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Formulation

Formulation

K — the number of fishes in a lake;

Ty, Ty, ..., T, — the capture times;

X1, Xo, ..., X, — the weights of fishes;

N(t) — the number of fishes caught by time t;
M(t) — total weight of fishes caught by time t;

N(t)

M(t) =) X;

i=0

Z(t) — the payoff for stopping at time t;

EZ(T*) = sup EZ(T)
TeT
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The history

The history of the basic problem

e [Starr(1974)]
o {T;}¥X, — i.i.d random variables ~ £());
o Z(t) = N(t) — ct;
@ [Starr and Woodroofe(1974)]
o {T;}¥, — i.i.d random variables ~ F(t);
o F(t) is continuous and has DFR(*) or IFR(**);
o Z(t) = N(t) — ct;
@ [Starr et al.(1976)Starr, Wardrop, and Woodroofe]
o {T;}¥, — i.i.d random variables ~ F(t);
e F(t) is continuous and has DFR;
o Z(t) = g(N(t)) — c(t), where g - concave and ¢ - convex;

DFR(*) — Decreasing Failure Rate (i.e. d(x) = -;% decreases)

IFR(**) — Increasing Failure Rate
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The history

The history of the basic problem

@ [Kramer and Starr(1990)], (see also
[Fakhre-Zakeri and Slud(1996), Dalal and Mallows(1988)])
o {(Xi, T:)}K, — i.i.d random variables ~ F(x, t);
e T; may be dependent on Xj;
o Z(t) = M(t) — c(t), where ¢ - convex;
e [Ferguson(1997)]
o K~ G(k)
o {(Xi, T:)}K, i.i.d random variables ~ F(x, t)
o Z(t) = M(t) — c(t), where c - increasing
e [Karpowicz and Szajowski(2008)], [Karpowicz(2009)]
{(Xin, Tin) 320 r.vs; X and T are independent;
Xin are i.id. r.v. having H;(x);
Ti,n+1 - Ti,n ~ F,'(S);
Z(s,t) = w(Ms, s, M;, 1).
EZ(1{,75) = sup,, e Sup,,e7~ EZ(71,72).
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Formulation

Definitions and notations

to — finite horizon
FIRST 2 METHODS

o fishes weights ° {X"J}?g{lz} =0

—_—

counting process o N(t) = (N(t), Nao(t))
the capture times ® {(Tn,3n)}nl0

the type o Where 3” 6 {1, 2}

which are i-th type @ njo =0, nj k11 =
inf{n>n;,:3,=1i}

@ period between
successive captures

o utility function
@ cost function

6 Krzysztof Szajowski



©00000
Formulation

Definitions and notations

to — finite horizon
FIRST 2 METHODS

o fishes weights ° {X"J}?g{lz} =0

=

N(t) = (Na(t), Na(t))

{(Th,3n) 20

where 3, € {1,2}

nio=0, nj 11 =

inf{n>n;,:3,=1i}

@ period between o Tix=Tn,
successive captures

counting process
the capture times
the type

which are i-th type

o utility function
@ cost function
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Formulation

Definitions and notations

to — finite horizon
FIRST 2 METHODS SN THIRD METHOL

o fishes weights ° {X"J}?g{lz} =0
=
N(t) = (Na(t), No(2))

{(Tn,3n)} 020
where 3, € {1,2}

counting process
the capture times

"]
o
the type C
o

nio=0, nj 11 =
inf{n>n;,:3,=1i}

which are i-th type

@ period between o Tin="Ty,,
successive captures 5,-7,, — i — T,-’,,_l

o utility function ° gui(-) &1(")

@ cost function o cui(*)
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Formulation

Definitions and notations

to — finite horizon
FIRST 2 METHODS SN THIRD METHOL

o fishes weights ° {Xiu'}?gug},j:o ® X309, X31, X32,---
@ counting process ° ﬁ(t) = (Na(t), No(t)) @ Na(t)
@ the capture times o {(Th,3n)}nl0 ® T30, T31, T32...
o the type e where 3, € {1,2}
o which are i-th type @ ni0 =0, nj k41 =
inf{n>n;,:3,=1i}
@ period between o Tix=Tn, © S3,=T3,— T30 1
successive captures Sin=Tin— Tin-1
o utility function o g1,i(") &) ° g()
@ cost function o ci(") ° o)
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Formulation

Assumptions for double stopping problem

For i € {1,2}

Q The utility functions gj, g : [0,00)3 — [0, W;] are continuous
and bounded by W;.

@ The cost functions ¢;, ¢;; : [0, to] — [0, C;] are continuous,
bounded by C; and differentiable.

(3] {X"J}?é{l,zs},j:o are i.i.d. random variables with known
distribution function H;(x).

Q {Sin}, arei.i.d. random variables for fixed i € {1,2,3}
with known, continuous distribution functions F;(s), such that
F,'(to) < 1.

@ The point processes N;(t) are independent on the sequence of
weights {Xi n}52,.
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Formulation

Description of the considered processes

Total weight of fishes caught by time t, if the change of the
position took place at the time s:

MSs — i Z SM Xin + Zgi(l(t_s)ﬂ X3, fors<t,
Z,‘:;l anlt) Xin for s > t.

Mie=SMO X My =52 Mg, My = (Mg, M),
Miy" = M’7Tn' M3,n = MIS,T3’,,

T30 =5, X309 = Ms
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Formulation

The payoffs

The payoff for stopping at time t, if the change of the techniques took
place at time s just after the catching by method i is

Payoff when change is on ith method

- - - -
VV,'(S, t) = ]I{t<s§to} Wl(Mf7 1 t) + H{sﬁtgto}w2(MSv l,s, Mf? t) - H{t0<t} C

where
wi(m, i t) = gi(m, i t) — calt),
wo(m,i,s, i, t) = wi(m,i,s)+ g.i(m,s,m,t)—c(t—s),
= G+ G.
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Formulation

The payoffs

The payoff for stopping at time t, if the change of the techniques took
place at time s just after the catching by method i is

Payoff when change is on ith method

- - - -
VV,'(S, t) = ]I{t<s§to} Wl(Mf7 1 t) + H{sﬁtgto}w2(MSv l,s, Mf? t) - H{t0<t} C

where
wi(m, i t) = gi(m, i t) — calt),
wo(m,i,s, i, t) = wi(m,i,s)+ g.i(m,s,m,t)—c(t—s),
C = G+0G.

For the global optimization problem, the closer to those problems have
been formulated and solved byﬂ)(arpowicz(2009)]

wi(M¢, 3, t) — alt)  if t <s < t,
—
Z(s,t) = Winy = 4 wa(Ms,3m(e), 5 M3 1) if s <t < to,
= if to < t,

9 Krzysztof Szajowski



0000e0

Formulation

Information of the decision maker and his strategies

Definition

]:t = ijz} :U(X07 T0750aX17 T1731a"'7XN(t)a TN(t)73N(t));
For = o(FF X0, T, .-, X3,Ns5((t=s)+) T3,N5((t—s)+));

Extra notations:

‘Fi,n = _7-_7—1,’", Fn = .7:7'", f; = fs,T3,,, and fs’s =Fs
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Formulation

Information of the decision maker and his strategies

Definition

]:t = ftj[Lz} :U(X07 T0730aX17 T1731a"'7XN(t)a TN(t)73N(t));
For = o(FF X0, T, .-, X3,Ns5((t=s)+) T3,N5((t—s)+));

Extra notations:
Fin = -7:T,-,,,y Foni=Fr1, Fr = «Fs,T3,,, and Fss =Fs

Definition

M(F,) (M(Fin))- the set of nonegative and F, (F; ,)-measurable
random variables.
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Formulation

Information of the decision maker and his strategies

Definition
]:t = T;{lg} :U(X07 T07307X17 T1731a"'7XN(t)a TN(t)?ﬁN(t));
For = o(FF X0, T, .-, X3,Ns5((t=s)+) T3,N5((t—s)+));

Extra notations:

Fin =F1,, Fni=Fr,, Ff=Fs1;, and Fss = Fs

Definition
M(F,) (M(Fin))- the set of nonegative and F, (F; ,)-measurable
random variables.

Definition
T — the set of stopping times with respect to the o-field F;
77 — the set of stopping times with respect to the o-field F ;;
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Formulation

Strategies and goals

For i € {1,2}, i # j, n € N and n < K define:

Tok = {7€T:7>0, T, <7< Tk},
Tink = {71€T:7>0, T <7< Tk}
ok = {T€T°:72>5, T3,<7< T3k}
T = {7€T:Tine) < Tingn) <7< Timgnea A Timerya)-

Goal-the global approach

Find two optimal stopping times 7;° and 75 in order to maximize the

payoff:
EZ(r{,75) = sup sup EZ(71,72),
€T 7eT™1
where 7 < 173 < ty
T — the moment of stopping the separate methods;
T — the moment of stopping the fishing.
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The optimization problem

The double stopping problem

Optimization violated by technique chosen

Find two optimal stopping times 73 € 7; and 75 € 771 in order to
maximize the payoff:
EW,(7{,75) = sup,, ez SuP,e7n EWi(71,72).

Sequential construction of the value

EWi(r,75) = sup EWj(m1,7;) = sup E{E[Wi(m1,73)| Fr]}
T ELf T1ET;
= sup Eesssup E[W;(m1, )| Fr] = sup EJi(11),
T1E€T; THeET T meT

where Ji(s) = E{W;(s,75)|Fs} = esssup,,c7s E{Wi(s, m2)|Fs}.
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The optimization problem

The double stopping problem

Optimization violated by technique chosen

Find two optimal stopping times 73 € 7; and 75 € 771 in order to
maximize the payoff:
EW,(7{,75) = sup,, ez SuP,e7n EWi(71,72).

Sequential construction of the value

EWi(r,75) = sup EWj(m1,7;) = sup E{E[Wi(m1,73)| Fr]}
T ELf T1ET;
= sup Eesssup E[W;(m1, )| Fr] = sup EJi(11),
T1E€T; THeET T meT

where Ji(s) = E{W;(s,75)|Fs} = esssup,,c7s E{Wi(s, m2)|Fs}.

Construction of the solution:

@ Calculate Ji(s) and construct the stopping time 73;

@ Calculate EW;(7{,75) and construct 7y
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The game approach

Two anglers optimization problem

Players' payoffs—fixed moments

é .
VViJ(S: t) = I[{t<s§to}g1,i(MtaJa1') (1)

+H{S§t§to}w2(MS7j7 S, M?v t) - H{to<t}C' (2)

where gy i() is the part of ith player payoff based

and wy() is the component of the final part of
the decision process.

Players' payoffs—random moments

Let 7j, i = 1,2 are the strategies of the players to stop individual
search and switch to the common search, which is stopped at
moment o. The payoffs of the players are

¢l(7-17 7—2) = VViyzN(Tl/\‘Q) (7-1 /\ 7—2’ UTI/\T2)' (3)
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The game approach

Two anglers optimization problem

The construction of the solution:

Q@ Calculate o* and Ji(s) = E[gl,,-(ms,z,,\,(s),s) 4F
H{sga*gto}w2(MS>3N(s)a o’*? *) _ ]I{to<0*}C’fS];

@ Calculate (7'1 1:T12) and (E¢1(71,7'2*) Evyo(7f,75)) such that
Evi(mF,7*;) > Ew,(T,, ;)- for i e {1,2}.

Lemma
[Brémaud(1981)] If T € T; 5 k, then there exists a positive,

Fin-measurable, random variable R; , such that

TATjN(Ti) FIA Tin1 = (Ti,ntRin) A Tin(Ti)+1 A Tint1, as,

(4)

where R; , is F; , = F1, -measurable.
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Construction of the second stopping moment

Second stopping time, K - fixed

K — the number of fishes in a lake;
s — the moment of changing place;
m = M; — total weight of fishes caught by time s;

Goal
Find optimal stopping time 'r{K € %S,K such that:
E{Z(S,TzKﬂfs} = esssup E{Z(s, k)| Fs}

72,k €T3

Forn=K,...,1,0
nk = esssupE{Z(s,7)|Fsn} = E{Z(s, 750 k)| Fsn}

TE il
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Construction of the second stopping moment

Second stopping time

Let s > 0 be the moment of changing place, then:
kk = Z(s Tak),
Z,K = ]I{T3,,,§t0} e€sssup {E [H{S3’n+1§R3,n}rf1+1,K|fS,ni|
R3,n€M(j:s,n)

+  F3(Rsn)llfprs <ty—T3, i W(Ms, s, Mz, T3 n + R3 )

— CH{R3,,,>t0—T37,,}]} — CH{T3,n>t0} a.s.
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Construction of the second stopping moment

Second stopping time, K - fixed

Z,K — 7;3 (MS T2,n) n= K7 DR 707

where

KT
N (i

~
~—
H/_/

m,t) = ]I{Kto}{wQ(F%, k,s,m,t) +y2;(m,mt—s, tg—
- C]I{t>to}
and y» j(a, a, b, tg — t) is given recursively as follows:
y2o0(a,a,b,to—t) = 0,

y2j(a,a, b, to—t) = O<rrn<at>< $2,y,;_1(a,a, b, to — t, r).
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Construction of the second stopping moment

Second stopping time, K - fixed

and the function ¢, 5(a,a, b, ¢, r) is given by the equation:

$25(a,3,b,¢,r) = /Or’:_3(z){043(2)[5(g2(3+X2)—gz(a))
+ Eé(a+ Xp,b+2z,c—2)] — c4(b+ z)}dz.

-

where o = + A,’(é) = E[@’i@3 + Xi) - g,-(é)].

1
!
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Construction of the second stopping moment

Second stopping time, K - fixed

Definition
B = B([0,00) x [0, to] x [0, tp]) — the space of all bounded
continuous functions with the norm [[6]| = sup, ,  [6(a, b, c)|.

B with the norm supremum is complete space.

Definition

The operator ®, : B — B is given by

(P20)(a, b, c) = e ¢25(a,b,c,r).
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Construction of the second stopping moment

Second stopping time, K - fixed
y2,j(aa ba C) = (¢2y2xj71)(av b7 C);

Lemma

There exists function r3 ;(a, b, ¢) such that:

yj(a, b, c) = q§2,y2yj71(a, b, c, rzj(a, b, c)).

Corollary

The function ;"™ (m, t) takes the maximum value for

r=ry;(m—mt—s,ty—t)
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Construction of the second stopping moment

Second stopping time, K - fixed

Theorem
If

*
R3,i

s
7,’n,K

= ng_i(M; —Ms, Tai —s,to — Ta),
K Ainf{i > n: Ri,- < Sit1},

then the stopping time 75, = Tos, + R;ns p is optimal in the

S
class Tn,K and

fhK =E [Z(S’Tin,K)L}—s,n] .

Krzysztof Szajowski
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Construction of the second stopping moment

Second stopping time, K - fixed

Algorithm:

If you have n fishes at the time t; , = T5 , which weight m; = M}
then:

O Calculate
* * s .
n = r2,K—n(mn —m,trn,—S,t — t27n)y

@ Wait by the time to , + 15 ;
o If the next capture occurs before the time t , + r3 , then
calculate

* % S
i1 = B k—(n41)(Mhp1 — M, 241 — S, to — t2,n41)

and repeat the procedure;
o Else — STOP
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Construction of the second stopping moment

Second stopping time, K — o0

Let us assume that K — oo.

Find stopping time 75 € 7°, which is optimal in the class 7°:
J(s) = E{Z(s,13)|Fs} = esssup E{Z(s, )| Fs}.
TETS

If F2(tp) < 1 then the operator 5 : B — B is a contraction.
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Construction of the second stopping moment

Second stopping time, K — o0

Lemma
There exists y» € B such that

y2 = oy

and the function y» € B is the limit of the sequence y» k, when K
tends to infinity.

Proof:
® y» k € B and B is complete space,
@ The operator ®5 is a contraction,

@ Banach Fixed Point Theorem
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Construction of the second stopping moment

Second stopping time, K — o0

The limit v*™ = limk_, fyf(’m exists and
,yS,m(ﬁ:’, t) — ]I{tgto} [W2(m757 ,777 t)‘l‘}/Z(fﬁ— m7t_55 tO - t)]
- C:[[{t>t0}'

yM(m, s) = Lis<gyu(m, s) — Cliss gy,

where

u(m,s) = gi(m) — ci(s) + g2(0) — 2(0) + y2(0,0, tp — s).
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Construction of the second stopping moment

Second stopping time, K — o0

The function y(to — s) = y(0,0, ty — s) has bounded left-hand
sided derivative with respect to s for s € (0, tp].

Proof:
@ The operator ®5 is contraction and y», = Poy»;

@ Taylor's Formula;

The function u(m, s) is continuous, bounded and measurable with
bounded left-hand sided derivatives with respect to s.
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Construction of the second stopping moment

Second stopping time, K — o0

If Fa(tp) < 1, then
o The limit 73, = limx—. 75 , x a.S. exists.
@ The stopping time 75 , < to is an optimal stopping rule in the
set 7°N{r > Ty}
° E{Z(S,Tzn)’fsm} =v>"(M;, T2,n)  a.s.

Corollary

W) = ELZ(s,m5)F] = vM(Ms,s)
- H{SStO}U(MS)S)_ C]I{s>t0} a.s.
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Construction of the second stopping moment

Second stopping time, K — o0

Proof:
@ The sequence 75, , is nondecreasing with respect to K and
bounded by ty;

V(t) =t — Tone) = &°(t) = (t, M7, V(t)) is Markov process;
Z(s,t) = p>m(&(2));

Ap>™(t, m, v) ,-f_(
p*m(§3(t)) — pom(E5(s)) — fs (Ap>™)(&%(2))dz is a martingale;

From Dynkin formula and dominated convergence Theorem:

(m+ Xy —m) — go(m —m)] — &t — s);

E [Z(s, T;7n)|.7:57,-,] = KIEnOOE [Z(S,T;,,,’K)‘Fsm}

= fim 2 (M, Ton) = 7" (M3, T2,0) 2.5

@ E[Z(s,T)|Fsn) < E [Z(S,Tzn”fs,n] VreT*N{m,> Ton}

Krzysztof Szajowski



Construction of the first stopping moment

First stopping time

Corollary

° J(s)= H{sﬁto}u(Msﬂs) - CH{s>to};
@ The function u(m,s) is continuous, bounded, measurable with
bounden left-hand sided derivatives with respect to s;

= J(s) has similar structure like the process Z(s, t) and the rest
of the calculations runs like for second stopping time.
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Construction of the first stopping moment

First stopping time

If Fi(to) < 1 then
@ The limit 77, = limx_ 77, x a.5. exists;

o The stopping time 77, < to is an optimal stopping rule in the
set 7N{r>Tin};

o E [J(Tin)]}",,] = (Mo, T1p)  as.

EZ(Tf77—2*) = EJ(Tik) - ’Y(M()v Tl,O) = '7(07 0)7

where 71 = 71y and 75 = 75, were calculated above.
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Construction of the first stopping moment

Nash value and point

Let us denote I';j , k = Evi(7{,75), when 77,75 € T} 5 k.

If Fi(to) <1, i€ {1,2} then

@ The limit 7'7:]-7” = limk_ oo Ti":j’mK a.s. exists;
o The stopping times 7/, < to, 1 € {1,2} form a Nash point in

theset 7N{r > T;,};
0 E |10 AT3 0 Fiin] = 70i(Ma, Tia)  as.

Nash value

Evi(m{ AT5) = EJi(1{ A75) =7i1(Mo, T10) = 7i1(0,0),

where 7 = 71, ; and 75 = 75 ; o were calculated above.
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Construction of the first stopping moment

Nash value and point

Cijink =Yi,k—n(Mn,Jj, Tjn) for n=K,...,0, where the sequence of
functions ~y; ; can be expressed as:

vik(m,j,s) = H{s<to}{u(m,j,s) +yi(m, ks, to — s)} — Cliss g}
and y; j(d, k, b, c) is given recursively as follows: yo(a, k, b, c) =0,
yi(a,k,b,c) = valq_biﬁfl(a, b,c,r,s),
where, for i # j, i,j € {1,2}

pis(a, b, c,rir) = /Ori/_:;(Z)Fj(b—FZ—rg){a;(z)[A;(a)

+Ed(a+ Xi, b+ z,¢c— 2)]
—(7(c — 2) + c|(b + 2))}dz.
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Infinitesimal operator

Q(t) = Ap™M(E(1))
_ H(Va(t)) 5 -
_ ,:_Z(Vz(t))[Egg(/\/lt + Xo — m) — g(M§ — m)]

- Cé(t_s)v

G(s) = Ap(&(s))
_ A(Va(s))
= Ry s

(75— (to — ) + c1(s)] -
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Monotone case

o If the process (i(t), i € {1,2}, has decreasing paths, then the
optimal stopping time is given by:

T,ff,, = inf{t € [Tin, to] : ¢i(t) <0}

o If the process (j(t) has nondecreasing paths, then the optimal
stopping time is given by: 77 = tg for all n € N.
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Example 1

Example 1

If for i € {1,2}
@ S; has exponential distribution with constant rate A;;
@ ¢ is convex;
@ gj is increasing and concave;
@ s-the moment of changing place, m = Mq;
° tr,= Ton m;=M;;
@ tin= T1n my=M,

Solution:
5 n = Inf{t € [tan, to] : A2[Ega(m}+Xo—m)—ga(mp—m)] < c5(t—s)}

™1, = inf{t € [t1n, to] - A1 [Ega(mn + X1) — g1(mn)] < (1)}

Krzysztof Szajowski



Example 2

Example 2

If for i € {1,2}
@ S; has exponential distribution with constant rate \;;
@ ¢ is concave;
@ gj is increasing and convex;

Solution:
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