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ßïîíèÿ

Â ñòàòüå ðàññìàòðèâàåòñÿ èãðà n-ëèö ñ âûáîðîì ìîìåíòà
âðåìåíè. Â êàæäûé ìîìåíò âðåìåíè èãðîê ðåøàåò ñäåëàòü âû-
ñòðåë èëè íåò. Â òåðìèíàõ òàêèõ èãð ôîðìóëèðóþòñÿ ìîäåëè
àóêöèîíîâ, èãðû íà èñòîùåíèå, ïðåäñêàçàíèÿ è äð. Èñïîëüçóÿ
ñèììåòðèþ çàäà÷è, ñòðîèòñÿ ðàâíîâåñèå â äàííîé èãðå.

Êëþ÷åâûå ñëîâà: èãðà ñ âûáîðîì ìîìåíòà âðåìåíè, ðàâíîâåñèå, èãðà
íà èñòîùåíèå, ïðåäñêàçàíèå ñëó÷àéíîé âåëè÷èíû.

Ââåäåíèå
Èãðû ñ âûáîðîì ìîìåíòà ïðåäñòàâëÿþò ñîáîé âàæíûé ðàçäåë òåî-

ðèè èãð, îïðåäåëåííûõ íà êîìïàêòíûõ ìíîæåñòâàõ. Â òåðìèíàõ òà-
êèõ èãð ôîðìóëèðóþòñÿ çàäà÷è, ñâÿçàííûå ñ äóýëÿìè, àóêöèîíàìè,
èãðàìè íà èñòîùåíèå è äðóãèå. Ñëîæíîñòü òàêèõ çàäà÷ â òîì, ÷òî
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ðàâíîâåñèå äîñòèãàåòñÿ â ñìåøàííûõ ñòðàòåãèÿõ. Äëÿ íàõîæäåíèÿ
ðàâíîâåñèÿ çäåñü ðàçðàáîòàíû ñïåöèàëüíûå ìåòîäû ñâåäåíèÿ èãðîâîé
çàäà÷è ê íàõîæäåíèþ ðåøåíèÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíå-
íèé [1�2]. Â ëèòåðàòóðå â îñíîâíîì áûëè èññëåäîâàíû èãðû äâóõ ëèö.
Â äàííîé ðàáîòå ìû èññëåäóåì áåñêîàëèöèîííûå èãðû ñ âûáîðîì ìî-
ìåíòà âðåìåíè äëÿ n èãðîêîâ. Âíà÷àëå ìû ðàññìàòðèâàåì ìîäåëè
àóêöèîíîâ, çàòåì äóýëè, èãðû íà èñòîùåíèå è, â çàâåðøåíèå, èãðû,
ñâÿçàííûå ñ óãàäûâàíèåì ñëó÷àéíîé âåëè÷èíû [3].

1. Àóêöèîíû
Çàäà÷à, êîòîðóþ ìû ðàññìîòðèì â ýòîì ïàðàãðàôå, îòíîñèòñÿ ê

ìîäåëÿì àóêöèîíîâ. Äëÿ ïðîñòîòû ìû ðàññìîòðèì òîëüêî ñèììåò-
ðè÷íûé ñëó÷àé, êîãäà âñå n èãðîêîâ íàõîäÿòñÿ â îäèíàêîâûõ óñëî-
âèÿõ. Èòàê, íà àóêöèîíå âûñòàâëåí íåêîòîðûé ïðåäìåò ñ îäèíàêî-
âîé öåííîñòüþ V äëÿ âñåõ èãðîêîâ è èãðîêè îäíîâðåìåííî îáúÿâëÿ-
þò öåíó çà íåãî, ñîîòâåòñòâåííî (x1, ..., xn). Òîò èç èãðîêîâ, êîòîðûé
îáúÿâèë íàèâûñøóþ öåíó, ïîëó÷àåò ýòîò ïðåäìåò. Ñóùåñòâóþò ðàç-
ëè÷íûå ñõåìû àóêöèîíîâ. Ìû ðàññìîòðèì äâå ñõåìû àóêöèîíîâ: ïî
ïåðâîìó è âòîðîìó ïðåäëîæåíèÿì.

Àóêöèîí ïî ïåðâîìó ïðåäëîæåíèþ. Ïðåäïîëîæèì, ÷òî ïðà-
âèëà àóêöèîíà òàêîâû, ÷òî ïîáåäèòåëü, ò.å. èãðîê, íàçâàâøèé ìàêñè-
ìàëüíóþ öåíó, ïîëó÷àåò äàííûé ïðåäìåò è íè÷åãî íå ïëàòèò. Îñòàëü-
íûå èãðîêè äîëæíû çàïëàòèòü çà ó÷àñòèå â àóêöèîíå òó öåíó, êîòî-
ðóþ îíè çàÿâèëè. Åñëè æå íåñêîëüêî èãðîêîâ çàÿâèëè ìàêñèìàëüíóþ
öåíó, îíè äåëÿò âûèãðûø ïîðîâíó. Ñîãëàñíî äàííûì ïðàâèëàì ôóíê-
öèÿ âûèãðûøà â äàííîé èãðå èìååò âèä

Hi(x1, ..., xn) =





−xi, åñëè xi < y−i,
V

mi(x)
− xi, åñëè xi = y−i,

V, åñëè xi > y−i,
(1.1)

ãäå y−i = max
j 6=i

{xj} è mi(x) - ÷èñëî èãðîêîâ, ÷üè ïðåäëîæåíèÿ ñîâïàëè
ñ xi, i = 1, ..., n. Íåòðóäíî ïîíÿòü, ÷òî çäåñü íåò ðàâíîâåñèÿ â ÷èñòûõ
ñòðàòåãèÿõ, áóäåì èñêàòü åãî ñðåäè ñìåøàííûõ ñòðàòåãèé. Ïîëüçó-
ÿñü ñèììåòðèåé, ìîæíî ïðîâîäèòü ðàññóæäåíèÿ òîëüêî äëÿ ïåðâîãî
èãðîêà.
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Ïðåäïîëîæèì, ÷òî èãðîêè {2, ..., n} èñïîëüçóþò îäíó è òó æå ñìå-
øàííóþ ñòðàòåãèþ ñ ôóíêöèåé ðàñïðåäåëåíèÿ F (x), x ∈ [0,∞). Âû-
èãðûø ïåðâîãî èãðîêà çàâèñèò îò ðàñïðåäåëåíèÿ âåëè÷èíû y−1 =

max{x2, ..., xn}. Ëåãêî ïîíÿòü, ÷òî ðàñïðåäåëåíèå ýòîãî ìàêñèìóìà
åñòü ïðîñòî (n−1)- ÿ ñòåïåíü ðàñïðåäåëåíèÿ F (x), à èìåííî Fn−1(x) =

F n−1(x). Òîãäà, ñ âåðîÿòíîñòüþ [F (x)]n−1 ïðåäëîæåíèå ïåðâîãî èãðî-
êà áóäåò ìàêñèìàëüíûì è îí ïîëó÷èò âûèãðûø V , è ñ âåðîÿòíîñòüþ
1− [F (x)]n−1 êòî-òî íàçîâåò áîëüøóþ öåíó è åìó ïðèäåòñÿ çàïëàòèòü
x. Òåïåðü ìû ìîæåì âûïèñàòü âûèãðûø ïåðâîãî èãðîêà, èñïîëüçóþ-
ùåãî ÷èñòóþ ñòðàòåãèþ x

H1(x,

n−1︷ ︸︸ ︷
F, · · · , F ) = V [F (x)]n−1−x

(
1− [F (x)]n−1

)
= (V +x)[F (x)]n−1−x.

(1.2)

Äîñòàòî÷íûì óñëîâèåì òîãî, ÷òî ïðîôèëü (F (x), ..., F (x)) áóäåò
îáðàçîâûâàòü ðàâíîâåñèå, ÿâëÿåòñÿ óñëîâèå

H1(x,

n−1︷ ︸︸ ︷
F, · · · , F ) = const èëè ∂H1(x,

n−1︷ ︸︸ ︷
F, · · · , F )/∂x = 0.

Ïîñëåäíåå óñëîâèå ïðèâîäèò ê äèôôåðåíöèàëüíîìó óðàâíåíèþ
dFn−1(x)

dx
=

1− Fn−1(x)

V + x
, 0 ≤ x < ∞

ñ ãðàíè÷íûì óñëîâèåì Fn−1(0) = 0. Èíòåãðèðîâàíèå äàåò

Fn−1(x) =
x

V + x
.

Ñëåäîâàòåëüíî, îïòèìàëüíàÿ ñìåøàííàÿ ñòðàòåãèÿ îïðåäåëÿåòñÿ ñëå-
äóþùèì îáðàçîì

F ∗(x) =

(
x

V + x

)1/(n−1)

,

à ïëîòíîñòü äàííîãî ðàñïðåäåëåíèÿ èìååò âèä

f ∗(x) =
1

n− 1

(
x

V + x

)−n−2
n−1

.

Ïîäñòàâëÿÿ íàéäåííîå ðàñïðåäåëåíèå â (1.2), íàõîäèì H1(x,

n−1︷ ︸︸ ︷
F ∗, · · · , F ∗)

= 0 äëÿ ëþáîãî x ≥ 0. Òàêèì îáðàçîì, êàêóþ áû ñìåøàííóþ ñòðàòå-
ãèþ íå èñïîëüçîâàë ïåðâûé èãðîê, åãî âûèãðûø áóäåò ðàâåí íóëþ.
À ýòî îçíà÷àåò, ÷òî çíà÷åíèå èãðû ðàâíî íóëþ.
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Òåîðåìà 1. Â àóêöèîíå ñ ôóíêöèåé âûèãðûøà (1.1) ðàâíîâåñèå îá-
ðàçóþò ñìåøàííûå ñòðàòåãèè âèäà

F ∗(x) =

(
x

V + x

)1/(n−1)

,

à çíà÷åíèå èãðû ðàâíî íóëþ.

Àóêöèîí ïî âòîðîìó ïðåäëîæåíèþ. Ïðàâèëà äàííîãî àóêöè-
îíà òàêîâû, ÷òî âñå èãðîêè äîëæíû çàïëàòèòü çà ó÷àñòèå â àóêöèîíå
íàçâàííóþ öåíó, à âûèãðàâøèé èãðîê ïëàòèò ëèøü öåíó âòîðîãî ïî
âåëè÷èíå èãðîêà. Àóêöèîíû, â êîòîðûõ ïîáåäèòåëü ïëàòèò öåíó âòî-
ðîãî ïî âåëè÷èíå ïðåäëîæåíèÿ, íàçûâàþòñÿ àóêöèîíàìè Âèêðè. Åñëè
íåñêîëüêî èãðîêîâ ñäåëàëè ìàêñèìàëüíîå ïðåäëîæåíèå, V ðàñïðåäå-
ëÿåòñÿ íà âñåõ ïîðîâíó.

Òàêèì îáðàçîì, ôóíêöèÿ âûèãðûøà â äàííîé èãðå èìååò âèä

Hi(x1, ..., xn) =





−xi, åñëè xi < y−i,
V
mi
− xi, åñëè xi = y−i,

V − y−i, åñëè xi > y−i,
(1.3)

ãäå y−i = max
j 6=i

{xj} è mi - èìåþò òî æå çíà÷åíèå, ÷òî è â ïåðâîé
ìîäåëè. Çäåñü íåò ðàâíîâåñèÿ â ÷èñòûõ ñòðàòåãèÿõ. Åñëè âñå ïðåäëî-
æåíèÿ íå ïðåâîñõîäÿò V , ñëåäóåò ïûòàòüñÿ ìàêñèìàëüíî óâåëè÷èòü
ïðåäëîæåíèå, îäíàêî, åñëè õîòÿ áû îäíî ïðåäëîæåíèå ñòàíåò áîëüøå
V , ñëåäóåò îáúÿâëÿòü íóëåâóþ öåíó. Íàéäåì ðàâíîâåñèå â ñìåøàííûõ
ñòðàòåãèÿõ, ïðè÷åì â ñèëó ñèììåòðèè ïðîâåäåì ðàññóæäåíèÿ òîëüêî
äëÿ ïåðâîãî èãðîêà.

Ïðåäïîëîæèì, ÷òî èãðîêè {2, ..., n} èñïîëüçóþò îäíó è òó æå ñìå-
øàííóþ ñòðàòåãèþ ñ ôóíêöèåé ðàñïðåäåëåíèÿ F (x), x ∈ [0,∞). Âû-
èãðûø ïåðâîãî èãðîêà çàâèñèò îò ðàñïðåäåëåíèÿ âåëè÷èíû y−1 =

max{x2, ..., xn}. Ìû îòìå÷àëè âûøå, ÷òî ðàñïðåäåëåíèå ýòîãî ìàêñè-
ìóìà åñòü ïðîñòî (n − 1)- ÿ ñòåïåíü ðàñïðåäåëåíèÿ F (x), à èìåííî
Fn−1(x) = F n−1(x). Òåïåðü ìû ìîæåì âûïèñàòü âûèãðûø ïåðâîãî
èãðîêà, èñïîëüçóþùåãî ÷èñòóþ ñòðàòåãèþ x.

H1(x,

n−1︷ ︸︸ ︷
F, · · · , F ) =

x∫

0

(V − t)dFn−1(t)−
∞∫

x

xdFn−1(t).
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Ïîñêîëüêó íîñèòåëü ðàñïðåäåëåíèÿ F (x) åñòü [0,∞), òî äîñòàòî÷-

íîå óñëîâèå ñóùåñòâîâàíèÿ ðàâíîâåñèÿ H1(x,

n−1︷ ︸︸ ︷
F, · · · , F ) = const èëè

∂H1(x,

n−1︷ ︸︸ ︷
F, · · · , F ))/∂x = 0 ïðèâîäèò ê äèôôåðåíöèàëüíîìó óðàâíå-

íèþ

dFn−1(x)

dx
=

1− Fn−1(x)

V
,

îáùåå ðåøåíèå êîòîðîãî èìååò âèä

Fn−1(x) = 1− c exp(− x

V
).

Ïîñêîëüêó F (0) = 0 íàõîäèì Fn−1(x) = 1 − exp(− x
V

). Òåïåðü ìû
ìîæåì íàéòè F (x)

F (x) =
(
1− exp(− x

V
)
) 1

n−1
. (1.4)

Èòàê, åñëè èãðîêè {2, ..., n} èñïîëüçóþò ñìåøàííóþ ñòðàòåãèþ
F (x), òî âûèãðûø ïåðâîãî èãðîêà èìååò ïîñòîÿííîå çíà÷åíèå

H1(x,

n−1︷ ︸︸ ︷
F, · · · , F ) = H1(x,

n−1︷ ︸︸ ︷
F, · · · , F ) = 0. Îòñþäà, êàêóþ áû ñòðàòåãèþ

íå èñïîëüçîâàë ïåðâûé èãðîê, åãî âûèãðûø â òàêîé ñèòóàöèè âñåãäà
áóäåò ðàâåí íóëþ. À ýòî îçíà÷àåò îïòèìàëüíîñòü ñòðàòåãèé F (x).

Òåîðåìà 2. Â àóêöèîíå ñ ôóíêöèåé âûèãðûøà (1.3) ðàâíîâåñèå îá-
ðàçóþò ñìåøàííûå ñòðàòåãèè âèäà

F (x) =
(
1− exp(− x

V
)
) 1

n−1
.

Äëÿ n = 2 ïëîòíîñòü ðàñïðåäåëåíèÿ (6.4) èìååò âèä f ∗(x) =

V −1e−x/V , è äëÿ n ≥ 3,

f ∗(x) =
1

n− 1

(
1− e−x/V

) 1
n−1

−1 · 1

V
e−x/V →

{
+∞, åñëè x ↓ 0

0, åñëè x ↑ ∞.

Èíòåðåñíî îòìåòèòü, ÷òî õîòÿ óñëîâèÿ ýòèõ äâóõ àóêöèîíîâ ðàç-
ëè÷àþòñÿ íåçíà÷èòåëüíî, îïòèìàëüíûå ñòðàòåãèè èìåþò ñîâåðøåííî
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ðàçíûé âèä. Â ïåðâîì ñëó÷àå ýòî ñòåïåííàÿ ôóíêöèÿ, à âî âòîðîì -
ýêñïîíåíöèàëüíîå ðàñïðåäåëåíèå. Íåîæèäàííî îêàçûâàåòñÿ, ÷òî îáå
îïòèìàëüíûå ñòðàòåãèè ìîãóò ïðèâåñòè ê ïðåäëîæåíèÿì, êîòîðûå
áîëüøå, ÷åì öåííîñòü îáúåêòà V . Â çàêëþ÷åíèå ñðàâíèì âåðîÿòíîñòè
ïðåâûñèòü äàííîå çíà÷åíèå V äëÿ îáåèõ ìîäåëåé àóêöèîíîâ äëÿ n =

2. Äëÿ àóêöèîíà ïî ïåðâîìó ïðåäëîæåíèþ äàííàÿ âåðîÿòíîñòü ðàâíà
1− F ∗(V ) = 1− (1/2)−1 = 0.5, à äëÿ àóêöèîíà ïî âòîðîìó ïðåäëîæå-
íèþ ýòà âåðîÿòíîñòü ìåíüøå 1 − F ∗(V ) = 1 − (1 − exp(−1))1/(n−1) ≈
0.3679.

2. Èãðà íà èñòîùåíèå

Ñóùåñòâóåò äðóãàÿ áèîëîãè÷åñêàÿ èíòåðïðåòàöèÿ èãðû, ðàññìîò-
ðåííîé â ïðåäûäóùåì ïàðàãðàôå. Ýòà ìîäåëü áëèçêà ê ìîäåëè êîí-
êóðåíöèè ñðåäè æèâîòíûõ â áîðüáå çà ðåñóðñ V , êîòîðàÿ áûëà ïðåä-
ëîæåíà àíãëèéñêèì áèîëîãîì Ì. Ñìèòîì.

Ïðåäïîëîæèì, ÷òî V = V (x), ïîëîæèòåëüíàÿ è óáûâàþùàÿ ôóíê-
öèÿ îò x, ïðåäñòàâëÿåò ñîáîé íåêèé ðåñóðñ íà äàííîé òåððèòîðèè.
Çà ðåñóðñ èäåò áîðüáà ìåæäó n æèâîòíûìè (èãðîêàìè) è âðåìÿ èã-
ðû îãðàíè÷åíî åäèíè÷íûì èíòåðâàëîì. Â òå÷åíèå êàêîãî-òî âðåìåíè
xi ∈ [0, 1], i = 1, ..., n æèâîòíûå äåìîíñòðèðóþò ñâîþ ñèëó è òî èç íèõ,
êîòîðîå äåëàåò ýòî äîëüøå âñåõ, çàõâàòûâàåò âåñü ðåñóðñ. Ïðè ýòîì,
çàòðàòû ó÷àñòíèêîâ ïðîïîðöèîíàëüíû âðåìåíè èõ çàòðà÷åííûõ óñè-
ëèé, à çàòðàòû ïîáåäèòåëÿ ðàâíû äëèíå èíòåðâàëà âðåìåíè, êîãäà
åãî ïîñëåäíèé êîíêóðåíò ïîêèíóë ïîëå áèòâû.

Áóäåì èñêàòü ðàâíîâåñèå ñðåäè ñìåøàííûõ ñòðàòåãèé â âèäå ôóíê-
öèé ðàñïðåäåëåíèÿ

F (x) = I(0 ≤ x < a)

x∫

0

h(t)dt + I(a ≤ x ≤ 1),

ãäå a íåêîòîðîå çíà÷åíèå èç èíòåðâàëà [0, 1] è IA èíäèêàòîð ñîáûòèÿ
A. Ïðåäïîëîæèì, ÷òî âñå èãðîêè {2, ..., n} èñïîëüçóþò îäíó è òó æå
ñòðàòåãèþ F , à ïåðâûé èãðîê èñïîëüçóåò ÷èñòóþ ñòðàòåãèþ x ∈ [0, 1].
Åãî îæèäàåìûé âûèãðûø ðàâåí
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H1(x,

n−1︷ ︸︸ ︷
F, · · · , F ) =

(2.1)

=





x∫

0

(V (x)− t)d (F (t))n−1 − x
{
1− (F (x))n−1} , åñëè 0 ≤ x < a,

a∫

0

(V (x)− t) d (F (t))n−1 , åñëè a < x ≤ 1,

ãäå t åñòü âðåìÿ ïðåêðàùåíèÿ áîðüáû âòîðîãî ïî ñèëå èãðîêà. Ïóñòü

Q(x) = V (x) (F (x))n−1 , äëÿ 0 < x < a. (2.2)

Òîãäà (2.1) ìîæíî ïðåäñòàâèòü äëÿ 0 < x < a,

H1(x, F, · · · , F ) = Q(x)−
x∫
0

td (F (t))n−1 − x
{

1− Q(x)
V (x)

}

= Q(x) +
x∫
0

Q(t)
V (t)

dt− x.
(2.3)

Óñëîâèå ∂H1

∂x
= 0 ïðèâîäèò ê ëèíåéíîìó äèôôåðåíöèàëüíîìó óðàâ-

íåíèþ
Q′(x) +

Q(x)

V (x)
= 1, c Q(0) = 0 (2.4)

ðåøåíèå êîòîðîãî åñòü

Q(x) = e−
∫

(V (x))−1dx

[∫
e

∫
(V (x))−1dxdx + c

]
, (7.5)

ãäå c ïðîèçâîëüíàÿ ïîñòîÿííàÿ.
Ïðåäïîëîæèì íàïðèìåð, V (x) = x, 0 ≤ x ≤ 1. Äëÿ ýòîãî ñëó÷àÿ

íàõîäèì

Q(x) = x




x∫

0

dt/t + c


 = x(− log x + c).

Èç ãðàíè÷íûõ óñëîâèé Q(0) = 0 ñëåäóåò c = 0, ñëåäîâàòåëüíî,

Q(x) = −x log x, (2.6)
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÷òî äàåò âìåñòå ñ (2.2)

F (x) = (− log x)
1

n−1 , 0 ≤ x ≤ a, (2.7)

ýòî âîçðàñòàþùàÿ ôóíêöèÿ ñ F (0) = 0 è F (a) = (− log a)
1

n−1 .
Óñëîâèå F (a) = 1 äàåò a = 1− e−1 ≈ 0.63212.

Äëÿ F (x) âèäà (2.4) âûèãðûø (2.1)-(2.3) ïåðâîãî èãðîêà ñòàíîâèò-
ñÿ ðàâíûì äëÿ 0 < x < a,

H1(x, F, · · · , F ) = −x log x +

x∫

0

(− log t)dt− x = 0,

òàê êàê âòîðîå âûðàæåíèå â ïðàâîé ÷àñòè ðàâíî x log x + x, êàê ñëå-
äóåò èç ñîîòíîøåíèÿ

∫
(1 + log t)dt = −t log t.

Äëÿ a < x ≤ 1, H1(x, F, · · · , F ) ñîãëàñíî (2.1) ÿâëÿåòñÿ óáûâàþ-
ùåé ôóíêöèåé îò x.
Ñëåäîâàòåëüíî, åñëè F ∗(x) âûáðàíî êàê îïðåäåëåíî â (2.4), òî

H1(F, F ∗, · · · , F ∗) ≤ H1(F
∗, F ∗, · · · , F ∗) = 0, ∀ôóíêöèè ðàñïðåäåëåíèÿ F (x).

Îêîí÷àòåëüíî, ïðèõîäèì ê ñëåäóþùåìó óòâåðæäåíèþ.

Òåîðåìà 3. Â èãðå íà èñòîùåíèå ñ ðåñóðñîì âèäà V (x) = x ðàâíî-
âåñèå ïî Íýøó äîñòèãàåòñÿ ñðåäè ñìåøàííûõ ñòðàòåãèé âèäà

F ∗(x) = I(0 ≤ x ≤ a)(− log x)
1

n−1 + I(a < x ≤ 1),

ñ âûèãðûøåì äëÿ êàæäîãî èãðîêà ðàâíûì 0, ãäå a = 1−e−1(≈ 0.63212).

Íàïðèìåð, äëÿ n = 2, îïòèìàëüíàÿ ïëîòíîñòü f ∗2 (x) = (− log x), à
ïðè n = 3

f ∗3 (x) =
1

2x (− log x)1/2
→

{
+∞, åñëè x ↓ 0

e/2 ≈ 1.359, åñëè x ↑ a.

Èõ âèä ïðåäñòàâëåí íà ðèñ. 1. Èíòåðåñíî, îòìåòèòü, ÷òî ìåíÿåòñÿ
ðàäèêàëüíî âèä ñìåøàííûõ ñòðàòåãèé. Äëÿ n = 2 ñ áîëüøåé âåðîÿò-
íîñòüþ íàäî áîðîòüñÿ çà ðåñóðñ êàê ìîæíî äîëüøå. Ïðè óâåëè÷åíèè
÷èñëà ñîïåðíèêîâ ñëåäóåò ñ áîëüøîé âåðîÿòíîñòüþ ñðàçó æå ïîêè-
äàòü ïîëå áèòâû.
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x
b c a0

1

e1/4≈1.284

1
2
e≈1.359

e

f3(x)

f2(x)

1

Ðèñóíîê 1. Ðåøåíèå äëÿ n = 2 è 3, ãäå V (x) = x.
Çäåñü, b= 1− e−1/4 ≈ 0.221, c= 1− e−1/2 ≈ 0.393, a≈ 0.632.

Ðàññóæäàÿ àíàëîãè÷íî, íåòðóäíî ïîëó÷èòü áîëåå îáùèé ðåçóëü-
òàò.

Òåîðåìà 4. Äëÿ V (x) =
1

k
x, (0 < k ≤ 1), ðàâíîâåñèå ïî Íýøó äîñòè-

ãàåòñÿ ñðåäè ñìåøàííûõ ñòðàòåãèé âèäà

F ∗(x) =
[(

k/k
) {

(x)k−1 − 1
}] 1

n−1 , 0 ≤ x < a,

ãäå a åñòü åäèíñòâåííûé êîðåíü â èíòåðâàëå (0, 1) óðàâíåíèÿ

−k log a = − log k.

Îïòèìàëüíûé âûèãðûø êàæäîãî èãðîêà ðàâåí 0.

Çàìåòèì, ÷òî lim
k→1−0

(x)k−1 − 1

k
= − log x è, ñëåäîâàòåëüíî,

lim
k→1−0

F ∗(x) = (− log x)
1

n−1 .

3. Äóýëè, òðóýëè è äðóãèå ñîðåâíîâàíèÿ íà ìåò-
êîñòü

Ðàññìîòðèì ñîðåâíîâàíèÿ n èãðîêîâ, ñâÿçàííûå ñ ïîðàæåíèåì
íåêîòîðîé ìèøåíè (â ÷àñòíîì ñëó÷àå ñâîåãî ïðîòèâíèêà). Êàæäûé
èç èãðîêîâ èìååò îäíó ïóëþ, êîòîðîé îí ìîæåò âûñòðåëèòü â öåëü â
ëþáîé ìîìåíò âðåìåíè èç èíòåðâàëà [0, 1]. Ñòàðòóÿ â ìîìåíò t = 0, îí
äâèæåòñÿ ê ñâîåé öåëè, êîòîðóþ ìîæåò äîñòèãíóòü â ìîìåíò t = 1, è
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â êàêîé-òî ìîìåíò äîëæåí âûñòðåëèòü â íåå. Ïóñòü A(t) åñòü âåðîÿò-
íîñòü ïîðàæåíèÿ öåëè, åñëè âûñòðåë ïðîèñõîäèò â ìîìåíò t ∈ [0, 1].
Ïðåäïîëàãàåòñÿ, ÷òî A(t) äèôôåðåíöèðóåìà è A′(t) > 0, A(0) = 0 è
A(1) = 1.

Âûèãðûø èãðîêà ðàâåí 1, åñëè îí ïîðàçèë ñâîþ öåëü ðàíüøå,
÷åì äðóãèå èãðîêè, è ðàâåí 0, â ïðîòèâíîì ñëó÷àå. Â ñëó÷àå, åñëè
íåñêîëüêî èãðîêîâ ïîðàçèëè öåëü, èõ âûèãðûø ðàâåí 0. Êàæäûé èã-
ðîê çàèíòåðåñîâàí íàéòè òàêóþ ñòðàòåãèþ, ïðè êîòîðîé ìàòåìàòè÷å-
ñêîå îæèäàíèå ïîïàäàíèÿ â öåëü ìàêñèìàëüíî.

Â ñèëó ñèììåòðèè çàäà÷è, åñòåñòâåííî ïðåäïîëîæèòü, ÷òî â ðàâ-
íîâåñèè âñå îïòèìàëüíûå ñòðàòåãèè èãðîêîâ îäèíàêîâû. Ïðåäïîëî-
æèì, ÷òî âñå èãðîêè èñïîëüçóþò îäèíàêîâûå ñìåøàííûå ñòðàòåãèè ñ
ôóíêöèåé ðàñïðåäåëåíèÿ F (t) è, ñîîòâåòñòâåííî, ïëîòíîñòüþ f(t), a ≤
t ≤ 1, ãäå ïàðàìåòð a ∈ [0, 1]. Òîãäà, îæèäàåìûé âûèãðûø ïåðâîãî
èãðîêà, åñëè îí ñòðåëÿåò â ìîìåíò x, à äðóãèå èãðîêè èñïîëüçóþò
ñìåøàííûå ñòðàòåãèè F (t) ðàâåí

H1(x,

n−1︷ ︸︸ ︷
F, · · · , F ) =





A(x), åñëè 0 ≤ x < a,

A(x)


1−

x∫

a

A(t)f(t)dt




n−1

, åñëè a ≤ x ≤ 1

(3.1)

òàê êàê äëÿ a ≤ x ≤ 1 èãðîê 1 ïîëó÷èò âûèãðûø 1, òîëüêî â ñëó÷àå,
åñëè âñå äðóãèå èãðîêè 2 ∼ n íå ñòðåëÿëè, èëè ñòðåëÿëè äî ìîìåíòà
x, íî íå ïîïàëè â öåëü.

Ïóñòü v îáùèé äëÿ âñåõ èãðîêîâ îïòèìàëüíûé âûèãðûø. Òîãäà
äîñòàòî÷íîå óñëîâèå äëÿ ðàâíîâåñèÿ áóäåò âûãëÿäåòü òàê.

H1(x, F, · · · , F )

{ ≤
=

}
v, äëÿ

{
0 ≤ x < a

a ≤ x ≤ 1

}
. (3.2)

Äëÿ a ≤ x ≤ 1 äèôôåðåíöèðóÿ (3.1) è ïðèðàâíèâàÿ íóëþ, ìû
ïðèõîäèì ê äèôôåðåíöèàëüíîìó óðàâíåíèþ

f ′(x)

f(x)
= −2n− 1

n− 1

[
A′(x)

A(x)
− A′′(x)

A′(x)

]
. (3.3)
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Èíòåãðèðîâàíèå îò a äî x äàåò

f(x)

f(a)
=

A′(x)

A′(a)

(
A(x)

A(a)

)− 2n−1
n−1

, (3.4)

îòêóäà
f(x) = c (A(x))−

2n−1
n−1 A′(x). (3.5)

Óñëîâèå
1∫
a

f(t)dt = 1 äàåò

c−1 =

1∫

a

(A(x))−
2n−1
n−1 A′(x)dx =

(
n− 1

n

) [
(A(a))−

n
n−1 − 1

]
. (3.6)

Óñëîâèå (3.2) íà èíòåðâàëå a ≤ x ≤ 1 òðåáóåò, ÷òîáû âûïîëíÿëîñü

A(x)


1−

x∫

a

A(t)f(t)dt




n−1

≡ v,

êîòîðîå ïðèâîäèò âìåñòå ñ (3.3) ïîñëå óïðîùåíèé ê ðàâåíñòâó

c(n−1)
[
(A(a))−

1
n−1 − (A(x))−

1
n−1

]
= 1−v

1
n−1 (A(x))−

1
n−1 , ∀x ∈ [a, 1].

(3.7)

Èñêëþ÷àÿ c â ñîîòâåòñòâèè ñ (3.4), ïðèõîäèì ê ðàâåíñòâó

(A(a))−
1

n−1 − (A(x))−
1

n−1 =

(3.8)

=
1

n

[
1−

(
v

A(x)

) 1
n−1

] [
(A(a))−

n
n−1 − 1

]
, ∀x ∈ (a, 1).

Ñëåäîâàòåëüíî, äîëæíû âûïîëíÿòüñÿ ñîîòíîøåíèÿ

(A(a))−
n

n−1 − n (A(a))−
1

n−1 − 1 = 0 è v
1

n−1

[
(A(a))−

n
n−1 − 1

]
= n.

(3.9)

Èç ýòèõ äâóõ óðàâíåíèé íàõîäèì v−
1

n−1 = (A(a))−
1

n−1 , è îòñþäà
v = A(a).
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Êðîìå òîãî, óìíîæàÿ îáå ÷àñòè ïåðâîãî óðàâíåíèÿ (3.9) íà (A(a))
n

n−1 ,
ïðèõîäèì ê óðàâíåíèþ

(A(a))
n

n−1 + nA(a)− 1 = 0. (3.10)

Îêîí÷àòåëüíî, íàì îñòàåòñÿ óñòàíîâèòü óñëîâèå H1(x, F, · · · , F ) ≤
v, ∀x ∈ [0, a]. À ýòî âûïîëíÿåòñÿ, ïîñêîëüêó â ñèëó ïðåäïîëîæåíèé
A(x) ≤ A(a) = v, ∀x ∈ [0, a).

Äàííûå ðàññóæäåíèÿ ïðèâîäÿò íàñ ê ñëåäóþùåìó óòâåðæäåíèþ.

Òåîðåìà 5. Ïóñòü αn åäèíñòâåííûé êîðåíü íà [0, 1] óðàâíåíèÿ

α
n

n−1 + nα− 1 = 0. (3.11)

Òîãäà ðàâíîâåñèå ïî Íýøó â äàííîé èãðå ñîñòîèò èç ñìåøàííûõ
ñòðàòåãèé âèäà

f ∗(x) =
1

n− 1
(αn)

1
n−1 (A(x))−

2n−1
n−1 A′(x), äëÿ A−1(αn) = an ≤ x ≤ 1.

(3.12)

Ïðè ýòîì, îïòèìàëüíûå âûèãðûøè èãðîêîâ â ðàâíîâåñèè ðàâíû
αn.

Ìû âèäèì, ÷òî âî-ïåðâûõ, ÷òî îïòèìàëüíûé âûèãðûø èãðîêîâ
αn íå çàâèñèò îò ôóíêöèè òî÷íîñòè A(t), è, âî-âòîðûõ, íà÷àëüíàÿ
òî÷êà íîñèòåëÿ îïòèìàëüíîé ñòðàòåãèè a çàâèñèò îò A(t). Êðîìå òîãî,
ìû âèäèì èç (3.12), ÷òî âåðîÿòíîñòü íè÷üåé, ò.å. êîãäà âñå èãðîêè
ïîëó÷àþò íóëü ðàâíà (αn)

n
n−1 .

Ïðè n = 2 (äóýëü) îæèäàåìûé âûèãðûø ðàâåí αn =
√

2 − 1 ≈
0.4142, à ïðè n = 3 (òðóýëü) αn ≈ 0.2831. Èíòåðâàë íîñèòåëÿ ðàñïðå-
äåëåíèÿ çàâèñèò îò âèäà ôóíêöèè òî÷íîñòè.

Ïðèìåð 1. Ïóñòü A(x) = xγ, γ > 0. Òîãäà

an = A−1(αn) = α1/γ
n

è îïòèìàëüíàÿ ñòðàòåãèÿ èìååò ñëåäóþùóþ ïëîòíîñòü ðàñïðåäåëå-
íèÿ

f ∗(x) =
γ

n− 1
(αn)

1
n−1 x−( n

n−1
γ+1), äëÿ α1/γ

n ≤ x ≤ 1.
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Ïðè γ = 1 è n = 2(äóýëü) an = αn =
√

2 − 1, ò.å. íà÷èíàòü ñòðå-
ëÿòü íàäî ïîñëå ìîìåíòà 0.4142. Çàìåòèì, ÷òî äëÿ ëþáîãî n ≥ 2,
an âîçðàñòàåò, êîãäà ïàðàìåòð γ âîçðàñòàåò. Ýòî ñîîòâåòñòâóåò èí-
òóèòèâíîìó îæèäàíèþ, ÷òî ÷åì ìåíüøå ìåòêîñòü èãðîêà, òåì ïîçæå
íàäî íà÷èíàòü ñòðåëÿòü.

Ïðèìåð 2. Ïóñòü A(x) =
ex − 1

e− 1
. Òîãäà

an = A−1(αn) = log {1 + (e− 1)αn} ,

ñëåäîâàòåëüíî, an óáûâàåò, åñëè n âîçðàñòàåò. Íàïðèìåð, ïðè n = 2

(äóýëü)
an = log

{
(
√

2− 1)(e +
√

2)
}
≈ 0.5375,

à ïðè n = 3 (òðóýëü)
an ≈ 0.3964.

Ïðè ýòîì, îïòèìàëüíûå ñòðàòåãèè îïðåäåëÿþòñÿ ñ ïîìîùüþ ïëîòíî-
ñòè ðàñïðåäåëåíèÿ âèäà

f ∗(x) = 1
n−1

(αn)
1

n−1 (e − 1)−1(ex − 1)−
2n−1
n−1 ex, äëÿ an ≤

x ≤ 1.

4. Èãðà ïðåäñêàçàíèÿ

Ïðåäñòàâèì, ÷òî n èãðîêîâ ñòàðàþòñÿ ïðåäñêàçàòü çíà÷åíèå u ñëó-
÷àéíîé âåëè÷èíû U , êîòîðàÿ èìååò ðàâíîìåðíîå ðàñïðåäåëåíèå U[0,1]

íà èíòåðâàëå [0, 1]. Ïðàâèëà èãðû òàêîâû, ÷òî âûèãðûâàåò òîò èã-
ðîê, êîòîðûé íàçâàë çíà÷åíèå, áëèæàéøåå ê u, íî íå áîëüøåå åãî.
Ïðè ýòîì, îí âûèãðûâàåò åäèíèöó, à îñòàëüíûå n− 1 èãðîêîâ ïîëó-
÷àþò 0. Êàæäûé èç èãðîêîâ ñòðåìèòñÿ ìàêñèìèçèðîâàòü îæèäàåìûé
âûèãðûø.

Áóäåì èñêàòü ðàâíîâåñèå â âèäå ðàñïðåäåëåíèé ñ íîñèòåëåì íà
íåêîòîðîì èíòåðâàëå [0, a], a ≤ 1, à èìåííî ïóñòü

G(x) = I(x < a)

x∫

0

g(t)dt + I(x ≥ a).
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Òîãäà îæèäàåìûé âûèãðûø èãðîêà 1, åñëè åãî ïðåäñêàçàííîå çíà÷å-
íèå ðàâíî x, à äðóãèå èãðîêè ñëåäóþò ñìåøàííîé ñòðàòåãèè ñ ôóíê-
öèåé ðàñïðåäåëåíèåì G(t) è åå ïëîòíîñòüþ g(t), ðàâåí

H1(x,

n−1︷ ︸︸ ︷
G, · · · , G) = x, åñëè a < x < 1. (4.1)

Äëÿ 0 < x < a ñîãëàñíî óñëîâèÿì

H1(x,G, · · · , G) = (G(x))n−1 x+

(4.2)

+
n−1∑

k=1

(
n− 1

k

)
k (G(x))n−1−k

a∫

x

g(t)
(
G(t)

)k−1
(t− x)dt,

ïîñêîëüêó k èãðîêîâ (1 ≤ k ≤ n−1) ìîãóò íàçâàòü çíà÷åíèÿ áîëüøèå,
÷åì x, à äðóãèå n − 1 − k èãðîêîâ íàçâàòü ìåíüøå, ÷åì x. Çàìåòèì,
÷òî ïëîòíîñòü ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû min(X1, · · · , Xk)

åñòü k
(
G(t)

)k−1
g(t).

Ïîñêîëüêó èíòåãðèðîâàíèå ïî ÷àñòÿì ïðèâîäèò ê ðàâåíñòâó
a∫

x

(t− x)
(
G(t)

)k−1
g(t)dt =

1

k

a∫

x

(
G(t)

)k
dt,

ìû ìîæåì ïåðåïèñàòü (4.2) â âèäå

H1(x,

n−1︷ ︸︸ ︷
G, · · · , G) = (G(x))n−1 x+

n−1∑

k=1

(
n− 1

k

)
(G(x))n−1−k

a∫

x

(
G(t)

)k
dt,

(4.3)

äëÿ 0 < x < a. Ïóñòü v îïòèìàëüíîå îæèäàåìîå çíà÷åíèå âûèãðûøà
êàæäîãî èãðîêà. Çàïèøåì óñëîâèå ñìåøàííîãî ðàâíîâåñèÿ äëÿ G(x)

H1(x,G, · · · , G)

{ ≡
≤

}
v, äëÿ

{
0 ≤ x < a

a < x ≤ 1

}
. (4.4)

Ïîëüçóÿñü (4.3)-(4.4) , ïðåîáðàçóåì óðàâíåíèå ∂
∂x

H1(x, g, · · · , g) =

0 íà èíòåðâàëå 0 ≤ x < a. Äåëÿ îáå ÷àñòè óðàâíåíèÿ íà (G(x))n−1 è
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óïðîùàÿ, ïðèõîäèì ê óðàâíåíèþ

1 +
n−1∑

k=1

(
n− 1

k

)(
G(x)

G(x)

)k

=
g(x)

G(x)

[
(n− 1)x+

(4.5)

+
n−1∑

k=1

(
n− 1

k

)
(n− 1− k)

a∫

x

(
G(t)

G(x)

)k

dt


 .

Ëåâàÿ ÷àñòü óðàâíåíèÿ (4.5) ðàâíà [G(x)]−(n−1) , à ïðàâàÿ ÷àñòü
ìîæåò áûòü ïðåäñòàâëåíà êàê

g(x)

G(x)
· (n− 1)


a +

a∫

x

{
1 +

G(t)

G(x)

}n−2

dt


 .

Òàêèì îáðàçîì, ìû ìîæåì ïðåäñòàâèòü (4.5) â âèäå

a[G(x)]n−2+

a∫

x

(G(x)+G(t))n−2dt = [(n−1)g(x)]−1, 0 < x < a, ∀n ≥ 2.

(4.6)

Åñòåñòâåííî g(x), G(x) è a çàâèñÿò îò n. Íî ìû äëÿ ïðîñòîòû
îïóñêàåì èíäåêñ n.

Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü ôóíêöèé

sk(x) =


a[G(x)]k +

a∫

x

(G(x) + G(t))kdt




/
x, ∀k = 1, 2, · · · , n− 2.

(4.7)

Î÷åâèäíî, âûïîëíÿþòñÿ íåðàâåíñòâà

1 ≡ s0(x) ≥ s1(x) ≥ s2(x) ≥ · · · ≥ sn−2(x) ≥ 0, ∀x ∈ [0, a]. (4.8)

Óìíîæàÿ îáå ÷àñòè (4.7) íà x è äèôôåðåíöèðóÿ, ïðèõîäèì ê ðå-
êóððåíòíûì äèôôåðåíöèàëüíûì óðàâíåíèÿì

xs′k(x)− sk(x) = kg(x)xsk−1(x)− 1,

èëè, ýêâèâàëåíòíî,

s′k(x) + (1− sk(x)) /x = kg(x)sk−1(x), ∀k = 1, 2, · · · , n− 2 (4.9)



82 Â.Â. Ìàçàëîâ, Ì. Ñàêàãó÷è

ñ ãðàíè÷íûìè óñëîâèÿìè

sk(a) = 1, ∀k = 1, 2, · · · , n− 2.

Èç (4.6)-(4.7) ìû âèäèì

sn−2(x) = [(n− 1)xg(x)]−1 (4.10)

÷òî ýêâèâàëåíòíî

g(x) = [(n− 1)xsn−2(x)]−1 ≥ [(n− 1)x]−1 (èç (4.8))

Ñðåäíåå çíà÷åíèå ýòîãî ðàñïðåäåëåíèÿ ðàâíî
a∫

0

xg(x)dx =

a∫

0

xdx

(n− 1)xsn−2(x)
. (4.11)

Òåîðåìà 6. Ïóñòü {s1, · · · , sn−2} åñòü ðåøåíèå ñèñòåìû äèôôåðåí-
öèàëüíûõ óðàâíåíèé (4.9) è g(x) = 1

(n−1)(1−x)sn−2(x)
. Âûáåðåì a èç

óñëîâèÿ
a∫
0

g(x)dx = 1. Òîãäà g(x) îïòèìàëüíàÿ ñìåøàííàÿ ñòðàòå-
ãèÿ â èãðå ïðåäñêàçàíèÿ.

Ñèñòåìà (4.9) âìåñòå ñ (4.10) ìîæåò áûòü èñïîëüçîâàíà äëÿ íà-
õîæäåíèÿ ðåøåíèÿ çàäà÷è. Îïèøåì ýòîò àëãîðèòì. Âíà÷àëå ôèêñè-
ðóåì çíà÷åíèå ïàðàìåòðà a è ðàññìàòðèâàåì ñèñòåìó äèôôåðåíöè-
àëüíûõ óðàâíåíèé (9.9) íà èíòåðâàëå [0, a]. Êîãäà íàéäåì ðåøåíèå ñ
ãðàíè÷íûì óñëîâèåì sk(a) = 1, k = 1, · · · , n − 2, îïðåäåëÿåì ïëîò-
íîñòü ðàñïðåäåëåíèÿ g(x) = [(n− 1)sn−2(x)(1− x)]−1, x ∈ [0, a]. Çàòåì
âû÷èñëÿåì a èç óñëîâèÿ

a∫
0

g(x) = 1.

Ñëó÷àé n = 2.

Èç (4.1)-(4.3) ñëåäóåò

H1(x, G) =





G(x)x +

a∫

x

(t− x)g(t)dt, äëÿ 0 < x < a

x, äëÿ a < x < 1.
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Óðàâíåíèå (4.6) äàåò äëÿ 0 < x < a, g(x) = 1/x, è îòñþäà G(x) =

− log x, a = 1− e−1 ≈ 0.63212. Äëÿ a < x < 1, èìååò ìåñòî H1(x, g∗) =

x ≤ a = H1(a, g∗) è, ñëåäîâàòåëüíî, óñëîâèå (4.4) óäîâëåòâîðÿåòñÿ.
Îáùåå çíà÷åíèå èãðû ðàâíî e−1 ≈ 0.36788.

Ñëó÷àé n = 3.

H1(x,G, G) = (4.12)

=





(G(x))2 x + 2G(x)

a∫

x

(t− x)g(t)dt+

+2
a∫
x

(t− x)G(t)g(t)dt, åñëè 0 < x < a

x, åñëè a < x < 1.

Óðàâíåíèå (4.9) äëÿ n = 3 ïðèâîäèò ê äèôôåðåíöèàëüíîìó óðàâ-
íåíèþ

s′1(x) + (1− s1(x)) /x = g(x)s0(x) = g(x), ïðè ýòîì s1(a) = 1, (9.13)

è ïîñëå óïðîùåíèÿ

xs1(x) = aG(x) +

a∫

x

(
G(x) + G(t)

)
dt =

1

2g(x)
(èç (4.6) ïðè n = 3).

(4.14)

Èñêëþ÷àÿ g(x) èç (4.13)-(4.14), ïðèõîäèì ê äèôôåðåíöèàëüíîìó
óðàâíåíèþ

s1s
′
1

s2
1 − s1 + 1

2

=
1

x
, 0 < x < a, ñ s1(a) = 1. (4.15)

Ôóíêöèÿ g(x) = (2s1(x)x)−1 ÿâëÿåòñÿ ïîëîæèòåëüíîé è íåïðå-
ðûâíîé è ïðåäñòàâëÿåò ïëîòíîñòü ðàñïðåäåëåíèÿ, åñëè

a∫
0

g(x)dx = 1.
Îòñþäà

1 =

a∫

0

g(x)dx =

a∫

0

{
s′1(x) +

1− s1(x)

1− x

}
dx = 1−s1(0)+

a∫

0

1− s1(x)

1− x
dx
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òàê ÷òî

s1(0) =

a∫

0

1− s1(x)

1− x
dx =

1∫

s1(0)

s1s1

s2
1 − s1 + 1

2

ds1 (èç (2.15))

= −1 + s1(0) +
π

4
− tan−1(2s1(0)− 1)

(
ò.ê.

∫
ds1

s2
1 − s1 + r2

= 2 tan−1 2x

)

è ïîýòîìó
s1(0) =

1

2

{
1− tan

(
1− π

4

)}
≈ 0.3910. (4.16)

Êðîìå òîãî, èíòåãðèðóÿ îáå ÷àñòè (4.15) îò x äî a, ìû ïðèõîäèì
ê óïðàâëåíèþ

(
s2
1 − s1 +

1

2

) 1
2

etan−1(2s1−1) =
1√
2
eπ/4a/x. (4.17)

Ïîäñòàâëÿÿ çäåñü x = 0 è èñïîëüçóÿ s1(0) ≈ 0.3910, ïîëó÷àåì

a = 1− {
2 (s1(0))2 − 2s1(0) + 1

}1/2
e−1 ≈ 0.7156. (4.18)

Óñëîâèå (4.4) âûïîëíÿåòñÿ ñîãëàñíî (4.12) ñ v = a = 0.2844.
Ðåøåíèÿ äëÿ n = 2 è n = 3 èçîáðàæåíû íà ðèñ. 2.

0.3910

1/2

1

1.279

e≈2.718

a2≈0.632 a3≈0.716 x

Ðèñóíîê 2. Ðåøåíèÿ äëÿ n = 2 è 3

1.923

s1(x)

s0(x)

g3(x)=(2xs1(x))−1

g2(x)=1/x
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Ñëó÷àé n = 4.

Èç (4.1)-(4.3) äëÿ n = 4 èìååì

H1(x,G,G, G, G)

(4.19)

=





(G(x))3 x +
∑3

k=1

(
3

k

)
(G(x))3−k

a∫

x

(
G(t)

)k
dt, 0 < x < a

x, a < x < 1.

Ñèñòåìà (4.9)-(4.10) ñòàíîâèòñÿ





s′1(x) + (1− s1(x)) /x = g(x)s0(x) = g(x), ñ s1(0) = 1

s′2(x) + (1− s2(x)) /x = 2g(x)s1(x), ñ s2(0) = 1

s2(x) = (3g(x)x)−1 .

(4.20)

Ïëîòíîñòü ðàñïðåäåëåíèÿ èìååò âèä g(x) = (3xs2(x))−1, è ìû ìî-
æåì âûáðàòü a òàê, ÷òî 1 =

a∫
0

dx
3xs2(x)

. Òàê êàê ïðàâàÿ ÷àñòü åñòü

≥ 2
3

a∫
0

dx
2xs1(x)

, ìû ìîæåì èñïîëüçîâàòü ðåøåíèå äëÿ ñëó÷àÿ n = 3.
Èñêëþ÷àÿ g(x) èç (4.20), ïîëó÷àåì ïðîñòîå äèôôåðåíöèàëüíîå óðàâ-
íåíèå





s′1(x) + (1− s1(x)) /x = (3xs2(x))−1

s′2(x) + (1− s2(x)) /x = 2
3
s1(x)/ (xs2(x)) .

(4.21)

Ïîñëå âû÷èñëåíèé íàõîäèì a ≈ 0.7917. Óñëîâèå (4.4) âûïîëíÿåòñÿ
ñ v = a ≈ 0.2083.

Äðóãèå ïðèìåðû.

Äëÿ ñëó÷àåâ n ≥ 5 âû÷èñëåíèÿ ïðèâîäÿò ê ñëåäóþùèì ðåçóëüòà-
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òàì

n = 2; a ≈ 0.6321, v ≈ 0.3679,
a∫
0

xg(x)dx ≈ 0.3678

3; 0.7156, 0.2844,

4; 0.7917, 0.2083,

5; 0.8286, 0.1714, 0.4251

7; 0.8731, 0.1269, 0.4425

10; 0.9084, 0.0916, 0.4573

Ìû âèäèì, ÷òî êîãäà n âîçðàñòàåò, a ↑ 1, îïòèìàëüíûå âûèãðûøè ↓ 0,
è â ðàâíîâåñèè ïëîòíîñòè ðàñïðåäåëåíèÿ àñèìïòîòè÷åñêè ñòàíîâÿòñÿ
ðàâíîìåðíûìè ðàñïðåäåëåíèÿìè U[0,1].
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Abstract : Each player in the game of timing has to decide his time to
shoot under the condition that he is not informed of the shooting times
of his rivals. That is, we deal with silent games of timing. In the terms of
games of timing can be formulated the auctions, games of war of attrition,
competitive prediction of a random variable, etc. Using the symmetry we
derive the equation to determine the equilibrium in these games.
Keywords : game of timing, n-person game, equilibrium, war of attrition,
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