEMEHHOIO Jlara, Pac-
CMOTPEHA [POIIE/lypa UACHTH(DUKAIMU [TAPAMETPOB MOJIEU Oe3 yaera 3a-
[A3/IbIBAHUS.

KoukyperIus MexK /1y KOMIAHUSIMHA BEIETCS 33 MOTEHIIMAILHOTO KJIHEHTA,
KOTOPOTO MHTEPECYET CTOMMOCTh MUHYTHI CBSI3U MMOJIb30BAHUS yCJLyTaMHU.
Ilosromy Bo3HmKaer mpobiiema 3(PpHEKTHBHOIO yIPABICHHUS TOBEICHIEM
HPENpPUATUl COTOBOM CBsA3U, yuuThiBas GakTop HeHbl. s Momenupo-
BaHUs [IPOIECCA YIPABJICHUS KOHKYPEHTHBIM [TOBEJICHUEM JBYX SKOHOMHU-
YeCKUX areHToB B Mozesb (1) BBeJeM mokasarens u,(t),i = 1,2 xapaxTe-
pU3YIOIMWi CPEIHIO CTOMMOCTb MWHYTHI MTOJTH30BAHUS YCAYTaMU CBS3U
olepaTopa B MOMEHT BPEMEHHU U YJOBJIETBOPSAIONIUil orpanudenuio (4)

a<u(t) < B, telo,T], (4)

e o — MUHUMAaJIbHAA CPEJHAA CTOUMOCTh MUHYTBI CBA3U, IPU KOTOPOit
3aTpaThl HA U3/IEP2KKU HE MIPEBBICAT BBIPYUKY, OJIYy4aeMYI0 OT UCIOJIb30-
BaHud ycuyr cBs3u (cebeCcrouMOCTb MUHYTBL CBA3U); 5 — MAKCUMAJIbHAsA
cpedad CTOUMOCTb MUHY ThI CBA3H, 1103BOJIAIONIAA SKOHOMUYECKOMY al'eH-
Ty OCTaBaTbCd KOHKYDPEHTHO CIIOCOOHBIM HA PbIHKE.

B kauecTBe CTPYKTYpbI MOJEIN BHIOPAHA, JUHAMHUYECKAS MOEIh B BHUJIE
cucrembl auddepeHIaIbHBIX YPABHEHNH C 3aMa3bIBAHNEM THUIA MOE-
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Jaieii JIorku-Boubreppsr (5)

1(t) =

z1(t) [e1 — vz (t — 7) — Y@ (t — 7)] — priwa(t) — praua(t), (5)
@o(t) =

x2(t) [e2 — Yor121(t — 7) — Yooxa(t — 7)] — p2arua(t) — paoua(t),

TIe Pij, 4, j = 1,2 — K03 OUIIEHTH! BANAHAA CpeIHell CTONMOCTH MIHY THI
CBSI3M Ha, IPHUPOCT YucsIa aDOHEHTOB. Uncsao abOHEHTOB -I'0 YKOHOMUIe-
CKOrO areHTa Ha HadaJabHOM mHTEpBase [—T, 0] 3amano Gyaknusavu (2), a
orpanuyenus Ha (Ga3oBble LepeMeHHble BbiOpanbl B Buje (3).

B npouecce B3aumo/ieficTBus SKOHOMUYIECKUX AreHTOB epes, pupmoit Mo-
ryT OBbITH [OCTABJIEHbI DA3JIMYHbIE 1I€JIU, PEaTM30BAHHbIE B COOTBETCTBY-
IOIUX KPUTEPHUAX KadecTBa:

1. mapamuBanue aDOHEHTCKOM 6a3bI MPEANPUATHS 3a KOHEIHBIH TePH-
0/l BpeMeHu

T
J1 (ul) = bixq (t)dt — Imax; (6)
/

2. mpuBeseHre aDOHEHTCKOHN 0a3bl IPEANPUATH K 3aJaHHOMY 00beMY
B KOHEYHbBI MOMEHT BPEMEHU

Jo(u1) = by (21 (T) — M)* — min, (7)
roe M — miaHoBoe 3HadYeHHe aODOHEHTCKOH 0a3bl arenTa A ;

3. yBejmm4ieHnume HpI/I6bIHI/I OpeanpudaATud 3a KOHEYHBIN nepuo1 BpeMEHH
T
Jg(’u,l) = /bg:El (t)u1 (t)dt — Imax; (8)
0

B 3aBHCHMOCTH OT MPHOPHTETOB PA3BUTHs areHTa JA; DerieHbl 33/adu
OLTHMAJIbHOIO yIpaBieHus Ajig Kaxaoro dyuxnuonata (6) — (8). Ilo-
CTaBJICHHDIE 331441 OTHOCATCH K KJIACCY 33184 OLTHMAJIBLHOIO yIPAB/Ie-
HUSL C IOCTOSIHHBIM 3ana3apiBanueM. s ux pemenus B pabore IPUMEHEH
npuHIEL MakcuMyMa [IOHTpATHHA [J18 CHCTeM C TIOCTOSTHHBIM 3ala3/IbIBa-
HHMEeM B MPEJNOJIOKEHNH, 9TO 3HAYEHNE CTOMMOCTH MHUHYTHI CBSI3HM areHTa,



24 H. II. Boaodypuna, T. A. Ozypuyosa

DA, bUKCUPOBAHO, U MOXKET ObITH OLEHEHO U3 JUHAMUKE IIPEIbLLY ek
TapudHON MOIUTUKN U TEHICHIINA PA3BUTHUS PHIHKA.

Brmmonmenue ba30BbIX OrpaHWYeHU 337a49u 0DECIIEYEHO IyTeM BBEIe-
HUS KBaJIPATHYHBIX BHEIIHUX ITPAMHBIX CIIAraeMbIiX B PACCMATPUBAEMbIE
b YHKITHOHAJTBI.

OcobenHocTIMEU HOCTPOECHHON 331291 OITUMAJIBHOIO YIIPABJICHUS sABJISIET-
Cs HeJIMHEHHOCTh cucTeMbl Aud depeHnnaabHbIX yPABHEHUI, OMUCHIBAIO-
el AMHAMUKY Pa3BUTUS aDOHEHTCKON 6a3bI JBYX YKOHOMUIECKUX AreH-
TOB, & TaKKe HAJUYNE TOCTOSHHOIO 3AMA3/IbIBAHUS B YIPABJISIEMON CH-
creme 10 BeKTopy cocrosuus. C y4eroM Hepeduc/IieHHbIX OCODEHHOCTEH
IS TIOCTPOEHHOMN 3312491 ONTUMAJIBHOIO YIIPABJIEHHUS [10JIy Y€HbI YCIOBUS
ONTUMAJILHOCTH, HA OCHOBE KOTOPBIX PEAJMN30BAH YUCJICHHBIA AJTOPUTM
ee pernenus. [IpoBesena aucKkpeTHas AMMIPOKCAMAIMS HEMPEPHIBHBIX 3a-
nad. Orpanndenns Ha yIPaBICHUE UMEIOIINECs B 33/1a9€ YITeHbI C TTOMO-
[IHI0 METO/IA IIPOEKIUU IPA/MEHTA IIPU IIPOU3BOJIHHOM BHIOOPE HAYAIBHO-
ro npubJIMKeHus yIIPaBJICHUS.

Citeftyer OTMETHTD, YTO € [IOMOIIHIO OJIHOIO YUCIEHHOIO METO/IA HE BCEra,
yIaeTcs HANUTH perienne 3aa9u ONTUMAJIBHOTO YIIPABJIEHNS C TPEOyeMOii
TOYHOCTHIO. [o9TOMY B TIpOIIEcce perreHus 3a4a9u MOTYT OBITH MTOCJIEI0-
BATEJILHO PEATM30BAHDI PA3IUYHbIE AIrOPUTMbL. OIMH 13 HTPUOTHMAKEHHBIX
METO/OB PeIleHus 331249 OUTUMAJIbHOIO YIIPABJIEHU HEJIMHEHHBIMUA O0b-
ekramu npeiiokern JI.U. [Mlarposckum. O OcHOBaH HA JMHEAPU3AIUU
33/JAHHON HeJWHENHON CHUCTeMBbl W JajbHeHIedl NTepanuoHHON IIPOIeIy-
pe, B X0/ie KOTOPOil Mpu 33JaHHOM B BHE (PYHKIINKA BPEMEHU HAYATHHOM
NpPUO/IVKEHUN YIIPABIEHUS HA KaXKOM ITare Perraercs JUHeHHAS 387249
ANIIPOKCUMUPYIOIIASd UCXOAHYIO 3a/1a4Yy.

11 MOBBIIIEHUS HAJAEKHOCTUA PACYeTa ONTUMAJIBLHOIO YIIPABJIEHUS JIJIs
HEJIMHEITHON 33291 aBTOpaMU PAOOTHI OBLI IIPEIJIOKEH KOMOWMHUPOBAH-
HBI METOJ, CyTh KOTOPOI'O 3aKJIOYAETCS B TOM, YTO B KA9eCTBE HAYAJIb-
HOTO MPUOJIMKEHUST B METO/Ie MTPOEKIINY I'PATAEHTA BHIOPAHO JOITyCTUMOE
yipasyenue, moaydeatnoe B meroze Illarposckoro. Takoit moaxom K BbIOO-
Py HA4YaJbHOrO HPUOJIMKEHUs YIIPABJIEHUS [T03BOJIUT U3DEKaTh [101a/1a-
Hus (PyHKIMOHAJA B JIOKAJIBHBII IKCTPEMYM.

B pamkax mocraBjieHHO# 33a9u pa3paboTaH MPOrPAMMHBIN KOMILIEKC B
cpene MIPOTPAMMUPOBAHUST
Borland Delphi 7.0, peanu3syiomuii 4ucieHHOe peneHue 33129 OlTHMAJIb-
HOT'O YIIPABJIEHUS IOBE/IEHUEM LIPEAIPUATUI CBA3U B YCIOBUAX KOHKY DEH-
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uuu 3a norpeduresieit yciayr. IIporpaMmubIil KOMILIEKC COCTOUT U3 YeThbI-
pex momyseit: M1 — MOmy/ab IJIaBHOTO OKHA, TpOrpamMmbl, M2 — MOmyssb
uaeHTH(UKAIUN TapaMeTpoB Mozmenn, M3 — MOIy/b METOma TPOEKIInU
PAJIMEHTA IIPU [IPOU3BOJILHOM BbIOOPE HAYAIBHOIO HPUDJIMKEHUS YIIPAB-
stenust, M4 — MOzy/ib METOZA IPOEKIUY I'PAJMEHTA IIPU BbIDOPE HAYAJIbHO-
ro npubJimKenus yrupasiaeHus Ha ocHoBe merona [larposckoro. ITo nume-
IONUMCS TAHHBIM a0OHEHTCKOI 0a3bl, TMHAMUKY MPEIbLIyInei TapudHON
MOJIMTUKY W TEHACHIMI PA3BUTHs PHIHKA CO3JAHHBIN MTPOTPAMMHBIN KOM-
IJIEKC MTO3BOJISIET HAXOAUTH ONMTUMAJIbHBIE 3HAYEHUS TapaMeTPOB U BEJIH-
YMHBI 32I1a3/IbIBAHUA, & TAK2KE OINTHUMAJIbHbIE YIIPABIECHYECKHUE CLHEHAPUU
IS IPEJUPUATU, IPeJOCTABIILIONUX YCIYyIU CBA3U B 3aBUCUMOCTHU OT
[IPUOPUTETOB PA3BUTHUS.

Takum obOpa3om, pa3paboTKa M COBEPIIEHCTBOBAHNE d(PPEKTUBHBIX THC-
JIEHHBIX METO/JIOB W AJICOPUTMOB, 3 TAaKXK€ CO3JaHWE HA UX OCHOBE MPO-
IPAMMHBIX KOMILJIEKCOB JJIsi PelleHus 3324 JIUHAMUKU n3MeHeHus abo-
HEHTCKOW 0a3bl M yIPABJIEHHUS IIOBEJICHUEM IPEIIPUATHI COTOBOI CBS3HU
HA POCCHUIICKOM PBIHKE B yCJIOBUSAX KOHKYDPEHTHOU OOpbObI 38 1101b30BaTE-
JIelt yCyT SBJISIIOTCS B HACTOSIIEE BPEMs OJHUMHU U3 PbIYArOB YCKOPEHUS
HAY YHO-TEXHUIECKOT'O MPOrPECCa CTPAHBI.
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OnenuBanue 3 PeKTuBHOI

ITPOMYCKHOI CIIOCOOHOCTH y3Jia B

TaHAEeMHOIT ceTn!

Bopoauna A. B., Moposos E. B.

MNucruryr [puknanabix Maremaruyeckux Mcecnenosanuit KapHIT PAH,
[Ierpo3aBoicKuil rOCYIapCTBEHHBIN YHUBEPCUTET

Paccmorpum cucreMy € HOCTOSHHOR CKOpOCTbiO 0oOc/ayxkuBanus C u
KoHeunbiM Oydepom b (y3es koMMyHukauuoHHoi ceru). s Gosbiumn-
CTBa ceTell 00CIIyKIUBAHUS CKOPOCTH OOCIY KNBAaHUS B y3JI€ JT0J2KHA yJI0-
BJIETBOPATH TpeOOBaHUAM KadecTBa obcayx)uBanus QoS. [Toaromy paspa-
00TKa aJrOPUTMOB [ OneHuBaHus () HEKTUBHOI CKOPOCTH 0OCTy XKUBa~
HUsg ¢ yderom TpebosBaHuit QoS siBiisiercss BaxkKHOU 3agadeit. s y3mia
ceru BblYUCIUTH 3 dexTuBHyio npouyckuyio cuocobuocrs (IIIC) o3una-
4aeT HAWTH HaMMEeHblIee 3HadeHue ckopocru obciyxkuBanus C, KOTOPoe
rapaHTUPYeT, 9TO BEPOSITHOCTD MEPErPYy3KHU YIOBIETBOPSAET yCIOBUIO

P(W >b)<T,

rae W - cramuoHapHBIH HPOIECC HArPY3KH, a 3HadeHume [ J0CTaTOYHO
MaJIo u obecrieduBaeT yposeHb QoS.

Bynem mpeamosarath, 9TO Ha BXOJ|, y3J1a CETH MOCTYIAET PEreHepaTHB-
HBIM BXOJ/HOM MTOTOK, YTO XapakKTEePHO JJIs TaHIeMHBIX cereil. Bojee Toro,
pereHepaTUBHBIN IPOIECC COXPAHSIET CBOMCTBO PereHepariuy P MPOX0K-
JIEHUH 4Yepe3 y3Jibl ceTu. B CBd3M ¢ 9TUM BO3HUKAET 3a/[a4a OIECHUBAHUS
OIIC mrst y3ista B TanieMe, Ha BXOJ, KOTOPOI'O HOCTYIIAET PereHepaTuBHbIHA
BXOJIHOM IIOTOK.

B pab6orax [1, 2] paccMarpuBajiach 3a/1a9a BbIYUCIEHHs W ObLIA [pPe/i-
soxkena orenka JIIC 11t CUCTEMBI ¢ pereHePaTUBHBIM BXOJIHBIM IOTOKOM,

1PaBora BeImoOsTHEHA HpU (DUHAHCOBOH mOAJepKKe IIporpaMMbl CTPATErHIeCKOro
passurud llerpl'yY B pamkax peasn3aluu KOMIUIEKCA MEPOLUPHUATHH 110 Pa3BUTHIO
HayYHO-HUCCIeJOBATEIbCKON 1eATeTbHOCTH.

(© bopomuna A. B., Moposos E. B.; 2013
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rJe pacCyKJAEHHUs OLMPAJIUCh HA UCLIOIb30BaHKe peKypeun Jluummm s
He3aBepIeHHOi paboThl W(n) (B AHCKPETHOM BpEMEHH):

W(n+1)=[W(n)+v,—C]", n>0,

rie v - BeJauduHa paboTbl, IOCTYNUBLIEH B CUCTeMy B MOMeHT 7 (3a
eIMHUYHBIH nHTEpBa Bpemenn), nponecc { W(n)} obpasyer MapKOBCKYIO
[enb € OOIMMM MPOCTPAHCTBOM cocTosiHuit. OHAKO, Takas MOIEIb HE
odYeHb ya00Ha 1t orernBannsa JIIC B TanmeMHOl ceTu, MOCKOJIBKY HEO0-
XOJMM [EPEX0J, OT HENPEPBIBHON IMIKAJIbI BDEMEHH K JIMCKPETHOI.

B nmamnoit pabore npeararaercsa o0OOIEHNE PEreHePATHBHON OIEHKH
IIIC na cay4ait pekypceun JIuHm, TOCTPOCHHON IO MOMEHTAM [IPUXOJIA,
3asBOK:

Wn+1)=[W(n)+uv.1 —Cr]T, n>0,

rJie T, — MHTEPBAJ MEXKJLy IIPUXOJaMu Nn-0# u n + 1-0i 3asBKU.
Torga ns onenunBanust IIIC y3/1a MOKHO UCTIONIB30BATH CJIEILYIOIIYIO
AIIPOKCHMAITAIO:
O In Eef" X
- O*ED

rie X — runuunas Harpy3Ka, MOCTYIHBINAA HA UKJIE perenepanuu, D —
TUNIWYHAA JIJIMHA [IMKJIa pereHepaliu B HelIPDEPbIBHOM BPEMEHH, NCKOMBI
napamerp 0* corsacHo Teopur GOJBIIMX YKIOHEeHHH [3, 4] onpenensiercs
npuOINKEHHEM:

0" = —InT/b.
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Expected time of the first exit from a
domain in large social networks

V.V.Breer, A.D.Rogatkin

V.A.Trapeznikov Institute of Control Sciences RAS, Moscow

M.Granovetter’s social network model is used. Due to random fluctuations
of agents parameters, social network state may significantly deviate from its
equillibrium state. In this work expected times of such large deviations are
estimated.

Model description

Social network consists of n agents. Each agent has one of the two
available actions w; € {0,1}. Each agent is described by one constant
0; € [0,1] which can be treated as agent’s resistance to public opinion.
According to M.Granovetter, agent ¢ chooses his action w; to maximize
his objective function

1
JFi
It can be shown that evolution of such systems can be described by
only one variable z € R which is equal to the mean action of agents

1
=— i 2
The evolution is then described by the following recurrent equality
Tp1 = Fp(wg), (3)

where

Fo(z) = Zx(éﬂ > 0;) (4)

(© V.V.Breer, A.D.Rogatkin, 2013
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is empirical distribution of agents thresholds 6;. In this work it’s assumed
that agents thresholds are i.i.d random variables with distribution F(x)
and fluctiate in time, i.e. we have a new realisation of threshold vector
for each time step k. Thresholds and empirical distribution thus can be
written as 0;, and F.

The finite difference scheme of the network’s dynamics can be rewritten
as follows

Th1 = For(ag),

Try1 — ok = F(wg) — 2k + (Fuk (1) — F(21))- )

The random part has the following property
1
Var(Fy(z) - F(z)) = ~F(z)(1 ~ F(z)). (6)

Therefore for large n, by the central limit theorem, we can approximate
it by a gaussian random variable

Vi (Fa(z) = F(x)) =° N(0,F(x)(1 — F(x))). (7)
The discrete-time stochastic process for the system is
1
Tpy1 — T = b(xy) + %U(xk)fk—i-l- (8)
where
b(z) = F(x) -, (9)

o(z) = VF(z)(1 - F(z)). (10)

To obtain useful estimates we study its continious analog

1
& =b(x(t)) + ﬁo(x(t))u}, (11)
where w is a standard Wiener process. The main challenge in studying
this system is that noise is dependent on the space variable.
Problem
Let social network be in a stable equillibruim state
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F(x0) = xo, (12)
F(z) —z >0,z € (x1,20) (13)
F(z) — 2z <0,z € (z9,x2) (14)

Due to random fluctuations of agents thresholds at infinite time its
state can be found far from the interval (z1, z3). Denote the exit time as

Te = irtlf{t cx(t) ¢ (w1, 22)} (15)

The reasonable question is how much time does it take to observe such
deviation

Er.—? (16)

Results
Quasipotential for the continious-time system was found

N GOEE
Ve = | =iy "

0

The large deviation principle for the exit time is

lim lln(ETe) = —min{V(x1),V(z2)}. (18)

n—,oo M
Which can heuristically be expressed as

Er, ~ e~ rmindV(z1),V(z2)} (19)
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Price of An efficient and fair solution
for communication graph games

René van den Brink!, Anna Khmelnitskaya?,
Gerard van der Laan?

A cooperative game with transferable utility, shortly TU-game, is a
pair consisting of a finite set of players and a characteristic function
assigning a worth to each coalition of players. Myerson (1977) intro-
duced TU-games with restricted cooperation possibilities represented by
an undirected graph which nodes represent the players and the edges com-
munication links between the players. Under the assumption that only
coalitions of connected players can cooperate, Myerson derived the so-
called restricted game and proposed the Shapley value of this restricted
game as solution for such graph games. This so-called Myerson value is
characterized by component efficiency and fairness.

Component efficiency states that for each component of the graph the
total payoff to its players equals the worth of that component. How-
ever, when the characteristic function is not superadditive, component
efficiency might be not desirable. Consider, for example, the graph game
on N = {1,2,3} with only players 1 and 2 connected and characteristic
function v with worth 5 for coalition {1, 2} as well as for the single player
coalition {3}, and worth 8 for the grand coalition N. A solution satisfying
component efficiency allocates 5 to players 1 and 2 together and also 5 to
player 3, which is more than the worth of the grand coalition. But also

1J.R. van den Brink, Department of Econometrics and Tinbergen Institute, VU
University, De Boelelaan 1105, 1081 HV ~ Amsterdam, The Netherlands. E-mail:
jrbrink@feweb.vu.nl

2A.B. Khmelnitskaya, Saint-Petersburg State University, Faculty of Applied Math-
ematics, Universitetskii prospekt 35, 198504, Petergof, Saint-Petersburg, Russia. E-
mail: a.khmelnitskaya@math.utwente.nl

3G. van der Laan, Department of Econometrics and Tinbergen Institute, VU
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glaan@feweb.vu.nl
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under superadditivity efficiency might be required instead of component
efficiency. For example, consider a research fund that has money available
to distribute amongst individual researchers. Every researcher that sub-
mits a proposal takes part in the distribution of the budget. However, the
fund has the policy to stimulate interdisciplinary research and therefore
proposals submitted by two or more researchers receive relatively bigger
amounts of money. Therefore, a subset of connected researchers can se-
cure a bigger grant by submitting a joint proposal. Although usually not
all researchers are connected to each other, still the full research budget is
available and will be distributed. This requires a value to satisfy efficiency.
We introduce an efficient value for graph games that is characterized
by efficiency and two other axioms, namely the Myerson’s fairness axiom
saying that deleting a link between two players affects both players’ payoff
equally, and a new axiom fair distribution of the surplus that compares
for every component the total payoff to this component in the game itself
to the total payoff of this component in the subgame induced by this
component. For the research fund example it is obvious that the presence
of joint proposals affects the size of the grant. The fair distribution of the
surplus condition requires that these effects are balanced. The value for
graph games characterized by the three axioms equals the Shapley value
when the graph is complete and is equal to the equal surplus division when
the graph is empty. Recently, also Casajus (2007) proposed an efficient
value for graph games. Using the coalition structure given by components
of the graph this value assigns to each player his Myerson value of the
Owen’s modified game restricted by the graph within the component the
player belongs to. We provide an example where Casajus’ value favors
stand-alone players, whereas our value favors cooperating players.
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Let’s denote Gs = Gs(V, E) as a web-site graph, where a set of vertices
is V and FE is a set of edges. By vg1 we denote starting vertex with level
equal to 0, and by v;; - jn vertex of i, level, 4 > 0. So in graph with k

levels V = {'UOl; V11,V12,+.-Vi1,Vi2, ... Vk1, VK2, ... }
As a  weight vector for Gs graph lets  define
W= {w01,w11,w12, e Wi, Wi2y - v s WET, WE2, - - . } As a weight for G's we

can take web-site analog for PageRank|[1], frequency of page visiting [2],
result of simulation model [3,4] or we can take site hit counter statistic.
Main idea here is that there exists the way to calculate W for the selected
Gs graph and w;; > 0 for any selected ¢and j. It is obvious, that changes
in G's structure will produce changes in vector W both in its structure
and its values.

So it will be interesting to estimate the results of Gs graph structure
change in means of utility for selected site. We will investigate one problem
from wide side of potentially appearing problems — question of moving one
web-site page one level deeper. This problem appears, when web-site has
large number of 1%¢ level pages. So our aim is to reduce their number.

Let’s define an operation “plunging vertex A under vertex B” on graph
Gs.

(© Denis Chernobrovkin, Andrey Pechnikov, 2013
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Let in the graph Gs there will be chosen two vertices v,,-on the level
n and vy, located on the level m. Operation of plunging vertex v,, under
Ums can be split into three actions:

1. Delete all existing edges pointing on vertex v, , which starting
vertex will be located on the levels, higher then m: ¢« < m.

2. Add edge (Vms,Um+1,r)

3. Vertex vy, will be renamed to vertexv,, 1, n(m+1)+1, where N (i) —
number of vertices on the leveli.

It’s clear, that as the result of plunging operation we will get new
graph Gs, for which there will be new weight vector W’. Experiments
and researches show, that most of the time, when we lower the page level,
its weight wp, 1, N(m+1)+1, Will lower too. And when we will raise it its
weight will be increased too.

Let’s investigate the special case of plunging operation, when both
vertexes (A and B) are located on the first level.In this case we will have
N(1) vertexes of the first level {vo1,v11,v12,...vin(1)}, from which we
should choose one to perform its plunging.

In this interpretation this problem can be reduced to problem of the
general form of negotiations, for which there exists a solution described
by Nash arbitration scheme [4]. In this case for all 1 < j < N(1) we can
regard w;; > 0, so for plunging there will be selected such page r, for which
N(1)

ji=1
J#ET

To perform experiments authors extended already existing software
package “BeeBot”’[5] with new module called “BeeKnife”. This module
has two ways of usage. In first mode it can consume XML data from
“BeeDrone” and perform plunging operation of selected page A to target
parent page B and save result in the XML format.In the second mode
BeeKnife do the following;:

there will be a maximum for multiplication: U (W) =[] Wi

1. Consumes XML data from BeeDrone.

2. Finds all possible combinations for page plunging for level which
was selected by user (the number of possible combinations for level
i is equal to (N (i) — 1) * N (7))
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3. For each found combinationperforms plunging operation and produce
new G graph.

4. For each G’ graph calculates vector W' using imitation model from
“AntHill” module.

5. Calculates the multiplication and shows to user results in sorted
order.

So as a result of program execution web-master will get the
recommendation, which pages should be moved down in the first place.

After set of experiments on the web-site, which were performed on the
web-site http://www.apmath.spbu.ru (Faculty of Applied Mathematics
from Saint-Petersburg State University), there were found out, that it
will be good to move most of the links in “Photo album”, “Alumni”, and
“Admission” sections to deeper level.
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Abstract

We consider a model of grid computing system solving recog-
nition problems. Computers produce the correct answer with
some known probability. Each problem is solved up to the
fixed number (quorum) of identical answers; this redundancy
allows reducing the risk of producing the wrong answer. The
cost function is the sum of the computational time and penalty
in case of the wrong answer. We reveal the conditions when
such redundancy is advantageous and show how the optimal
quorum can be determined.

Keywords: grid, optimal quorum, replication

Mathematical model of a grid system
Let us consider the grid computing system (or its part) solv-
ing numerous recognition problems (i.e. ”yes-no” problems;

IThe work is supported by the grant of Russian Foundation for Basic Research
(13-07-00008_a) and by the Program of strategic development of Petrozavodsk State
University, within measures on improvement of scientific research activity.

(© Ilya A. Chernov, 2013
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here we consider only such problems in the sake of simplic-
ity). Computational errors, malfunction, and malicious ac-
tions are possible, so the correct answer has some probability
0.5 < g < 1. In order to reduce the risk of producing the wrong
answer, the problems are solved several times, until v identical
answers are obtained. This answer is given to the user and
can possibly still be wrong. The user figures out if the answer
is correct or not, in the latter case some kind of penalty F' is
added to the time spent on the computation (or the cost of
this time) forming the cost function J. Therefore we have an
optimisation problem: for large redundancy the cost is high,
but the risk of the wrong answer and thus of penalty is lower;
while for no replication the cost is the lowest possible, but high
penalty can be too expensive.

Optimal quorum

The cost function is a random variable with finite number
of possible values:

Values: v+i,1=0:v—-1|v+i1+F,i=0:v—-1
v+i—T\ v, i vFi—1\, v i
Probabilities: (j_l )q D (j_l )p q

The first set of values correspond to the correct answer, i is
the number of false answers, the last answer must be correct
(otherwise the calculation would have be over earlier); the sec-
ond set is for the false answer, the cost consists not only on the
number of tries, but also on the penalty F', the last answer is
false.

The expectation of this random variable is

Ep(v) =v+p"Fg.(q) + ¢"pg,(p) + 1”99, (q),

where the function

v—

gu(x) = Z (V ji; 1) '

1
=0
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is differentiable with respect to x (a polynomial), ¢,(0) = 1,
gv(x) and g/ (x) (derivative with respect to ) grow with respect
to both z and v. Indeed,

) B v+i—1 V+z'> v+i—1
v N v—1 v v—1 ’

so corresponding terms are greater, and one more positive term
is added. For the derivative the proof is similar.

In order to determine the optimal quorum we need to com-
pare Er(v) and Er(v + 1). Obviously Er(v) grows with re-
spect to v if v is large, at least linearly. This is natural, be-
cause excessive replication of tasks demands much time but
reduces the risk of the wrong answer only slightly. Thus ei-
ther Er(1) is the lowest (no replication), or there exists the
minimum at some integer ¥ > 1. Consider the difference
G(v) = Er(v) — Er(v+ 1) = A(p)F — B(p) and write down
the factor A(p):

v—1 . v .
y v+i—1\ ,;, . v+
A(p) =p Z( 1 )q —p “Z(ti)-

i=0 =0

This is equal to (we omit the details)

Lo (= -k 2 —1
Alp) = 1"q <;(V_1) 2p<y_1)>~
Analysing the Pascal triangle, it is easy to check that the sum
equals (2:__11). Finally we get A(p) = (%}"_‘f) p’q" (1 — 2p).

As for B(p), it equals Ey(v+1)— Ey(v), i.e. for "no penalty”
case; in other words, it is the average number of additional tries
to get more identical answers, and thus it is positive.

Now we see that if p > 0.5 then G < 0, i.e. replication
is anyway unnecessary. Though, the risk of the wrong answer
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is so high, that using such computers is questionable (we de-
manded p < 0.5).
On the other hand, if 0 < p < 0.5 and

E()(l/ —|— ].) — EQ(I/)
(2= = 2p)prg”

we have G > 0, i.e. replication helps to reduce the cost reduc-
ing the risk of getting the penalty. The sequence F), increases
up to +o0.

Also note that both low (a 0) and high (& 0.5) probability
of error makes redundancy less useful: in the first case the
penalty is unlikely, while in the second it is cheaper to pay the
penalty without hopeless costly attempts to avoid it.

This formula allows solving useful problems: if the penalty
F' is given, it is easy to determine such v that F,_; < F' <
F,, i.e. the optimal quorum; given the desired upper bound
of probability of producing the wrong answer, we are able to
calculate the necessary quorum v and then evaluate the penalty
F' that makes such replication optimal; finally, we can find the
minimal value F = F,(p*) of F' as a function of p for a given
v. This value p* is the critical level of reliability: as we have
said earlier, for higher values replication is not advantageous
because of too high risk of the wrong answer and thus the
estimated penalty.

F>F, =
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The Machine Load Balancing Game with N machines is con-
sidered. A set of n jobs is to be assigned to a set of N machines
with different speeds. Jobs choose machines to minimize their
own delays. The social cost of a schedule is the maximum de-
lay among all machines, i.e. makespan. For this model the
upper bound estimation of the Price of Anarchy is obtained.
Conditions, when this upper bound estimation is an exact es-
timation of the Price of Anarchy, are found. Conditions of
Braess’s Paradox appearing in the system are found. For the
case of 3 maschines the exact value of Price of Anarchy is ob-
taibed numericaly with the algorithm that was developed. The
work is supported by Russian Foundation for Basic Research
and the Division of Mathematical Sciences of RAS.
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Nrpel B 1eH3ypy, MO/ICKA3KYy U
yraj/ibiBaHue B 3ajiade OINTUMAaJbHOT'O
BBIOOpA

Honenko C.1., Mapunua A.B.

KwueBckuit HanmmoHaIbHBIN YHUBEPCUTET
umenn Tapaca IlleBuenko

E-mail: sergei204Qukr.net, marynychQunicyb.kiev.ua

PaccmoTpen psiji MrpOBBIX MOCTAHOBOK B 3a/1a49€ ONTUMAJIb-
HOTO BBIOODA, B KOTOPOI IPUHAMAOT yIacTHe 1Ba UTPOKa (TIeH-
3ypa, MOJICKa3Ka, yrajbiBanue). [1ebio 0JHOr0 U3 HTPOKOB, KaK
U B KJIACCHYECKOIl 3a/1a9e, IBJIAeTCS HAXOK/IeHNe HAMTYUIIIero
snemenTa. JIpyroit urpok He mpUHUMaeT HEMOCPEICTBEHHOTO
y9acThsd B MOUCKe W €ro IeJsdMH MOTYT ObITb MOMOIIL ITIep-
BOMY WMI'DOKY m/aun HAa000pOT, co3panume emy momex. st Bcex
CJIydaeB HAMJEHbl ONTHMAJIbHbIE CTPATErnu UIPOKOB, 00pa3y-
fomnue paBaoBecue 1o Hamy u ucc/ieJoBaHO aCHMIITOTHYECKOE
HOBEJICHNE HAMJIEHHBIX CTPATeruil /ijisi CJIydast, KOrjaa KOJImde-
CTBO MPOCMATPUBAEMBIX 3JTEMEHTOB CTPEMUTCS K OeCKOHEeTHO-
ctu. /lamee OyayT UCIOIb30BaHbI TAKHE 0DO3HAYECHHA: N — KO-
JITYECTBO JIEMEHTOB, kK — HOMep IMPOCMATPUBAEMOTO JTeMeH-
Ta, t = lim,, ;0 k/N B IPEIIOJOKEHHAN, 9TO kK U 1 CTPEMSTCS
K OECKOHEYHOCTH TaK, 9TO ITOT MPEIE/T CYHIECTBYET.

Urpa B men3ypy. llenszop npocmarpuBaer Kazk/plil 3Je-
MEHT IIe€peJ] TeM, KaK ero mpocMoTpuT Beioupaionuii. Ou umeer
HEKOTOPbBIE TIOJTHOMOYHUSI, KOTOPbIE 3aK/IIOYAI0TCS B YACTUIHOM

© Houenko C.U., Mapunua A.B., 2013
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3allpeTe WM OrPAHUYEHUHU IPaB BBIOMPAIONIETO HA IIPOCMOTD
371eMeHTOB. Ero menpio gBigeTcd MUHUMH3AIMAS BEPOITHOCTH
BBIOOpA HAWIYYIIEro 3JeMeHTa IpocMaTpuBaomuM. Pacemor-
PeHO JIBa BapuUaHTa IMOJTHOMOYHUI 1eH30pa:

1)

IleH30p OAMH pa3 3a HIPY MOMKET 3allPpeTHTb IPOCMOTP
saeMenTa. 1locsie 3TOro ero HOJTHOMOYHS HCIEePIBIBAIOTC.
B srom caydae ontumMabHON cTpaTerueii BHIOMPAIOIIETO
Oy/leT OCTAHOBHTBCA Ha, HEPBOM MAaKCHMAJIBLHOM 3JIeMeH-
Te, HaUHHAL ¢ e/ ’n. ONTUMaJIbHOII cTpaTerueil neH3opa
OyJeT 3alpeTHTh IPOCMOTP IIEPBOr0 MAKCHMAJILHOIO dJ1e-
MEeHTa, BCTPEeTUBIIerocs mnocJe e~ 'n. BeposaTHOCTh HaX0kK-
JIEHUST HAUJTY 9IIEer0 3/IeMEHTa BhIOUPAIOIIUM [P YCJIOBUH,
410 008 MI'PDOKA LPUAECPKUBAIOTCA CBOMX OITUMAJIbHbBIX
CTpATeruii, CTePMUTCS, IPH N — 00, K e /2.

[Hensop ojun pa3 3a UIPY MOZXKET 3aKPbITh IPOCMOTP JIIO-
60ro sjieMeHTa, BhIONPAIONIUI MOXKET OTKPbITH 3aKPbIThIi
3JeMeHT (HO TOT/Ia OH JIOJIZKEeH 3aKOHYUTD IPOCMOTP U BbI-
OpaTh 3aKPBITBI 1€MEHT), JTU6O MPOJOIZKATH IIPOCMOTD
Jasbliine (M IMOJHOMOYHS MEH30pa Ha 3TOM HCYePIbIBAIOT-
cs1). B arom ciydae eciu meH30p Oy/eT 3aKPBIBATH TOJTHKO
MaKCHAMAaJIbHBIE 3JIEMEHTBI, TO ITPOCMATPUBAIONINAN HMeeT
HOJIHOMOYMS ODOUTH ITOT 3allpeT, U, TAaKUM 00pa3oMm, 3a-
uperure/ibibie (DYHKIUU [IEH30pa CBOjATCH K HyJ10. [lo-
9TOMY IE€H30PYy HHOIJA cjejyer OJiedpoBaTh, T.€. 3aKPbl-
BaTh IIPOCMOTP HE MAKCUMAJIBHBIX JIEMEHTOB, 3aCTaB/dd
TeM CaMbIM BBIOMPAIOIIErO YraIbIBATDh, JefICTBUTE/IHHO JIN
3aKPBITHI 3JIEMEHT sBJISeTCS MaKCUMaIbHbIM. ONTHMAIb-
HOII cTpaTrerueil meH3opa OyJIeT 3aKpbITh IepPBbIil MaKCHU-
MAJIBHBIH 39JIeMEHT, BCTPETHBIIErocs IIOCae €~ 'n U HpH
srom Gitedposarn (TakzKe HAUUHASL € € 1) ¢ MHTEHCHBHO-
114Int

crbio p(t) = —= ==L Onrumaliboil crparerueii BpiOupa-
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fomero Oymer mpu e~ * <t < e7! ocTanoBuThCA Ha Hep-

BOM MaKCHMAJILHOM 3JeMeHTe, a IIpH t > e~ ' — ocTaHaB-
JIIBATHCA HA IEPBOM MAKCHMAJLHOM 3JIEMEHTE, eCJU OH
He 3aKpLIT IIEH30POM, U OTKPBIBATL €r0 ¢ BEPOATHOCTBLIO
y(t)=1+ %, ecJId 3aKpLIT. [Ipu 5TOM BEPOATHOCTD
HaXO02K/ICHUd HaWuJIydlnero aJieMeHTa IIPOCMaTPUBAIOIIUM
cocrasiger e~ 4 ~ 0.278.

HUrpa B moackasky. [lycrs nepsblit urpok mnpocMarpuBa-
eT KaxkKJIbli 3J1eMeHT Lepej; TeM, KakK ero lpoCMOTpUT BTOPOit
UrpPOK. 3a HaXOXK/IeHNe HAWIYUIIero 3JeMeHTa BTOPOU HTPOK
moJIyvaeT eMHUYHbINA BRIUTPHII. [lepBblit HTPOK He MOKeT Io-
JYIATH ATy 33 OOHAPYKEHNe HAWUTYYIIero 3JeMeHTa, HO OH
MOZKeT IOMOYb CJesaThb 3TO BTOPOMY, JIaB MOJACKA3KYy U IMOJY-
YUB 3a 9TO OT HETrO IJIATy, BEJIMYUHY KOTOPOl OH yCTaHABJINBa-
eT 3apanee, [Ipu nosiBjIeHNN OYepeHOIO0 MaKCUMAJIbHOI'O JIe-
MEHTa, IePBbIii UI'POK HUMeeT BO3MOXKHOCTb IIPOCMOTPETH BCe
9JIEMEHTBI JIO KOHIIQ M IPEJ/JIOKUTh BTOPOMY UI'DOKY KYIUTb
3a YCTAHOBJIEHHYIO paHee IeHy WHMOPMAIUIO O TOM, sABJISIeTCs
JIN JTAHHBIIT MaKCUMaJIbHBIM 37IeMEeHT HAWIydIIuM uian HeT. Ta-
KYIO0 BO3MOXKHOCTD IePBBIil HTPOK UMeeT OJINH Pa3, MOCJe Yero
OH BBIOBIBAET U3 UT'DHI.

OxkazpIBaeTcs, 9TO ONTHMAJIbHAS BETUINHA MOMCKA3KU, KO-
TOPYIO CJlejlyeT YCTaHOBUTDH lIepBOMY UI'DOKY, paBha 0.14. [Ipu
9TOM CpeJiHUe BbIMIPbiiin UIrPpoKoB cocrasiidioT 0.085 u 0.480
COOTBETCTBEHHO, a IeHa anapxuu pasHa 1.006.

WUrpa B yragpiBanue. B 310ii urpe jiBa urpoka o/iHOBpe-
MEHHO IPOCMATPUBAIOT MOC/IeI0BaATeTbHOCTD 37IEMEHTOB, KaK B
KJTACCHIECKOl 3a/ladue ONTHMAJbHOrO BbIOOpa. llepBbIit mrpok
O/INH Pa3 Ha MPOTAXKEHUH ITPOCMOTPA JOJIZKEeH 3a/J]aTh BOIPOC
BTOPOMY UT'DOKY — $BJIS€TCS JIM TeKyIUil TpocMaTpIBaeMblit
9JEMEHT MaKCHUMaJIbHbIM ujin Her?! Kcjm BTopoit urpok orse-
4aeT IPaBUJIbHO, TO OH BbIMI'PBBIBAET, €CJAU HET — TO BbIUI-
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pbIBaeT IEepBblil UIpOK. Ec/ium Ha NpoTszKeHuu IMpoCMOTpa BO-
pOC He OBLI 3a/1aH, TO I00ea IPUCYZK/IAeTCs BTOPOMY UI'POKY.
Od4eBuIHO, BOIPOCHI CJIE/IyeT 3a/ilaBaTh TOJHKO OTHOCHTEILHO
MaKCHUMAJIbHBIX 3JieMeHTOB. OnTuMaJ/ibHasg CTpaTerus BTOPO-
ro UIpoKa MpoCTas — OTBedaTb '"aec/id MpOCMATPUBAETCS
MaKCUMaJIbHBIH 3jieMeHT u ¢t > 1/2) B IpPOTUBHOM CJlyuae OTBe-
garh "Her". OuTuMaJibHAS CTPATErHsST IEPBOIO HIPOKA COCTOUT
B TOM, 4TO0bI HPOILYCTUTH 1/4 0T OOIIEro Yuc/ia 3JIeMeHTOB |
3a/IaTh BOIPOC OTHOCHUTE/IbHO 1IEPBOIO BCTPETUBIIEIOCH 110CJIe
9TOI'0 MAaKCHUMAaJIbHOTO 3jieMeHTa. [Ipu 3TOM BepOATHOCTD BBI-
UrPBIIIA EPBOIO UTPOKa cocTaBiser 1/4.
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Abstract

The paper deals with mathematical model of BOINC-based
Desktop Grid [1]. A number of computational nodes are con-
nected to BOINC-server. Server assigns workunits that are
parts of a sophisticated computational problem to nodes. After
execution of calculus, the assignee returns to server the result
of computations related to the workunit. At the same time
nodes may also temporary disappear from the Grid or return a
wrong result. The aim is to develop a policy of sharing worku-
nits so as to achieve maximum performance of BOINC—grid
provided that for each computational node the characteristics
of availability and results validity are known.

Keywords: Desktop Grid, BOINC, reliability, performance

Mathematical model of BOINC—-based Desktop Grid
BOINC-based Desktop Grid consists of, say, M of computa-
tional nodes C1, (s, ..., C); that compute workunits transferred

IThe reported study was partially supported by RFBR, research projects No. 12-
07-31147_mol_a and 13-07-00008_a
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to them by BOINC-server. Each node is characterized by the
set of its resources (CPU, RAM, GPU, hard drive), estima-
tion of availability and estimation of results validity [2]. Re-
sources are used to compute workunits (i. e. they are related
to the performance of the computational node). Availability is
an estimation of probability of temporary unavailability of the
node [3]. Validity is an estimation of probability of getting the
wrong result by the node.

To increase reliability of the computational system the server
may be configured for duplication of workunits to diverse
nodes [4, 5]. The duplication order shows how many copies
of workunit should be sent to the specific group of nodes. Also
server chooses for each workunit the quorum that accepts re-
sult. Quorum ¢ means that ¢ first equal results of the same
workunit returned by different nodes will be accepted as a cor-
rect result.

High duplication order increases the probability of getting
the correct final result but decreases performance of the grid.

The aim of the server is to choose such duplication policy in
order to maximize the performance keeping low level of prob-
ability of acceptance of wrong results.

References

[1] BOINC http://boinc.berkeley.edu/

[2] Kondo D., Taufer M., Brooks C., Casanova H., Chien
A. Characterizing and evaluating desktop grids: An
empirical study // Parallel and Distributed Pro-
cessing Symposium, 2004. Proceedings. 18th Inter-
national. http://ieeexplore.ieee.org/xpls/abs_all.jsp?
arnumber=1302936



50

E.E. Ivashko, A.S. Rumiantsev

3]

[4]

Kondo D. et al. Characterizing resource availability in
enterprise desktop grids // Future Generation Computer
Systems. 2007. Vol. 23, No 7. P. 888-903.

Heien E., Kondo D., Gainaru A., LaPine D.,
Kramer B., Cappello F. Modeling and tolerating
heterogeneous failures in large parallel systems //
High Performance Computing, Networking, Stor-
age and Analysis (SC), 2011 International Confer-
ence for.  http://ieeexplore.ieee.org/xpls/abs_all.jsp?
arnumber=6114447

Kondo D., Javadi B., lIosup, A., Epema D. The
failure trace archive:  Enabling comparative anal-
ysis of failures in diverse distributed systems
// Cluster, Cloud and Grid Computing (CC-
Grid), 2010 10th IEEE/ACM International Confer-
ence on. http://ieeexplore.ieee.org/xpls/abs_all.jsp?
arnumber=5493457



N-threshold approximation of continuous equilibrium 51

N-threshold approximation of
continuous equilibrium in internet
auction

Aleksei Y. Kondratev

Institute of Applied Mathematical Research,
Karelian Research Centre RAS, Petrozavodsk, Russia

E-mail: kondratev@krc.karelia.ru

Keywords: bargaining model, N-threshold equilibrium,
internet auction.

When concluding deals on the market internet-auctions are
held. The participants are the sellers and buyers. We consider a
game-theoretic bargaining model with incomplete information
|1-3]. A participant (buyer or seller) has a private information
about his reserved price. Reserved prices are random variables
with known probability distributions. Each participant declares
a price which depends on his reserved price. If the bid price is
above the ask price, the good is sold for the average of two
prices. Otherwise, there is no deal.

Continuous equilibrium with uniform distribution for
reserved prices was derived in [1]. N-threshold equilibrium has
only N available values for bid price and ask price. For N=1,2,...
we find an explicit N-threshold solutions, which approximate
continuous solution.

The work is supported by Russian Foundation for Basic
Research (project 13-01-91158-'®EH a) and the Division of
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We consider power-law random graphs of N vertices num-
bered from 1 to N. Vertex degrees &1,&s,...,&y are drawn
independently from the following distribution:

P{¢>k}=k", k=12.., i=12...N, (1)

where 7 > 1 is the distribution parameter. The distribution (1)
defines the number of stubs for each vertex, i.e. the number of
edges coming out of the vertex for which the connected vertices
are not yet defined. Since the sum of vertex degrees has to
be even, one stub is added to a random vertex if the sum is
odd. Then the graph is constructed by joining all the stubs
equiprobably to form edges.

Such graphs are called configuration random graphs. Last
decades research (see e.g. [1, 2]) showed that power-law ran-
dom graphs are deemed to be a good implementation of com-
plex networks, e.g. Internet. Therefore many works concerning
the analysis of the structure and dynamics of power-law ran-
dom graphs have recently appeared (see [3, 4]).

The study of power-law graphs robustness to different types
of breakdowns is one of the important trends in random graphs’
field [3, 5, 6]. In [7] we considered graph resilience to random

© M.M. Leri, Yu.L. Pavlov, 2013
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and to targeted vertex destructions from a viewpoint of pre-
serving graph connectivity. In the first case vertices along with
connected edges were removed equiprobably, while in the sec-
ond case we withdrew vertices with the highest degrees. In [7]
we assumed that 7 € (1,2) because these values of the distri-
bution (1) parameter are viewed to be the most typical for real
networks [1, 2]. The research was done on our simulation model
of the power-law random graph. The results showed that such
graphs are quite robust to “random breakdowns” and rather
vulnerable to “targeted attacks”.

In this work we consider random graph resilience from a
different point of view. Let’s assume that the graph destruc-
tion process starts from a chosen vertex. When it is removed
from a graph, the destruction force passes on along the incident
edges to the connected vertices which are also removed from
the graph with a given probability. The main task is to find the
optimal values of parameter 7 for which there remains a max-
imum number of vertices as it depend on a given probability
of edge destruction. This approach could be used in model-
ing forest fires as well as banking system defaults in order to
minimize their negative effects [8].

Let graph vertices be placed in the nodes of a square lat-
tice sized 100 x 100. And edges connect vertices in a “closest
neighbour” manner. This means that under a full packing ev-
ery vertex has 8 adjacent vertices (neighbours). Taking into
consideration that graph vertex degrees are defined by the dis-
tribution (1) and taking into account that vertex degree can’t
be more than 8 and the overall number of vertices doesn’t ex-
ceed 10000, we found that graph size N is related to parameter
7 by the following regression function with R? = 0.97.

N = 9256 - 710, (2)
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For the simulation modeling we consider two types of break-
downs: “random start” when the first removed vertex is chosen
equiprobably and “target start” with the destruction process
starting from a vertex with the highest degree. We assume
that as the graph destruction starts a propagation process ex-
pands along incident edges to connected vertices with a given
probability 0 < p < 1. This process is similar to spreading of
fire or disease emission. The aim of the research was to find
the optimal value of parameter 7 = 7(p) for which the number
of vertices remained in the graph reaches its maximum. Sim-
ulations were carried out for the values parameter 7 from the
interval (1, 3.5) with a step 0.01 and the values for 0 < p <1
with a step 0.01. Graph sizes N come from the equation (2).
For all pairs of values 7 and p there were generated 100 random
graphs.

In both cases of “breakdown start” for each value of p there
were obtained regression dependencies of the number of vertices
remained in a graph g from parameter 7. For each regression
we found 7 for which the function g reaches its maximum value
Imaz- DBelow are given regression relations between the maxi-
mum number of remained vertices ¢, and the value of p in
the cases of “random start” (3) and “target start” (4).

g =3507.9—-1513.6-InT7  (R*=0.93) (3)
g=2980.3—1157.8 -InT  (R*=0.98) (4)

Below are shown regression relations between the value of
7 for which the maximum number of remained vertices ¢,z 1S
reached and the value of p in the cases of “random start” (3)
and “target start” (4).

g=259+234-InT  (R?=0.92) (5)
g=282+133-InT  (R*=0.95) (6)
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We consider the so-called fluid queue with a constant service
rate C' driven by the input process A(t) which is defined as
follows:

A(t) = mt + X (t),

where m > 0 is the mean input rate and the process X is a
sum of the independent fractional Brownian motions (fBm’s),
in general, with different Hurst parameters. The process A(t)
describes the amount of data (input traffic) arrived within time
interval [0,%]. Such input processes arise as aggregation of a
large number of independent heavy-tailed heterogeneous on-off
sources after appropriate time scaling, see Taqqu et al. [1].
The present work is focused on the asymptotic analysis of
the overflow probability P(Q > b) that the stationary work-
load @ exceeds a (large) threshold b. Such a probability is an
important ingredient of the QoS analysis of the telecommu-
nication systems. We present the logarithmic asymptotics of
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the overflow probability in the described system. The proof
is mainly based on the technique developed by Duffield and
O’Connell [2].
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A non-cooperative four-person game which is related to the
queueing system M /M /2 is considered. There are two compet-
ing stores and two competing transport companies which serve
the stream of customers with exponential distribution with pa-
rameters 7 and pg respectively. The stream forms the Poisson
process with intensity A. The shops declare the price for the
produced product. After that transport companies declare the
price of the service and carry passengers to the stores. The
problem of pricing and determining the optimal intensity for
each player in the competition is solved.

Keywords: Duopoly, equilibrium prices, queueing system.
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CUSUM method in detection of a
change point for Bernoulli
distribution!

Mazalov V. V., Nikitina N. N.

Institute of Applied Mathematical Research,
Karelian Research Centre RAS, Petrozavodsk, Russia

Abstract

We consider a problem of detection of a change point in distri-
bution of a stochastic sequence describing the flow of jobs arriving
to a server. A change point may indicate a change in significant
characteristics of the job flow, such as occurence of a large num-
ber of artificially generated jobs aimed at compromising server’s
availability (denial-of-service attack). The stochastic sequence of
our interest is a sequence of r.v. taking values 0 or 1 according to
Bernoulli distribution. Such r.v. may describe events happening to
jobs upon their arrival, e.g. whether a job is served immediately
or has to wait in queue. We apply the CUSUM method to detect
the change and present the explicit solutions for the mean num-
ber of observations between false alarms and the mean delay before
detecting a change.

The CUSUM (cumulative sum) method to detect the change
in characteristics of a stochastic process was first introduced in
[1]. One of the possible applications of the method is detection
of a change in distribution parameter of a sequence of non-
negative, independent and equally distributed r.v. {z,}, n =
1,2,.... Let us suppose that before change the distribution

LSupported by the Division of Mathematical Sciences of RAS and the Russian Fund
for Basic Research (13-01-91158, 13-01-00033).
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is x, ~ F(z,ap) and after change at time moment 6 > 0 it
becomes x,, ~ F(z,a), where a # «p. The method implies
construction of a sequence of cumulative sums

Sn = (Sn—1+q(x,))", (1)
where 2zt = max(0, 2), ¢(z) = log jlf((ii)))’ So=s>0.

A signal that a change has been detected is given on step
7, as soon as the value of the cumulative sum first exceeds the
threshold value b:

7 = inf{n > 0: 5, > b} (2)

We consider two important characteristics of the change de-
tection process. ARL or Average Run Length is the mean
number of observations before a signal is given, upon the con-
dition that the change in distribution never happens (6 = c0),
thus representing the mean number of observations between
false alarms. AD or Average Delay is the mean number of
observations to detect a change that occured at § = 0. Hav-
ing the initial condition Sy = s, expressions for ARL and
AD may be written as ARL = joo(s) = Eg{n|0 = oo} and
AD = jo(s) = Es{n|6 = 0}.

It can be shown that for CUSUMs of a linear form S,, =
(Sp_1+x, —a)™, where a — const, the function j(s) < oo is
a solution of an integral equation

Jj(s) =1+ EJI(0< S <b)j(S1)} +P{S: =0}5(0), s<b.

(3)

Here P, and E, are the probability measure and expectation

corresponding to the initial condition Sy = s. The equation for
AD is similar to (3) with assumption that § = 0.
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We derive the explicit expressions for ARL and AD in the
case of r.v. x, having Bernoulli distribution with

0, <0
Flz)=¢ 1—ap, 0<2z<1
1, z>1

We assume that after change the parameter becomes o >
ap. In case of a < «, the solutions also hold true after rewrit-
ingay=1—apand o/ =1—a.

In case of Bernoulli distribution, ¢(z,) takes form

a®™ (1 — a)t—en

af (1= ag)—on

Q@ Q@
= | log— — log x, + log
(7)) 1— (7))

q(z,) = log

«
= yz, + 8. (4
o Vo + 6. (4)

According to logarithm properties and the condition a > «,
we have v > 0, 5 < 0 and v+ 3 > 0. We write the functional
equation for ARL, using (3). We derive a linear functional
equation:

(o= ] 1tai(s+r+ )+ (1 —a)ils+0)", 0<s<b
i) =19 o,

s=0b
(5)
The functional equation for AD has the similar form with
the coefficient ag replaced by a.
For ay and « given, we approximate the values of the param-
eters with integers and solve (5) explicitly. Next we consider
the possible cases and present the solutions.

0<ay<0.5,
o < a<1—a.
b

loss of generality, assume g = —1,0* = =52 = % Let

1. Let v+ 8 > —f, that is { Without
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m = [z]. In the new notation, equation (5) takes form

Jj(8) =1+apj(s+m)+(1—ap)j(s—1)",0 < s <b* (6)

The solution for oy # —— is

m+1
. S e s
) = Ty F 2O 7)

where z1, ..., z, are the roots of the polynomial g > 1" ) 2" —
1 =0 and Cy, ..., C,, are found from the system of linear
equations

. m) _ 1 m
izzlci(l—zi)—a—o‘l'm

m
. . b —1
aoCo + 2:231 Ci(ZZI-) t— (1- OKO)Z? 2) = ();)o(—l+;)nn:,)

60Ch + 35 Gl — (1 = ag)al 1) =
=1

ag—1l4+agm
\ 1=
(8)

The solution for ay = mL is

is) ===+ iz, (9)

1=0

where z1, ..., z, are the roots of the polynomial g > 1" ) 2" —
1 =0 and Cy,...,C,, are found from the system of linear
equations
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> CGi(l—2") =1
=0
* m b*—l m 2

: 0 <ap<0.5,
2. Let v+ B < —pf, that is a>1—ap, or else 0.5 <
ag < 1. Without loss of generality, assume v+ = 1,b* =
v%ﬁ’ z= vfﬁ Let m = [z]. In the new notation, equation

(5) takes form

7(s) = 1+apj(s+1)+(1—ap)j(s—m)T,0 < s < b* (11)

The solution for ag # 75 is

(s —b")+ Z 1= (12)

>
1—Oé b+1

j(s) =

1-0&0

C;

b*—l—l’

7 (0) = A(b*+1+B+Z T a)?

(13)

Where 21, ..., 2m are the roots of the polynomial y " 2 —
T =0 and A, B, C,...,C,, are found from the system
of linear equations
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B+3.C, =0

i=1

i=1

A+ Ciz" % (5 —1) =0
=1

A_l ao_'_ZC( 2 + Zzi—ll) =1

(1—a)z;

A==

+BQO +chao =0

aol

The solution for agy =

j(s) = 0.5(m + 1) (A(n(1 —n) — b (1= b)) —
B(n(n +1) — b (0" + 1))—

. . Di(1—2""")
—C((n+2)(n+1)— (b*+2)(b*+1)) ) Z g

(15)

where 21, ..., 2,,_1 are the roots of the polynomial ZZ R EUaaES
m=20 and A B, C, Dy,...,D,,_; are found from the sys-
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tem of linear equations

( m—1

=1
(m—1)A+ (m—2)B+ (m—3)C+
m—1 m—1
+ Dz _m + 6—3m+(3m—3)z;—3z] -0
(- )

(2;—1)2

mA+ (m—1)B+ (m—2)C+

£y 3m 2—m+(m_1)zi_zlm71 (16)
+ ; D;(%2 + s ) _0
mB + (m —1)C+
m—1 .
3m | 2=mi(m—1)zi—z _
- i=1 Di(_z_" * (zi—1)2 ) =1
m—1

\ i=1

3. Let v+ 8 < —f and suppose that [v-%ﬁ] = 1. Equation
(5) takes form

J(8) =1+apj(s+1)+(1—ap)j(s—1)",0 < s < b* (17)
The solution for ag # 0.5 is

£ g — )" — ag)H
j(s) = 1)2((1 Lo ooy

) e =1 2ag 1 & o

The solution for ag = 0.5 is
J(s)=b"(b"+1) —s(s+1) (19)

Having j(s) for given oy and « and using the properties of
j(s), we find the value of b* that provides desired level of ARL.
Then we find the value of corresponding AD.
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Example: Let ag = 0.4, « = 0.7. Then ¢(z,) = 1.25z, —
0.69, m = 1 and j(s) is found by (19). With Sy = 0, we find
that for ARL=1000 b* = 11, then b = b*(y + 3) = 6.16 is the
value that minimizes AD at value 25.6.

In table (1) we present selected results of evaluating ARL
and AD using the derived solutions. The direct solution of (5)
gives the same numerical results.

Qo « b ARL | AD Qo « b ARL | AD
0.1 | 0.3 |4.02| 1000 | 26.6 || 0.45 | 0.9 | 6.24 | 1000 | 12.2
0.1 | 0.6 | 5.68 | 1000 | 8.3 0.6 | 0.8 | 5.47 | 1000 | 43.8
0.45 | 0.8 | 5.18 | 1000 | 18.8 || 0.6 | 0.9 | 5.68 | 1000 | 21.7

Table 1: ARL and AD for given distribution parameters o and a.
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3ajlaga MeJIeBOro pacipeeieHnd
pecypcoB B ABYyXYPOBHEBBIX
nepapxXmiecKnX CUCTeMaX yIIpaBJIEHUS
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FOxxubiit @enepasibubiil yHUBEPCUTET,
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Bynem paccmarpuBarh IBYXYPOBHEBYIO CHCTEMY yIIDaBJe-
HUs, COCTOSTIYIO U3 OTHOTO 3JIEMEHTA BEPXHETO YPOBHS U OJTHO-
r'o 9JIEMEHTa HUZKHEr0 YpoBHs. Bepxuuil ypoBeHb numeer HeKO-
TOPOE KOJIMYECTBO PECYPCOB, KOTOpoe npuMeM 3a 1. HacTtb 110-
JIYUYEHHBIX CPEJICTB OH Iepe/laeT HUZKHEeMY yPOBHIO Ha oOiiue
I[EJIM, OCTABIILYIOCSI YaCTh OCTABJ/ISIET HA HEIeJIeBOe HCII0Ib30Ba-
Hue. B ¢BOIO ouepe/ib, HUKHUN yPOBEHb 3a0UPAET 4acTh CPEJICTB
Ha CBOM HYZKJBI, & OCTAJbHOE pacxojyercd Ha obmue nemn. U1
BEeDXHWIT, 1 HUZKHHI YPOBHU YYAaCTBYIOT B JIOXOJle OT CHUCTEM-
HOIT IeATeTbHOCTH U UMEIOT CBOM (bYHKIUU BhIUTphIma. Hyxuo
OTIpe/IeNINTh, IPU KaKOil cXeMe pachpeseleHns CPeJCTB BHYTPU
CUCTEMbl BO3HHKHET PaBHOBECHUE.

Mojiesib cTpouTcst B Bujie UI'Pbl JBYX JIUI, B KOTOPOH HAXO/UT-
cs pasaoecue 110 [llTakeibbepry.

B ¢dbyHKnuo BbIUrpbIIIAa KazKJIOr0 U3 JIBYX YYACTHUKOB BKJIFO-
JAIOTCe JIBa CJIAraeMbIX: JOXOJl OT HeleJeBOil JedTeTbHOCTH U
COOTBETCTBYIONIAs J0JIs JOXO/IA OT IeJIeBOi JedTeTbHOCTH CH-
CTEMBI.

© VYrompuunkuii I.A., Topbanesa O.11., 2013
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@OYHKIMA BLIATPHIIIA HMEIOT B
g1(ut,ue) = ar(1 — ug, us) + b(uy, uz) - c(ug, ug) — max;
g2(u1, ug) = as(ug, 1 — ug) + buy, us) - c(ug, ug) — max.
DU OFPAHUYEHUIX

0<wu <1,i=1,2,

U yCJIOBHAX HA DYHKIUU a, b, u ¢

0> 0. 2% <0 2% 521
b; . .
b; 20;8— >0,1= 1,2,ﬁ >0,2=1,2.
ou; ou;

3/1ech HHIEKC 1 OTHOCUTCS K XapaKTePUCTHKAM BEPXHETO YPOB-
Hsl, HHJ/IEKC 2 OTHOCHUTCA K XapaKTEePUCTUKAM HUKHEr0 YPOBHS,
U; - JI0JI PECypCOB, BBIIEJIECHHBIX i-M YPOBHEM Ha Pa3BUTHE
cucreMbl (COOTBETCTBEHHO, 1 — u; - OCTaeTcsi Ha HeleJeBoe uc-
[0JIb30BAHHE PECYPCOB B JIMYHBIX HHTEPECAX ),

gi - (byHKIMS BBIMI'PHIIIA 7-I'0 YPOBHSI,

a; - MYHKIUS 9aCTHOTO BBIUTPBIIIA ¢-T'O YPOBHS,

b; - MoJg OT JI0X0/ia OOIIel JesaTe/JIbHOCTH, IOoJIydaeMas -M
yPOBHEM;

C - IEeJEeBO J0X0d CACTEMBI.

B kadecrBe (pyHKIMT a 1 ¢ pacCCMATPUBAIOTCs CTEIEHHbIE, JIH-
HeifHble, OKa3aTeIbHble u Jiorapudmudeckue QYHKIUA OTHO-
CUTEJIbHO IEPEMEHHBIX U U Uy M KyMYJATHBHBIE 110 UX COBO-
KYIHOCTH, T.€.

a; = 0,1(1 — ul),
a9 = a2(u1(1 — Ug))
)

¢ = c(ujus
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Coornomenust a; = aq(1 — u1),as = as(u1(l — uz)) orpaxa-
10T HePapXUIeCKyI0 CTPYKTYPY CHCTEeMBI. /[0X01 OT HenereBoi
JeATEeNLHOCTH BEPXHEro ypOBHS HE 3aBHCHT OT TOrO, KaKylo
9aCThb CPEJCTB HUZKHUI ypOBEeHb HAIpaBUT Ha obuue nesm. Ho
JIOXOJ], OT HEIEJeBOH JeATeNbHOCTH HUZKHErO YPOBHS 3aBUCHT
OT TOro, KaKyl0 4aCTh CPEJACTB LepeJacT eMy BePXHUH yPOBEHb
Ha o0IIMe IeJId.

PaccmarpuBalores cjelyomue BUuabl pacipeje/ienuii b

1) paBHOMEpHOE, IPU KOTOPOM JIOJIH Y4aCTHsl B JIOXOJAE OT Iie-
JICBOH 1eATeIbHOCTH OJMHAKOBHI JIJIs BCEX YUYACTHUKOB, B YaCT-
HOCTHU IIpUA N = 2

2) MPOMOPIMOHATBHOE, TPH KOTOPOM IOJH YYACTHS B JIOXO-
e OT IeJeBOil AedTeIbHOCTH IPOIMOPIHOHAJLHLI TOJIM, BBI-
JIeJIEHHBIM COOTBETCTBYIOIIUM YPOBHEM Ha OOIIHe IeJH, T.e.

U;
bl = 9
U1 + Uy
Uz
b2 = )
U1 + U9

B obmiem ciyaae by + by < 1, 1.e. cooTHOmenne MexKiay by u by
MOKET OBbITh ITPOU3BOJILHBIM B IIPEJeIaX CaMoro JI0X0/a, T.e. B
o0IeM caydae BO3MOXKHA CUTYalldsd, KOIJIa He BeCh JOXOJ, OT
[eJIeBOU MOJJIEZKUT PACHpeeSICHUIO.

B nannoii pabore paccMaTpuBaeTcs Caydaii, KOIja H3JIHIIKOB
HET, T.e. BECh JOXOJl pacupeleseH MeKJIy AByMs UTPOKAMU CHU-
CTeMbl, T.e. BCe, YTO He JOCTAETCd BEPXHEMY YPOBHIO, JOCTa-
HETCA HUZKHEMY:

by +b =1
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JlanHasg MOJIeTb ABJIIETCS NePAPXIUIeCcKOl UTPOi ¢ IBYMs yIacT-
HUKAMU.

Ctpareruneit UTpoOKa CUCTEMBI IBJISIETCS IO U; OT UMEIOTTIXCS
y HEro CpejcTB, HaIpaBJeHHLIX Ha obmue mesan. [IpaBo mep-
BOT'O XOJIa MPHUHAJJIEKUT UI'POKY BEPXHETO YPOBHS, KOTODBIi
BbIOUpaeT U COODIIAeT UIPOKY HUYKHErO yPOBHS 3HAYEHUE Uq,
[OCJI€ 9€ro BTOPOi UI'POK, 3HAs PEIleHue MePBOro, BhIOUpAET
ONTUMAJBHOE IJIA CeOs 3HAYCHUE Us.

[Henb ucciieqoBanusi: U3y4UTh BJIMSIHEE COOTHOIIEHWS (DyHK-
nuit aq, as, by, by, ¢ Ha pelIeHne UIPHI.

Pacemorpum ciydait, Korga aq(uy, ug) = 1 — ug, ag(ug, ug) =
ur (1 — ug) ,2(uy, ug) = ugusy .

Torma gi(u1, uz) = 1 —uyp + “52,g1(u1,u9) = uy — “52 . Kax
BUJIHO, 9TO HMI'PA € HOCTOAHHON cymmoin. DyHkius ¢y yObI-
BaeT 1O U, MOITOMY ONTUMAJbHOE Us" = (0, mpm KOTOPOM
g1(u1,0) = 1 — u; . Pynkuus g; yobiBaer 1o Uy, MOITOMY Oli-
rumaJibaoe u* = 0.

To ectp, paBuosecue no [rakenbbepry B mannoit urpe ST =
{(0,0)}, opu 3TOM BBIUTpHIIIK UTPOKOB ¢ = 1,9 = 0, TO
ecTb 00a UI'POKA HCHOJB3YIOT CTpPATerud KpailHero sromsMa
(HAIIPABJIAIOT BECh HMEIOIHHCS] PeCypC Ha JHMYHbIE HHTEPECHI ),
OJTHAKO BEPXHUI YPOBEHb IMOTyIaeT MAKCHMAIbHBIN BBIUTDHIII,
a HUKHUH ypOBEHb JIMLIb HYJIEBOI.

Pacemorpum ciryvaii, koraa ag(uy, ug) = ai(1—uq), as(ug, ug) =
asur (1 — uy), c2(uy, us) = (ujug)® MPOU3BOACTBEHHAS CTEIeH-
Hast (PYHKIUS.

[Ipu 5TOM BO3MOXKHBI 2 IPUHIUIUAIBHO PA3IUIHBIX CJIydas:
1) k =1 (nmuneiinas npousBoacTBeHHAs (DYHKIUS);

Ipu srom gy (u1, u2) = a1 (1—uy) +byugug,ga(ur, ug) = arus (1—
ug) + baujusy .
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Hafw‘eM OIITHUMAJIbHYIO CTPATEI'HiO HU2KHEI'0 YPOBHA:

0
8—32 = (b2 - az)ul,

* 17 b2 > az,
Uy = O, b2 < asy.

BepxueMy ypoBHIO IIPEJICTOUT ONTUMU3UPOBATH CBOIO (DYHK-
WO BBIATPHIIIA!

o | oar(1 =) + biugug, by > ao,
g1, 5) = { ay (1 —uy), by < as.

%_ bl_a17 b2>a27
ouy —az, by < as.

T.e., ero onTuMa bHASA CTpATErus paBHA!

. 1, (bg > ag) A\ (bl > 0,1),
= O, (bQ < a2) V (bl < CL1).

Urak, mpu by > as u by > a; 0ba UIpOKa MPUMEHSIOT CTpaTe-
ruu asnbrpyusma (u1* = us* = 1), upu srom g1 = by, go = bo.
B ocra/jbHBIX Cilydasx BeLyluil MIPOK Bejer cebd Sr0MCTUIHO
(ul* = 0)7 aopum 3TOM, g1 = a1, g2 = 0.

2) 0 < k < 1 (crenennasi mpousBopdTBeHHAst DYHKIMS).

[Ipu srom g1(u1,u2) = a1(l — ur) + by(urusg)® go(ur, ug) =
a1u1(1 — Ug) + bg(u1u2)k

HajizeM onTUMAILHYIO CTPATErHI0 HUXKHErO YPOBHSL:

992

k—1
=0
9us ) ,

= —aoU + k‘bg(ulu2
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BepxueMy ypoOBHIO MpeJICTOMT ONTHMU3UPOBATH CBOIO (PYHK-
WO BBIATPHIIIA!

( a2 )%k)—lul

kbz T al(l—ul).

gl(ula Uz*) =
Tak kak dynknus g, yobiBaer o uy, 1o u;* =0 .
Kaxk BUiHO, B 9KOHOMUYECKOIT MOCTaHOBKE (1100YZK/IeHIe) B 110~
JABJLIONIEM CJlydae PaCCMOTPEHHBbIX MOJe/ell BepXHUN UIPOK
BeJleT ceDsI STOMCTOYHO, HAIIPABJIds BCe UMEIOIUeCs Y Hero pe-
CypCHl Ha HereseBoe ucnosb3oBanne (u;* = 0). dng Beibopa
BEPXHIM YpOBHEM cTparerud u,* > (0 Tpebyercs aud0 IPUHY K-
nenue (OrpaHudeHre Ha BBIOOD CTPATErnH B BHJE Uy > ) JIH-
60 BBIOOD MOJIOKUTEIBHOIN CTpaTeruu 1o J00pOBOJLHOMY (BHE-
9KOHOMUYECKOMY ) YOEeK ICHUIO.
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The inspection (or renewal time) paradox means that the
mean stationary remaining (and attained) renewal time con-
tains the 1st and the 2nd moments of the original interrenewal
time (Asmussen [1], Feller [2]). The inspection paradox is also
formulated for the mean interval covering instant ¢ in limit as
t — oo. In this work, we use numerical simulation to study
the rate of convergence in the paradox for various interrenewal
time distributions.

Then we apply the inspection paradox to analyze the loss
probability for a class of the non-conventional loss systems
(Tikhonenko [4]). In such a system, each customer has both
service time and size, and the system has infinite capacity for
the queue-size, but a finite capacity M for the total size of the
awaiting customers. Thus, the arriving customer is lost if he
meets total size N in the system and his size v is such that

© L. Potakhina, E. Morozov, K. De Turck, 2013
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v+ N > M. In this work, we confirm by simulation the con-
jecture that for M large the mean loss size approaches to the
mean covering interval obtained from the inspection paradox
for the renewal process generated by the customer sizes.

Then a system with the optical buffers is considered. In that
system, signals travel from host to host in the form of light
and buffering by means of a set of fiber delay lines (FDL) with
deterministic values. Thus the set of possible waiting times
is not a continuum but a denumerable set, with each value
corresponding to the length of a delay line. As a result, in
general arriving signals have to wait for service longer than in
the classic case. A sufficient stability condition for the systems
with optical buffers has been recently obtained (Rogiest et al.
[3]). In this work we present and verify by simulation a tighter
sufficient condition which stems from the inspection paradox.

Another contribution of this work is that we also consider
the optical system with the random differences between fiber
line lengths. To motivate such a setting we note that for the
heavily-loaded modern networks, a large number of the lines
is required. These lines constitute a huge number of possible
paths between hosts and users. As a first-order approximation,
it seems appropriate to describe the differences between their
lengths as random variables to reflect a variability of the paths.
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We consider an n-person game with a finite set of players N =
{1,...,n} and suppose that players may communicate with
each other. Communication between any two players means
that there exist a link connecting them. Denote a network
by a pair (N,g). Here N is a set of nodes (and it coincides
with the set of players), and ¢ € N x N is a set of links. If
element ij € g, there is a link between ¢ and j, generating
communication between them.

Consider a two-stage game: in the first stage, players choose
their communication preferences, which form a network. In
the second stage, players choose their strategies subject to the
communication structure. More details can be found below.
First stage. Let a; € {1,...,n} be the maximal number of
links which player 7 can maintain. A strategy of player i € N
in the first stage is an n-dimensional profile g; = (g1, - - -, gin):

(1)

~_J 1, if i wants to form a link with j € N\ 4,
93 =7 0, otherwise,

subject to capacity constrains

Zgwgal, ’LEN (2)

jEN

© L. Petrosyan, A. Sedakov, 2013
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Denote a set of strategies of player i € N satisfying (1)—(2), by
G;.
If profile (g1,...,¢g,) is realized, network ¢ consists of link
Zj such that 9ij = Gji = 1.
Second stage. Let U; be a set of strategies of player i € N,
and element u; € U; is a strategy of player in the second stage.
Denote neighbors of player ¢ in network g by N;(g) = {j €
N \i:ij € g} and strategy profile of player i’s neighbors by
UN;(g) = (uil,...,uiwl_(g)‘), uj; € Uij> ij € Nz(g) for all j =
L,...,[Ni(g)l-
Let K;(u;, un,(g)) be a payoff function of player i € N defined
on the set U; x HjeNi(g) U;, suppose that:
Ki(ui,uNi(g)) = Z ]{ZZ(UZ,U)> (3)
JENi(9)
Here k;(u;,u;) > 0 for all t € N, u; € U;, u; € Uj.
Cooperation in second stage. Non-empty subset S C N

we call a coalition. For all coalitions define a characteristic
function v : ¢V x 2V = R as follows:

v(g, N) = max ZKi(ui,uNi(g))

ULy.-eyUn £

ieEN
= maxg E k(g uy),
UL y.esUn

1EN jENi(g)

v(g,8) = max )y Ki(ui,ung)ns)
UirES Nes

i€S jEN,;(9)NS

v(g,0) = 0,

provided that network g is fixed.
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As an allocation consider the Myerson value
p(g) = (1a(g), - - 1n(9)):

uio) = 3 PIEEEEI= R v, 5) - vig s ),
SCNieS ’
@

Here function V' (g, S) is defined as

>, v(g,T), SCN, S#0,

w%$={56g sy (5)

and S|g is a set of coalitions, satisfying two conditions: (i)
there is a path in g between any two players from the same
coalition, (ii) there is no path in g between any two players
from different coalitions.

Formally, we can define normal-form game
I' = (N, {Xi}ien, {Hi}ien), where:

e N: set of players;

e X, = G,; x U; set of strategies of player ¢ € N. Here
G; satisfies (1)-(2), and choices g; € G; and u; € U; are
independent;

e H;: payoff function of player i € IV, defined onset [ [,y X;
as Hi(g,u1,...,u,) = pi(g). Network g is formed by pro-

file (g1,...,9n)-

One may note, that in game I' there exists at least one Nash
equilibrium in pure strategies.
Cooperation in both stages. In this setting, players are sup-
posed to form the network and choose their strategies jointly.
Acting as one player, the grand coalition maximizes the value
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Y ien Kilui, un,(g)). Let

ZKi(uf,u}kVi(g*)) = max  max Ki(us, un,(g))

u;€U;i€EN g;€GiEN 4
(3

iEN eN
= max  max E E ki, uj),
u;€U;i€EN g;€GiEN 4
1€N jEN,(9g)
and profile g7, ..., g generates network g*.

In this case the characteristic function is defined similar to
the previous one:

*
v N) = max max Ki(u;, un,
(", N) w; €U, iEN g;€G4 iEN - i(us, Z(g)>
(3

eN
= max  max g g ki(ui, uyj),
u; €U; €N ¢;€G; iEN

v 5) = ugllfafes Ki(ui, uny(g)ns)
€S
B ué%ai(esz Z ki(u;,uj), S C N,

i€S jEN;(g*)NS

v(g*,0) = 0,

The Myerson value p(g*) = (p1(g%), - - -, tn(g”*)) in this game
is calculated by the formula:

uig) = 35 R g 5) - vigr s\ )
SCN.ieS '
©)

Keywords: network, network formation, cooperation, Nash
equilibrium, Myerson value.
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An approach to analysis of stock price dynamics in terms of
the theory of repeated games with incomplete information was
introduced by B. De Meyer and H. Moussa Saley in [1]. They
consider a model of multistage bidding between two differently
informed players for shares of one-type risky asset. Before bid-
ding starts a chance move chooses the liquidation price from
two possible values. Player 1 is informed on the price, but
Player 2 is not. At each stage of bidding players propose arbi-
trary prices for a share. The maximal bid wins and one share is
transacted at this price. In this model Player 2 should use the
history of Player 1’s moves to update his beliefs about the state
of nature. Thus Player 1 must maintain a balance between tak-
ing advantage of his private information and concealing it from
Player 2.

Discrete analogue of the model with integer admissible bids
was developed by V. Domansky in [2]. The n-stage games
G (p) are considered with two possible values of liquidation
price, positive integer m with probability p and 0. Both play-
ers know p. Domansky shows that the sequence of values of
the games GJ''(p) is bounded. This makes reasonable to con-
sider the infinite games G (p). These games are solved in [2].

(© M. Sandomirskaia, 2013
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The fastest optimal strategy ¢™ provides Player 1 the maximal
possible expected gain 1/2 per step. For this strategy the pos-
terior probabilities perform a simple symmetric random walk
over the grid I/m, { =0, ..., m, with absorbing extreme points
0 and 1.

In previously developed models players propose only one
price for a share at each step, i.e. bid and ask prices coincide.
Here we remove this restriction. We assume that at each step
of bidding both players simultaneously propose their bid and
ask prices for one share. The bid-ask spread s is fixed by rules
of bidding. Transaction occurs from seller to buyer by bid
price. We make an attempt to extend the results of simplified
model [2] to the case of any positive integer spread. Note that
the model [2] corresponds to the case s = 1. For the sake of
simplicity we assume that m mod s = 0.

Upper bound for V™*(p). We generalize the optimal strat-
egy of the uninformed player in the model [2] in the following

way. For the initial probability p € [Sk M) the first move

of Player 2 strategy 7% is to propose bid price sk. Then at
step t, t = 2,3, ..., Player 2 shifts his bid price by s upwards

or downwards depending on the insider’s bid at previous step:

Jt—1 — S, t—1 < Ji—1 — S;
=1, J1—1) = Jt—1, \Zt—1 - jt—1| <s
Ji—1t s, l—1 2 Jt—1+ S;

7

The upper bound for the game value is established by the
following theorem.
Theorem 1. For any n functions V.* are bounded from above
by a function H™?® that is continuous, concave, and piecewise
linear with m/s linearity domains [sk/m,s(k + 1)/m], k =
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0,1,...,m/s—1. H™* is completely determined with its values
at the peak points pr = sk/m, k=0,1,...,m/s:

H™(py) = %pk(l — Dk)- (1)

Applying 7%™* Player 2 ensures the loss not greater than
certain function independent of the number of steps as n — oo.
Thus it is reasonable to consider bidding of unlimited duration.

Lower bound for V(p). By analogy with the model [2]
it is natural to examine insider’s strategies that generate the
simple random walk on the lattice of posterior probabilities
{2 | k = 0,.m/s}. Denote the set of such strategies by
YSEW - Observe that the lattice sk/m in the model with bid-
ask spread equal s is a natural analogue of the lattice k/m in
the model with s = 1 since the price jump by s in the former
model corresponds to the price jump by 1 in the latter one.

We introduce the following notation.

1 1 1
g(d)—g+s_1+...+m,
d* = max{d | g(d) <1},

e =1—g(d).

For probability pr, = sk/m the fist move of insider’s strategy
o®™3 is to mix bid prices {sk — 2s} and {sk,sk +1,..., sk +
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d*, sk + d* 4+ 1} in accordance with total probabilities

oS (sk — 25| H) = 3

or™(sk + dlH) = 3 —,

1
oP™S (sk 4+ d* + 1|H) = 55*.

Conditional probabilities of these bids are calculated so that
corresponding posterior probabilities of high share price will be
the following

p(i = sk —2s) = s(k—1)/m = pg_1,
pli=sk+d)=s(k+1)/m=pry, d=0,1,...,d" d" +1.

At the next step insider must apply the same strategy, but
for the calculated at previous step posterior probability.

This strategy generates the simple random walk over the
lattice sk/m with absorption at extreme points, insider’s profit
per step being equal to V(1) given by

‘G(s):%(d*+1+a*(s—d*—1)). @)

The strategy o*™* introduced above is the best one in the
class W However, it is not optimal insider’s strategy as we
improve it in the case of minimal nontrivial case s = 2.
Theorem 2. The function V»* is bounded from below by a
function L™? that is continuous, concave, and piecewise linear
with ~ m/s  linearity — domains  [sk/m,s(k + 1)/m],
k=0,1,...,m/s — 1. L™ and the following values at the
peak points pr = sk/m, k=0,1,...,m/s:

m2
L™ (pi) = Va(s) 5 pr(1 = pr)- (3)
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Nonoptimality of the insider’s strategy o*™* generating the

simple random walk on the lattice of posterior probabilities
indicates that structure of price fluctuations (random walk) on
stock market is more complicated.

Relationship between upper and lower bounds. Solu-
tion of the game [2] (model without spread) results from the
current model as a special case if s = 1, upper and lower
bounds coincide and give a game value at points p, = k/m:
H™ = Ll = 2 (1 — py) = Vi,

In the case of minimal nontrivial bid-ask spread s = 2 at
the points py = 2k/m: L™?(py,) = 3/4H™>(py).

As s — 0o the ratio between L and H decreases and in the
limit yields L™*(py) ~ 0,63 - H™*(py).

As shown above, bid-ask spread plays a role of regulator
for transaction activity on stock market. As bid-ask spread
increases transactions occur less frequently and expected in-
sider’s profit falls at least by s times over against the simplified
model [2].

Countable state space. The results are generalized to the
case of countable set of possible values for a share price. We
analyze the model where this price can take values on the lat-
tice sk, k € Z by analogy with the paper of V. Domansky
and V. Kreps [3]. The principal idea is to represent distribu-
tions on the integer lattice with given first moment as convex
combinations (probability mixtures) of two-point distributions
with the same first moments. It is shown that upper and lower
bounds obtained above preserve their form with replacement
of the term sk(m — sk) by the variance D(p) for distributions
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with mean values E(p) = sk, k € Z. We construct the insider’s
strategies for these games as probability mixtures of strategies
for two-point games implementing a preliminary additional lot-
tery for the choice of two-point distribution.
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Repeated games with incomplete
information and slowly growing value

Sandomirskii Fedor

Repeated zero-sum games with incomplete information (RGII) were
introduced by R. Aumann and M. Maschler in the sixties (see [1]). Their
aim was to develop a theory of multi-stage two-player interactions with
participants having different amount of information about the interac-
tion. Multi-stage structure allows players to obtain additional informa-
tion about the interaction observing their opponents actions at previous
stages.

Let us briefly describe such a game Gy (p). Before the game starts a
random state k is chosen from the set of states K according to a prior
distribution p. Player 1 is informed of k and Player 2 is not. Then at
each stage n = 1,..N Player 1 and Player 2 simultaneously select their
actions (in,jn) from the sets of actions I = J using the information they
have at this stage. Before the next stage the selected actions are publicly
announced. One-stage payoff (i.e., the contribution of this stage to the
total gain of Player 1) is given by Afmjn where AF is one-stage payoff
matrix at a state k. After the last stage Player 2 pays ij:l Afmjn
Player 1.

Of course, players are allowed to randomize their actions using behav-
ioral strategies. Hence the value is defined as usual, i.e., V[Gn(p)] is the
average total gain of Player 1 when both players play optimally.

The main feature of RGII is that the impact of information asymmetry
on the game value represents the price of information in long interactions.
So it is natural to consider only the games where the private information
is the only strategic advantage of Player 1. In other words, we will assume
that the non-revealing game, i.e., matrix game with the matrix A(p) =
[5 dp(k)A* (this game arise if Player 1 forgets his private information)
has zero value for any p € A(K). For such games V[Gn(p)] is itself the
price of information. One of the main questions of the theory is about
asymptotic behavior of V[Gy(p)] as N — oc.

to

(©F. Sandomirskii, 2013
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It is well-known (see [1] and [4]) that for some games with finite K,
I and J the value can grow like Cv/N and can not grow faster (this
property is usually called “v/N-law”). It was recently shown in [5] that for
infinite K “v/N-law” can be violated and examples of games with the value
behaving like CNz 4 o for any « € (0,1) were constructed. On the other
hand, it is interesting to describe classes of RGII with slower value growth.
For the discrete models of finance market with asymmetric information it
was recently observed (see [2] and [3]) that the value remains bounded as
N — oco. Games considered in these papers have the following property:
the optimal strategy of Player 2 in the non-revealing game is piecewise
constant as a function of p. Our aim is to describe how this property
affects the asymptotic behavior in general case. The main result is the
following theorem.
Theorem: Assume that a RGII Gn(p) has the following properties:

o K, I and J are finite sets;

e the value of the non-revealing game A(p) = [, dp(k)A* is zero for
any p € A(K);

e there exists a piecewise constant function y : A(K) — A(J) with
finite number of different values and such that the vector y(p) is an
optimal strategy of Player 2 in A(p) for any p.

Then there exists C > 0 such that for any p and N > 1

VIGn(p)] < CInN.

The study is supported by the grants 13-01-00462-a and and 13-01-
00784-a of Russian Foundation for Basic Research and by the Chebyshev
Laboratory (Faculty of Mathematics and Mechanics, St Petersburg State
University) under the grant 11.G34.31.0026 of the Government of the Rus-
sian Federation.
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We investigate the model of market where three different companies of-
fers there services to customers. The main parameters which distinguish every
company are costs of service and the time of customer order fulfillment. Each
company sells the same service but use its own way to construct the model of
customer service. The first company takes customers on service one by one
so they generate a queue in the first company system. Only the fixed cost of
whole order fulfillment charged for the customer by the first company manage-
ment. Parameter p1 describe the first company service time and it distributed
exponentially with density function

1
Al) = e mt, 10,
M1
The second firm takes all customers on service where they immediately start
carried. Customer charged not only fixed cost for order fulfillment but also a
time unit cost. Parameter po describe the second company service time and it
distributed exponentially with density function
1
folt) = —e m2t, 1> 0,
2
The third company takes customers on service one by one as the first company so
customers generate a queue in the third company system. Only the time unit
cost charged for the customer by the third company. Parameter psz describe

© A. Sergeeva, V. Bure, 2013
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the third company service time and it distributed exponentially with density
function
1 Ly
fa(t) = —e w37, t>0.
3
We assume that there is a bunch of n customers comes to service at the
same time. They spread out by companies trying to minimize the overall losses
for service.
The model of n-person game with perfect information is suggested in this
paper.
Define the non-antagonistic game in normal form:
I' =< N, {pgj)}ieN, {H;}ien >, where
N ={1,...,n} - set of players,
{pij)}ieN - set of strategies, pgj) efo0,1],57=1,2,3,
{H;}ien - set of payoff functions.

H; = —(pgl)Qu + (1 —pgl) — pl(-g))in +p£3)Q3i) =

—(M Qi — Q1) + P (Q3i — Q) + Qu1),
(1)

where players are customers, p,

first company, pl(-?’) - is the probability that player ¢ choose the third company,

pgz) = 1—pz(-1) —pz(-3) - is the probability that player ¢ choose the second company.
Q1i, Q2:, @3 - player ¢ mean expected loss for the service of first, second

and third company respectively.

is the probability that player ¢ choose the

Q1 =EQ, = r(ti1 + t12) + c1,

Q2= EQ> = (r + c22)t22 + c21,

Q3= EQs3 = (r + c32)ts2 + 7ta1.
where r is the customer specific loss which associated with some missed
opportunities while waiting for order fulfillment, ¢;1 — fixed cost of customer
order fulfillment and cj2 — cost of time unit service, tl(.j Y _ the mean time of

92 _ the mean time of service for the company j, j = 1,2,3

M =

waiting service, tg
and player ¢, ¢ = 1,...,n. For the first and second companies we have
tl(-ll) + tgm) and tz(-g) = tl(-Sl) + t@('32) respectively, and for the second company we
have t@(?) = tin).

We consider the casualty functions: h; = —H;, ¢ = 1,...,n. Customers
choose order fulfillment schemes trying to minimize casualty function h;.

In this work we obtain the Nash equilibria on the three company market for
different adjusted numbers of customers. The existence and uniqueness in some
cases of these equilibria is proved.
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networks

Anna Shchiptsova

Institute of Applied Mathematical Research,
Karelian Research Centre RAS, Petrozavodsk, Russia

The classical Hotelling duopoly model is dedicated to analysis of competitive
behavior on a line segment. This work studies extension of location-price game
on graphs.

We consider a game-theoretic model of competition in airline market. Each
airline k£ € K holds its route network and route assigned aircrafts. Particular
route is characterized by origin-destination city pair, subset of legs in airline
network and route price.

The model is formulated as a two-stage game. In the first stage each player
(airline) chooses its network structure. Route prices are set on the second stage
of the game and passenger demand is allocated. The solution concept is defined
as subgame perfect Nash equilibrium.

The player’s profit of using route j is defined as h:; = pi; Mi; (pj, n;)d;. M;;
is player’s share in passenger demand for origin-destination city pair of route j,
which is described using multinomial logit analysis. Passenger demand depends
on the number of alternative routes.

We present computational results for proposed model using route network
in Russian airline market.
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KimroueBble cJjioBa: ceresble UIPbl, CTaOUJIbHBIE CETU, MHOIOLIAIOBBIE HI-
pbI, urpbl HOPMUPOBAHUS CETH, MOEIb CUMMETPUIECKOH CBSI3HOCTH.

B craThe pacummpseTcs MOIEIb CHMMETPIIECKOH CBA3HOCTH (Symmetric connection
model) ¢ 9xcrOHeHIMAaNBHON BILIATOMN, n3aoxennad B [5]. IIpeapraymue pabo-
Tol [2] 1 [5], uccreoBaBINIE MOIEIN CHMMETPUTIECKON CBA3HOCTH, HE PACCMaT-
puBajIu Urpy (POPMUPOBAHUS CETH B KOHTEKCTE MHOTOIIArOBOM UI'PBI C KOHKPET-
HBIMU 1IIPABUJIAMU [IEPEXO0/IA X013 MEXK/y UIDOKAMH.

B nanuoit pabore npouecc GpopMupoBaHud CETH PACCMOTPEH KaK MHOIOIIA-
roBasi UTPa C MOJIHON HMHMOpPMAIHeil C IKCIOHEHIINAIbHBIMY BBIILIATAMM.

Mogesb CHMMETPUTIECKOH CBI3HOCTH OIMCHIBAET UI'PY (DOPMUPOBAHUS CETH,
rJie pe3y/bTaTOM UI'Pbl ABJISAETCH CeTh, CBA3bIBAIOIIA UI'POKOB. Bbiurppimuy ur-
POKOB 3aBHCSAT OT BCeil CTPYKTYpPHI cetu. VIrpoku popMupyioT CBA3M HeJAIHHO-
BHUIHO ¥ 3roucTHIHO. Moeap CHMMeTPpUIeCKOil CBI3HOCTH OIMCHIBAETCS TPEMS
napamerpamu (c,d,n), npunaanexamumu Maoxecrsy R x (0,1) X N, rue ¢ -
CTOUMOCTD IIPSIMOI CBSI3H, § - BBIUIPHIII OT IPSIMON CBS3U U N - YUCJIO UTPOKOB.

Beemem 0003HA9EHUS: U; - BBIUTPBINI i-rO UTpokKa, dist(i,j) - paccrogHue
MEXK/Iy UTPOKAMH { U j, T.e. MEHUMAJIbHOE 9HUCJIO pebep Ha ILyTH MeXK/Iy ¢ U j.

Urpoxk ¢ nosmygaer Boarpoin 0 OT Kaxkzaoil npamoit csasu (dist(i,j) = 1).
Or Kazkm0it Kocerwoii ceasu (dist(i,j) > 1) urpok i momy=aer 6451 () Taxxe
WUrPOK IOJIKEH 3AILIATUTH 3a MOJAepKaHne KarKI0il IPsSIMOIl CBSI3M CTOMMOCTH
C, T.€. BBIUT'PBIII OT KaxKJOM IPAMOI CBA3H COCTABJAET 0 — C.

B mammuoil pabore ucCroap3yorca Caeayolue IpaBuia yaaaeHaus u popmu-
POBAHUS CBsI3€i MeXK/y UTDOKAMU:

® CBsI3b MEXKIy MrpOKaMHu (HOPMHUPYETCsI, €CJIM 9TO BBIFOJHO ODOMM HIDO-
KaM;

© B.T. Uparyes, 2013
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® CyIIEeCTBYIOIAs CBA3b MOXKET ObITh y/IasIeHa JIIOObIM U3 JBYX UCPOKOB 0e3
COTIJIACOBAHUS CO BTOPBIM HIPOKOM.

CyuecrByiorT Apyrue MOJE/M, I/e CBA3b MOXKeT ObITh yCTAHOBJIEHA OHUM
urpokoM 6e3 corsiacoBanusi co BropseiM (cM. [3]). B kmaccuaeckoii uaTeppera-
[y MOHsITHE paBHOBecwsi o Hairy He mpumeHsieTcss B urpax (GOpMUDOBAHUS
ceru. Bosiee y100HBIM B TAKUX CIIydadXx ABIAETCH IOHATHE [IAPHOU CTAOMIBHO-
cru (pairwise stability), koTopoe moxpo6Hao paccMorpero B [4]. B naunoii crarbe
MBI OyZIeM HCIIOJIH30BATH IIOHATHE CTAOMIBHOCTH B JAHHON MHTEPIIPETAIHH.

Cerb Ha3bIBAETCS CTAOHJIHHOM, €CIIN HU OJUH U3 UTPOKOB HE MOXKET yBeJn-
YUTH CBOM BBIMIPBIIL ILyTEM YAAJEHUs CYLIeCTBYIOWEN CBA3M U/IM COIJIACOBAH-
HOro 100aBJIeHUs. HOBOM CB#A3U € JIIOObIM APYTrUM UIPOKOM CETH.

B nannoit pabore mpornecc popMUpOBaHU CETA PACCMATPUBACTCA KAK MHO-
FONIAroBas Urpa AT CIydas ¢ € (§ — 62, 5), rue IPaBIIIO IEPEX0O/Ia XOMA MK LY
urpokamu anasorudHo ¢ [1]. Haganpabie ycsioBug urpst 3amaorcsa rpadbom (mwy-
CTBIM HJIM IIOJIHBIM), BCE HI'DOKH IIPOHYMEPOBAHBL M UI'POK I10J HOMEpOM 1 me-
JIaeT MmepBbIi X0a. 3a OOMH X0 UTPOK MOXKET COIJIACOBATH M YCTAHOBUTH CBSI3b
C OJHUM M3 APYIUMX UIPOKOB C KOTOPBIM HE YCTAHOBJIEHA LIPAMas CBA3b WU
Pa30pBaTh OJHY U3 CBOUX CYLIECTBYIOIIUX CBH3€H.

CB#3b yCTaHABJIMBAETCS, €CJAU OHA YBEJIMYMBAET BBIUIPBIIL 0OOMX UIPOKOB
dopmupyomux CBsa3b. VIrpok, meralonuil X0 BHIOnpaeT HanbO/Iee BHITOTHBII
st cebsi M3 BO3MOXKHBIX BaprHaHTOB AeiicTuil. [IpaBo ciremyromniero xoma mepe-
XOAUT K UI'POKY, C KOTOPBIM YCTAHOBJIEHA WJIM YyAaJleHa CBdA3b. B ciydae, Korjua
WUrPOKY [eJIAIONEMY XOJ He BBIFOJHO AOOABJIEHHE HOBBIX CBA3€il MM yaaJie-
HHE CYIIECTBYIOLUMX, TO IIPABO XO0/a [IEPEXOAUT K CJAEAYIOIEMY 110 HyMepalyuu
urpoky. B ciyuae, korma dopmupyemas cerp ABIfETCA CTAOUIBHON, TO UIPA
CUUTACTCA 3aBEPITCHHOI].

Uccnenyst urpoBoit mporiecc ¢hOPpMUPOBAHUS CETH IIPU MAJIBIX 1 [OJIydaeM
CJIeAyTole IPOMeXKy TOIHBIe Pe3yJsIbTaThl. B urpe ¢ n = 4, roe urpa HaIHHAETCS
¢ mycroro rpada, crabmibHON UTOrOBO# CeThi0 UrphI OymeT:

e KOJIBIO, IpH ycaoBuu ¢ € (6 — 62,8 — &%)
e u menn, mpu ycmosuu ¢ € (§ — §3,6).

Il n = 5 BeiscHAeM, 9T0 mpa ¢ € (6 — 62,5 — §°) pe3ymIbrar Urphl ¢ paBHON
BEPOATHOCTHIO MOXKET IIPUATH K OJHON U3 CTabUIbHBIX CeTell, IIPe/ICTaB/IeHHbIX
Ha pUCyHKe 1.

Ecnu urpa maumnaaercs ¢ moaHOTO rpada, TO mpu n = 4 UTPOBOIA MPOIECC
BCera npuaeT K cTabmibHON u 3 deKTuBHON 3Be3/1e HA BCEM HHTepBaje ¢ €
(6—62,8). OrMeTnM, YTO IEHTPOM 3BE3IbI CTAHOBHTCH HIPOK, KOTOPDILI He yCIest
CeJIaTh XOJ WX IPYTHME CJIOBAMH, He YCIeJ YIydlIuTh CBOM BBIUTDBIII IIyTeM
VIAJIeHUsI CBA3H.
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() (e)

Puc. 2: Crabusibubie ceru popmupyembie nupu n > 6.

Inan =5ucc (§—62,6), rae urpa HaunHaercs ¢ MOIHOrO rpada, mjs
JIOCTUKEHUsT CTPYKTYPBL 3BE3/bl, HEOOXOIUMO COOJIIOIEHUE IOTOTHUTEIHHOTO
[paBuWJIa: B CJIy4ae, KOU/a WIPOKY YIAJEHHEe OIHOM U3 CBOUX CBsI3el IIPHHOCUT
PaBHBLA BLIUIPBIIL, TO HEOOXOAUMO YAAJIATH CBA3b C UIPOKOM, Y KOTOPOIO OCTa-
JIOCH MeHbIe HpsAMbIX cBs3eil. CobJofeHne 9TOro mpaBmia HEOOXOIUMO IJIst
"coxpanenus'" OyayImero meHTpa 3Be3bl, T.€. IEHTPOM 3BE3Ibl CTAHET UTPOK, Y
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KOTOPOro COXPaHHJ/IUCH BCE HAa4Ya/IbHbIE CBA3U. Eciau nannoe npasuio ne cobsio-
TAaeTcsl, TO Urpa IpuaeT K Hed(PdEeKTUBHBIM, HO CTAOUIBHBIM CETIM.

OcHOBHOH pe3y/brar IpeaCTaB/IeH Ha PUCYHKE 2, 31eCb m300parKeHbl Cra-
Gunbuble ceru GOPMHUPYEMbIE IIPOLECCOM MHOTOLIANOBON UIPbL pu 7 > 6.

Ipuc € (§ — 62,6 — %) u mpu 62 > 6* + 6° ¢ paBHOit BepoaTHOCTHIO hOpMI-
pyiorca crabuibabie ceru Buna (a) u (6), npencrasiennsie Ha pucynke 2. Ecoin
c€ (6 —0%0) ud® > 26 bopmupyercsa crabumbras cers Buma (6).

pu yeaosun ¢ € (6 — 6%,8) m 6% € (8% + 6*,26%), a Taxxe mpu ¢ € (§ —
83,0—6" u % € (6" +6°,6°+6") bopuupyrorca cern suma (8) u (r) pucymnxa 2.
Ecsiu n - HeuérHoe, o popmupyercs ceTb Buna (B) 1 GOPMUpPYETCs CeTh BUIA
(r) opu gérHOM M.

IIpu ycmosuu ¢ € (6 — 6*,8 — 6%) u §% € (8* + 6°,6% 4 6*) dbopmupyiorca
crabmibHbIA cetn Buaa (1) u (e), mpu 9ETHOM M HEIETHOM 7o COOTBETCTBEHHO.
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Bounee 20 ner Hazazg B 11€JI0M psijie CTPAH HAYAJIM PA3BUBATHCI ONTOBBIE PHIH-
KU 3JIeKTpOdHepuu. BaxkHoil npobsemoit mpu ux hopMupPOBaHUN OBLIO OrPAHU-
YeHHue PbIHOYHON BJIACTH KPYIIHBIX IIPOU3BOAUATEIeH.

O6bl4HO 1HOTPEOUTEIM HE UIPAIOT AKTUBHON POJIM HA TAKUX DPblHKax. Vx
MIOBEeIeHNe XapaKTePU3yeTcs: 00Ien3BecTHON (hyHKIMel CIIpoca ¢ HU3KOM d71a-
crraHOCTBIO. [Ipobsiema orpanuaenus "poiHOYUHOM BiracTu''B JAHHOM CIIydae He
MOKeT ObITH PEeIleHa CTAHIAPTHBIM MEeTOIL0M JPOD/ICHIe PhIHKA HA MEJIKIE KOM-
TNAaHUHU - B CUJLYy COIyTCTBYIOUIETO CHIKEHMS HAJIeKHOCTH ITOCTABOK 3JJIEKTPO-
SHEPIU¥ U yBeJIMYeHUs] U3/ePKeK. AJbTePHATHBHBIM CIIOCOOOM DEIIEHUS sBJIs-
ercd BbIOOD MEXaHU3Ma PbIHKA, MUHUMU3UPYOLIEr0 OTK/IOHEHNE PHIHOYHOM 1ie-
HBI OT KOHKYPEHTHOI'O DABHOBECHSI, OIITUMAJIBHOTO C TOUKH 3PEHHUS CyMMAPHOTO
BBIATpHITa yaacTHEKOB (Debreu, 1954).

B siureparype pasiuunibie GOpMbl OPraHU3allul PhIHKA MOE/IUPYIOT B BUJIE
UIP, TJIe UIPOKAMU ABJIAIOTCH IPOM3BOUTE U, a (DYHKIUKU BbIUIPBIIIA OIIPE/Ie-
JISIOT WX MPUOBLIA B 3aBAUCAMOCTH OT BBIODAHHBIX CTpareruii. B kadecTse Mo-
Jlesieil [I0Be/IeHUs paccMaTpUBaloTcd pasHosecus Hama wiu ux moauduxamu
(manpumep, CIIP - coBepuieHHOE HOABIIPOBOE DABHOBECHE).

Baxkueiumm 3/1eMeHTOM OIITOBOIO PBIHKA JJIEKTDOIHEPIUU ABJIAETCH PHIHOK
ma cytku Brepen (PCB). Ha GompmuracTBe peanbabix peiakoB PCB opranmso-
BaH KaK ayKIWOH €IUHOMN LIEHbI, Ha KOTOPOM 3adBKa [IPOU3BOJUTEIIS [IPECTAB-
Jiger coboil MOHOTOHHYTO (DYHKIIUIO, OIPEe/IHIONLY IO [IPe/1/IaraeMoe KOJIMIeCTBO
TOBapa B 3aBUCHMOCTH OT IleHbI. PBHIHOYHAS [I€HA OIIPEeIesIsieTCs IIepece<IeHIeM
CyMMapHOU 3agBKY IpousBoaurenei u dpyuxnuu cupoca. Ha npakruke aykipo-
bl PCB 3naunrebHo pa3inyaiorcs 10 J01ycTuMoil popMe 3asBKU U CPOKY, Ha
KOTOPBIiI OHA momaeTcs. B Hacrosmmem 0630pe pacCMaTpUBAIOTCS TEOPETHIECKIE

© A.A. Bacum, 2013
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MOZ€E/IN PA3JINYHbIX BADUAHTOB ayKIMOHA €INHON IeHbl, ayKnuoHOB Bukpu u ¢
OTIJIATOM IO 3adBKaM.

Bacun, Bacuna, Pynesa (2007) paccMarpuBalorT ayKIHMOHBI €IMHOM LEHBI,
Ha KOTOPBIX CTpaTerueil (3agBKOil) KaxkKJ0r0 TOBAPOIMPOM3BOIMTE/IA ABJIAETCS
HeyOBIBAIONIAas KyCOYHO-TTOCTOsTHHAS (DYHKITHST (PAKTUIECKOTO TPEJTOKEHUST TO-
Bapa B 3aBUCAMOCTH OT IeHbl. J{oKka3aHo, 4ro ais Bcex paBHoBecuil Hamra nenst
OTCEUIEHUs JIEXKAT MEXK/Ty IEHOM KOHKYPEHTHOTO paBHOBecHUs u TeHoi KypHo, u
HA000pOT, KaxK IO IeHe M3 ITOro auarmas3oHa oTBedaer pasHoBecme Hama. Ho
ToJIbKO paBHOBecue 110 Hamry, coorBercrByromee ucxomy Kypuo, ycroitauso mo
OTHOIICHUIO K aJAllITUBHON IWHAMHUKE CTPATEruid.

Mogemm Baldick, Grant, Kahn (2000), Green, Newbery (1992), Klemperer,
Meyer (1989) onuceiBaror aykumon GyHKIM IPEAJIOKEHHA C HEIPEPHIBHBIMEI
3asBKAMM KaK TPy B HOPMAJIHHON (OpMe U XapaKTEePU3YIOT TOYUKN DABHOBECUS
Hsmra. Klemperer u Meyer ucciieqoBau MOIeIIb C IPOU3BOIBHBIME (DY HKITHSIME
[IPe/JIoKeHns, BKII09as HeMOHOTOHHbIe. OHM [10JIy YU/ MHOXKECTBO DABHOBE-
cuit mo Hamy, coorBercTByromux BCceM IfeHaM Bbimie IeHsl Basbpaca. Green n
Newbery (1992) paccMoTpennm CHMMETPUHIHYIO JTyOIOJIAIO C JIUHEAHBIMEA DYHK-
OUAMH [IPEJIOKEHUS U CIIPOCA U JIMHEIHbIMY 3asgBKaMU U 1I0JIy 1u/iu (POPMYJIbL
st pacdera pasHoBecust Hama. Baldick, Grant, Kahn o6obmaior ux pesymabra-
THI JJI HeCHMMETprIHO# oymronosmu. Abolmasov, Kolodin (2002) m Dyakova
(2003) npUMEHHAIOT STOT OAXO JJIsd U3y IE€HU PHIHKOB JIEKTPOIHEPIUU B ABYX
poccuiickux perroHax. OHu UCHOIL3YIOT a(dGUHHYIO AMIPOKCUMAIAIO MCTHH-
HbIX OYHKOMI LIPEJIOKEHNd U HIPUXOAAT K BBIBOLY O 3HAYUTEIbHOM CHHKE-
HUM DPBIHOYHOM B/IACTH LIPOU3BOAMTENEeH B ayKuuoHe (DYHKIUU IIPeIJIOXKEHHUS
110 CPaBHEHMIO ¢ ayKnuoHOM KypHo.

CyuiecrBeHHON 0COOEHHOCTHIO PHIHKA /IEKTPOIHEPIUH SBJIETCH HEOIPe/ie-
JIEHHOCTH CIIPOCA CBHA3AHHAA C €r0 KOJIeOAHHSMU B TE€ICHUE BPEMEHH, HA KOTO-
poe Iof1aeTcst 3asBKa. B 9TOM KOHTeKCTe OOJIBIION MHTEpeC [IPeICTABIIAET MO-
nens Klemperer, Meyer (1989), B koTopoii 3agBKa 1IPOAABLA LOJAETCA B BUIE
HeIIPEePBIBHON MOHOTOHHOU (DYHKIUH, a CIIPOC 3aBUCHUT OT CJIY9IaiHOTrO (haxTopa.
B kaxmplit MOMEHT BPEMEHU TEHa OTCEUEHUsI OMpeIeseTcs n3 DaJaHca TeKy-
mieil byHKIuu Crpoca U CyMMAapHOU 3asBKU BCeX ydacTHuUKOB. Habop crpare-
ruii aBnserca pasuosecueM B Gynxkuuax upegyoxenus (PPII), ecou B kax apiit
MOMEHT BpPEMEHU TpHU JII000M 3HAUEHUN C/Iy9IalHOrO (PAKTOpPa 3asBKA KaXKI0-
ro y4JacTHUKA 00eCIredrBaeT MAaKCHMHU3ALUIO ero IPUObLIN npu (PUKCHPOBAH-
HBIX 3agBKaX OCTAJIbHBIX. [JI1s CHMMETPIUYHON OJIMIOIIO/INY ABTOPBL OIIUCHIBAIOT
MHO>KEeCTBO PABHOBECHBIX PEIIeHN W OTMEYAIOT, YTO MeHa, (GPOPMUPYIONAsICI B
P®II, 3uaunrensuo auxke meabl KypHo.

Onuako Bbraucjienne 3agBok POII saBjisieTcs MOBOJIBHO CJIOXKHOM 3aJadei.
Kpowme Toro B 001em ciaydae i BBIYUCIEHNST PABHOBECHBIX 3asdBOK TpedyeT-
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cg nonHasg uHGOpManud 0 GYHKIUU CIpoca U QYHKIUAX U3JEPKEK KaKIOrO
NIPOM3BOIUTENISI, KOTOpAsl HA NMPAKTHUKe OTCyTcTByeT. IlomobHas mpobiema BO3-
HHUKAET I MHOTUX HUI'POBBIX MOE/el B SKOHOMUKE. T DaiuiuOHHbIN IOAX0 K
ee pelIeHUIO0 OCHOBAH HA UCCJIEC/I0BAHUY 3/IAlITUBHON JUHAMUKH 1IPYU LIOBTOPEHUN
paccmarpuBaeMoil urpel. B 31oit Momesn He Tpebyercs Hu mOIHOM MHMOPMUEPO-
BAQHHOCTH, HUA y4eTa PAlMOHAJbHOCTH IIAPTHEPOB HpuU BbIOOpe crparernu. lo-
CTaTOYHO yMeTb BBIYUC/IATH BBIUTPBIIN [ TeKylleil 1 aJbTepHaTUBHOHN cTpa-
rerumii. Ecim mpm sToM cTparermm cxomdarca K paBHOBecmio Hama, To MOXHO
02KM/IATh COOTBETCTBYIOLIEI'O 1IOBEAEHUS B PEAJIbHOCTH.

Bacun, 'yces (2011) m Vasin, Dolmatova, Weber (2013) paccmarpuBaior
HUIPY, COOTBETCTBYIOUIYIO ayKUUOHY (DyHKIMI HIPeJjIOKeHnsd Ay CUMMEeTPUY-
Hoit onuronosnuu. Vccaenyiorca aBa BapraHTa: ¢ JUHEUHBIME IPeJeTbHBIME M3~
[IePKKAMU U [IOCTOSTHHBIMH U3I€PKKAMHU IIPYU OTPAHUTIEHHOM MOIHOCTH. YCTOM-
YUBOCTH PABHOBECH: N3YYaeTCH C IOMOIIBIO IMHAMUKYU HAWJIYUIINX OTBETOB.
Jloka3aHo, 9TO B IepBOM ciydae muHamuka cxomurcd K PPII ¢ reomerpuue-
CKOU CKOpPOCTHIO. Bo BTOpOM ciiydae 3adBKH, ABJIAIOIIENCH HAWIYIIIAM OTBe-
TOM, Ha HEKOTOPOM Liare Hepeako He cyiecrsyer. Bosee Toro, eciu mocsenosa-
TeJbHOCTb HAWJIYHIINX OTBETOB CyIIeCTBYET, OHA 3a9aCTyI0 UMeeT IMUKINIeCKHi
XapakTep, Tak 4To cxoguMocTb K P®II me mmeer mecTa.

AnprepraTuBHON BO3MOXKHOCTHIO Opramm3armun PCB(cm. Ausubel, Cramton
(1999); Bolle (2004); Bacuu, Bacuna, Pysesa (2007)) sBisiercs UCIOJIb30Ba-
aue ayknnoHa Bukpu. Ha takom ayknmone miena orcedenus u 00beMbI BBIILyCKA
OILIpeZIeJIAIOTCA TaK »Ke, KaK Ha ayKIMoHe equHO# nenbl. OJHAKO OIIaTa TOBA-
P2, KYIJIEHHOIO y JAHHOIO [IPOU3BOAUTEI, IPOU3BOAUTCH 110 PE3ePBHBIM Lie-
HaM, KOTODbIEe BbIYHC/IAIOTCA B 3aBUCUMOCTH OT 00beMa KaK MUHUMYM U3 ILIpe-
JIeJIbHBIX U3/IEPIKEK ero BBIILYCKA,HCXO/ s U3 3asiBOK IIPOYMX IIPOM3BOAUTEIEN, 1
pe3epBHOI LeHbl [yig norpebureseil. B ganHOM cirydae 3asBKa, OTpazKarolas
peasibHble U3/EPKEKH, ABJILeTCs [OMUHUPYIOWEN crparerueif, a IPaBUIo pac-
49eTa Pe3ePBHBIX IIeH Ollpee/ideT MHHIMAJIbHbIE IEHBI,00€CIe YnBAIONINE PeasIh-
3aUMI0 MAKCUMAJ/IbHOIO 6/1aroCOCTOAHUS B OTCY TCTBHE AllPHOPHO# nudopmanyu
00 M371EepPKKAX [IPOU3BOAUTEIICH.

Ewe onna dopma - 310 aykumon ¢ omwraroii 1o 3agskam. OO0beMbl LPOaaxK
OLIPEJIEIAIOTCH TaK XK€, KAK Ha ayKIUOHE €MHOM LEHbI, HO OILIATa KaXKIOMY
VYaCTHUKY TPOW3BOINTCH COTJIACHO TeHaM, YKa3aHHBIM B ero 3asBke. /lammas
dopma ayKumoHa HCIO/b30BAIACh HA DPblHKE AHIymMu u Y3/bCa, & TaKkKe B
Poccun ma peiake momuocTH. OgHAKO, OHA 00/13/I1a€T CEPHE3HBIMHU HEIO0CTAT-
kamu. /lake B yC/IOBUSIX COBEPINEHHON KOHKYPEHITUH TOava 3asIBKM, COOTBET-
CTBYOLIEH peasibHbIM U3/Jep:KKaM, HepadymHa. [Ipogasen Jo/npKeH paccauTarb
IeHy KOHKYPEHTHOT'O0 PABHOBECHUsI W IMPEIJIOKUTH 10 ITOI I€HE COOTBETCTBY-
fomuit 00beM.B ciydae HecoBepIIeHHON KOHKYPEHIIMH TUIMWIHA CATYAITHsI, KO-
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raa pasaoBecus 110 Hamry B coorsercrByiomeii urpe ne cymecrsyer (Wolfram
(1999), Durakovich, Vasin, Vasina, 2003). Takas cuTyarmsi TOJKAET TPOJTABIOB
K 3aKJ/II0YEHUIO KapTEeJIbHOIO COIVIALIEHUS KaK CPEICTBA 00ECIeYuTh CTabuIIb-
noe dbyHKUMOHUPOBaHue poiHKa. [losromy caemyer corsiacurnes ¢ C. Wolfram,
He PEKOMEH/IyIOIIell NCIO0Ib30BaTh ITOT TUII ayKIMOHA.
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