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Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ çàäà÷à ñïðàâåäëèâîãî
ðàñïðåäåëåíèÿ ðåñóðñîâ áàçîâîé ñòàíöèåé ìåæäó ïîëüçîâàòå-
ëÿìè ïðè íàëè÷èè àêòèâíûõ ïîìåõ ñ ó÷åòîì ñòîèìîñòè. Çà-
äà÷à ìîäåëèðóåòñÿ íåàíòàãîíèñòè÷åñêîé èãðîé ìåæäó áàçîâîé
ñòàíöèåé è èñòî÷íèêîì àêòèâíûõ ïîìåõ. Â êà÷åñòâå âûèãðû-
øà áàçîâîé ñòàíöèè âçÿò îáîáùåííûé êðèòåðèé α-ïîëåçíîñòè
(âêëþ÷àþùèé â ñåáÿ êàê ÷àñòíûé ñëó÷àé êðèòåðèé Øåíîíà)
ìèíóñ ñòîèìîñòü ñèãíàëà. Âûèãðûø àêòèâíîãî èñòî÷íèêà ïî-
ìåõ ðàâåí ñóììå îáîáùåííîãî êðèòåðèÿ α-ïîëåçíîñòè è ñòîè-
ìîñòè óñòàíîâêè ïîìåõ âçÿòîé ñ îáðàòíûì çíàêîì. Äîêàçàíà
åäèíñòâåííîñòü ðàâíîâåñèÿ ïî Íýøó â äàííîé çàäà÷å è, êðî-
ìå òîãî, ñàìî ðåøåíèå ïðåäñòàâëåíî â ÿâíîì âèäå. Ïðîâåäåíî
÷èñëåííîå ìîäåëèðîâàíèå ðàâíîâåñíûõ ñòðàòåãèé.

Êëþ÷åâûå ñëîâà: ñïðàâåäëèâîå ðàñïðåäåëåíèå ðåñóðñîâ, áåñïðîâîä-
íûå ñåòè, ïîìåõè, èãðà ñ íåíóëåâîé ñóììîé.
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1. Ââåäåíèå
Àñïåêò ñïðàâåäëèâîñòè ðàñïðåäåëåíèÿ ðåñóðñîâ èãðàåò öåíòðàëü-

íóþ ðîëü â ñåòåâûõ òåõíîëîãèÿõ. Â ñòàíäàðòå ATM (Asynchronous
Transfer Mode) [6] íà ìàêñèìàëüíîé ñïðàâåäëèâîñòè è åå âçâåøåí-
íûõ âàðèàíòàõ îñíîâûâàåòñÿ ðàñïðåäåëåíèå èìåþùåéñÿ ïðîïóñêíîé
ñïîñîáíîñòè ïî êàíàëàì ñ èñïîëüçîâàíèåì ABR (Available Bit Rate)
ñåðâèñà íàèëó÷øåé ïîïûòêè. Ïðîïîðöèîíàëüíàÿ ñïðàâåäëèâîñòü áû-
ëà ââåäåíà â [3, 4] è ðåàëèçîâàíà, íàïðèìåð, â áåñïðîâîäíîé ñâÿçè
êîìïàíèåé Qualcomm â òåõíîëîãèè HDR (High Data Rate) äëÿ äî-
ñòóïà ïîëüçîâàòåëåé â Èíòåðíåò è ýëåêòðîííûì ïî÷òîâûì ÿùèêàì
ñ ïîìîùüþ ìîáèëüíûõ òåëåôîíîâ. Óíèôèöèðîâàííàÿ ìàòåìàòè÷å-
ñêàÿ ôîðìóëèðîâêà äëÿ ñïðàâåäëèâîãî ðàñïðåäåëåíèÿ ðåñóðñîâ áû-
ëà ïðåäëîæåíà â [5]. Â äàííîé ðàáîòå èñïîëüçóåòñÿ êîíöåïöèÿ α-
ñïðàâåäëèâîñòè äëÿ ðàñïðåäåëåíèÿ ìîùíîñòè ìåæäó ïîëüçîâàòåëÿ-
ìè ïðè íàëè÷èè ïîëüçîâàòåëÿ, ñîçäàþùåãî ïîìåõè. Öåëüþ áàçîâîé
ñòàíöèè ÿâëÿåòñÿ ìàêñèìèçàöèÿ ôóíêöèè α-ñïðàâåäëèâîñòè, ïîñòðî-
åííîé íà îñíîâå ôóíêöèè SINR ñî ñìåùåíèåì, à öåëüþ ïîëüçîâàòåëÿ,
óñòàíàâëèâàþùåãî ïîìåõè, íàîáîðîò, ÿâëÿåòñÿ ìèíèìèçàöèÿ äàííîé
ôóíêöèè. Ïðè ýòîì êàê íà áàçîâóþ ñòàíöèþ, òàê è íà ïîëüçîâàòå-
ëÿ, ñîçäàþùåãî ïîìåõè, íàêëàäûâàåòñÿ ñòîèìîñòü çà èñïîëüçîâàíèå
ìîùíîñòè. Ïîýòîìó äàííàÿ ïðîáëåìà ìîæåò áûòü ðàññìîòðåíà êàê
èãðà ñ íåíóëåâîé ñóììîé. Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ îáîáùå-
íèå ðåçóëüòàòîâ [1] íà ñëó÷àé, êîãäà èãðîêè äîëæíû ó÷èòûâàòü ñòî-
èìîñòü èñïîëüçóåìûõ ðåñóðñîâ. Îòìåòèì, ÷òî äëÿ ÷àñòíîãî ñëó÷àÿ
îáîáùåííîãî êðèòåðèÿ ñïðàâåäëèâîñòè, à èìåííî, êðèòåðèÿ Øåíîíà,
ïðè îäèíàêîâûõ ñòîèìîñòÿõ çàäà÷à áûëà ðåøåíà â [2].

2. Ïîñòàíîâêà çàäà÷è
Ïåðåéäåì ê ìàòåìàòè÷åñêîé ôîðìóëèðîâêå ïðîáëåìû. Áóäåì ðàñ-

ñìàòðèâàòü áàçîâóþ ñòàíöèþ, êîòîðîé òðåáóåòñÿ ðàñïðåäåëèòü ìîù-
íîñòü P̄ ìåæäó n ïîëüçîâàòåëÿìè. Ïðåäïîëàãàåì, ÷òî êàæäîìó ïîëü-
çîâàòåëþ âûäåëåí îòäåëüíûé êàíàë, à òàê æå ïðåäïîëàãàåì íàëè÷èå
èíòåðôåðåíöèè ìåæäó êàíàëàìè. ×èñòîé ñòðàòåãèåé áàçîâîé ñòàíöèè
ÿâëÿåòñÿ P = (P1, . . . , Pn), ãäå Pi > 0 äëÿ i ∈ [1, n], ïðè÷åì

n∑
i=1

Pi = P̄

è P̄ > 0. Êîìïîíåíò Pi ìîæåò áûòü èíòåðïðåòèðîâàí êàê óðîâåíü
ìîùíîñòè âûäåëåííûé ïîëüçîâàòåëþ i. ×èñòîé ñòðàòåãèåé àêòèâíîãî
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èñòî÷íèêà ïîìåõ ÿâëÿåòñÿ J = (J1, . . . , Jn), ãäå Ji > 0 äëÿ i ∈ [1, n] è
n∑

i=1

= J̄ , ãäå J̄ > 0 � îáùàÿ ìîùíîñòü ïîìåõ. Ôóíêöèåé âûèãðûøà áà-
çîâîé ñòàíöèè ÿâëÿþòñÿ îáîáùåííûé êðèòåðèé α-ñïðàâåäëèâîñòè [1]
(ïðè÷åì, α ∈ [0, 1]) ìèíóñ ñòîèìîñòü ñèãíàëîâ, à âûèãðûø àêòèâíîãî
èñòî÷íèêà ïîìåõ ðàâåí ñóììå îáîáùåííîãî êðèòåðèÿ α-ïîëåçíîñòè è
ñòîèìîñòè óñòàíîâêè ïîìåõ âçÿòîé ñ îáðàòíûì çíàêîì:

vP (P, J) =
1

1− α

n∑
i=1

[(
1 +

giPi

N0
i + hiJi

)1−α

− 1

]
−

n∑
i=1

ci
P Pi, (2.1)

vJ(P, J) = − 1

1− α

n∑
i=1

[(
1 +

giPi

N0
i + hiJi

)1−α

− 1

]
−

n∑
i=1

ci
JJi. (2.2)

Â ñëó÷àå, åñëè α = 1, ôóíêöèè âûèãðûøà ïðåâðàùàþòñÿ â êðèòåðèé
Øåíîíà ìèíóñ ñîîòâåòñòâóþùèå ñòîèìîñòè:

vP (P, J) =
n∑

i=1

ln

(
1 +

giPi

N0
i + hiJi

)
−

n∑
i=1

ci
P Pi, (2.3)

vJ(P, J) = −
n∑

i=1

ln

(
1 +

giPi

N0
i + hiJi

)
−

n∑
i=1

ci
JJi, (2.4)

ãäå N0
i � óðîâåíü íåêîíòðîëèðóåìîãî øóìà â êàíàëå i; gi, hi � êîýô-

ôèöèåíòû èñêàæåíèÿ ñèãíàëà, à ci
J , ci

P � ñòîèìîñòè èñïîëüçîâàíèÿ
åäèíèöû ìîùíîñòè ñèãíàëà èãðîêàìè. Áóäåì ïðåäïîëàãàòü, ÷òî êî-
ýôôèöèåíòû èñêàæåíèÿ ñèãíàëà gi è hi, ñòîèìîñòè èñïîëüçîâàíèÿ
åäèíèöû ìîùíîñòè ñèãíàëà ci

J , ci
P , óðîâåíü íåêîíòðîëèðóåìîãî øóìà

N0
i äëÿ i ∈ [1, n], à òàê æå îáùàÿ ìîùíîñòü P̄ áàçîâîé ñòàíöèè è

îáùèé óðîâåíü øóìà J̄ ôèêñèðîâàíû è èçâåñòíû îáîèì èãðîêàì.

3. Ðåøåíèå çàäà÷è
Â ýòîì ðàçäåëå âûèãðûø áóäåò ðàññìàòðèâàòüñÿ êàê ôóíêöèÿ α-

ñïðàâåäëèâîñòè îò ôóíêöèè SINR ñî ñìåùåíèåì (2.1) è (2.2). Îäíèì
èç äîñòîèíñòâ ýòîé ôóíêöèè ÿâëÿåòñÿ òîò ñëó÷àé, ÷òî ïðè α = 1 îíà
ñîîòâåòñòâóåò ïðîïóñêíîé ñïîñîáíîñòè Øåíîíà. Â äàííîì ðàçäåëå
áóäåò ðàññìîòðåí ñëó÷àé, êîãäà α > 0. Ñëó÷àé α = 0 èññëåäîâàí â
ðàçäåëå 5.
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Íåòðóäíî ïðîâåðèòü, ÷òî vP (P, J) âîãíóòî ïî P ïðè ëþáûõ α, à
vJ(P, J) âîãíóòî ïî J ïðè α 6 2 òàê êàê

∂2vP

∂P 2
i

= −αg2
i

(N0
i + hiJi)

α−1

(N0
i + hiJi + giPi)α+1

è
∂2vJ

∂J2
i

= −αPigih
2
i

(N0
i + hiJi)

α−3

(N0
i + hiJi + giPi)α+1

× (2N0
i + 2hiJi + (2− α)giPi).

Ïîýòîìó áóäåò ðàññìàòðèâàòüñÿ ñëó÷àé α 6 1. Ìîæíî ïîêàçàòü,
÷òî â òàêîì ñëó÷àå ó èãðû áóäåò åäèíñòâåííîå ðàâíîâåñèå ïî Íýøó
[7]. Ïðèìåíÿÿ òåîðåìó Êóíà-Òàêåðà, ïîëó÷àåì ñëåäóþùèé ðåçóëüòàò.

Ëåììà 3.1. Ïóñòü α 6 1, òîãäà (P, J) áóäåò ðàâíîâåñèåì òîãäà
è òîëüêî òîãäà, êîãäà ñóùåñòâóþò òàêèå íåîòðèöàòåëüíûå ω è ν

(ìíîæèòåëè Ëàãðàíæà) òàêèå, ÷òî

gi

(N0
i + hiJi + giPi)α(N0

i + hiJi)1−α

{
= ω, åñëè Pi > 0,

6 ω, åñëè Pi = 0,

gihiPi

(N0
i + hiJi + giPi)α(N0

i + hiJi)1−α

{
= ν, åñëè Ji > 0,

6 ν, åñëè Ji = 0.

Ïðèìåíÿÿ ëåììó 3.1 ìîæíî ïîëó÷èòü ñòðóêòóðó îïòèìàëüíîãî
ðåøåíèÿ áîëåå òî÷íî, à èìåííî, îíà îïèñûâàåòñÿ ñëåäóþùåé òåîðå-
ìîé.

Òåîðåìà 3.1. Êàæäîå ðàâíîâåñèå ïî Íýøó èìååò âèä (P (ω, ν), J(ω, ν))
äëÿ íåêîòîðûõ ïîëîæèòåëüíûõ ω è ν, ïðè÷åì,

Pi(ω, ν) =





[
(ω + ci

P )hi

(ω + ci
p)hi + (ν + ci

J)gi

]α
(ν + ci

J)gi

(ω + ci
P )2hi

, i ∈ I11(ω, ν),

N0
i

gi

[(
gi

(ω + ci
P )N0

i

)1/α

− 1

]
, i ∈ I10(ω, ν),

0, i ∈ I00(ω, ν),

Ji(ω, ν) =





gi

hi

[
1

ω + ci
P

(
(ω + ci

P )hi

(ω + ci
p)hi + (ν + ci

J)gi

)α

− N0
i

gi

]
, i ∈ I11(ω, ν),

0, i ∈ I10(ω, ν)∪
∪I00(ω, ν)
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è

I00(ω, ν) =
{

i ∈ [1, n] :
gi

N0
i

6 ω + ci
P

}
,

I10(ω, ν) =

{
i ∈ [1, n] : ω + ci

P <
gi

N0
i

6 (ω + ci
P )

(
(ω + ci

p)hi + (ν + ci
J)gi

(ω + ci
P )hi

)α}
,

I11(ω, ν) =

{
i ∈ [1, n] : (ω + ci

P )

(
(ω + ci

p)hi + (ν + ci
J)gi

(ω + ci
P )hi

)α

<
gi

N0
i

}

Òåîðåìà 3.1 ñâîäèò ïðîáëåìó íàõîæäåíèÿ îïòèìàëüíîãî ðåøåíèÿ
ê çàäà÷å íàõîæäåíèÿ äâóõ ïàðàìåòðîâ ω è ν, òàêèõ ÷òî âûïîëíÿþòñÿ
ñëåäóþùèå ñîîòíîøåíèÿ

HP (ω, ν) = P̄ , HJ(ω, ν) = J̄ , (3.1)

ãäå

HP (ω, ν) =
n∑

i=1

Pi(ω, ν), HJ(ω, ν) =
n∑

i=1

Ji(ω, ν).

Ñòðàòåãèè P (ω, ν), J(ω, ν) îáëàäàþò âàæíûìè ñâîéñòâàìè íåïðå-
ðûâíîñòè è ìîíîòîííîñòè, êîòîðûå ñôîðìóëèðîâàíû â ñëåäóþùåé
ëåììå, ïîçâîëÿþùèå ïîëó÷èòü äîñòàòî÷íî ïðîñòîé àëãîðèòì íàõîæ-
äåíèÿ îïòèìàëüíîãî ðåøåíèÿ

Ëåììà 3.2. Ñòðàòåãèè P (ω, ν), J(ω, ν) îáëàäàþò ñëåäóþùèìè ñâîé-
ñòâàìè ìîíîòîííîñòè è íåïðåðûâíîñòè:

1. Ñòðàòåãèè Ji(ω, ν) äëÿ i ∈ [1, n], à ïîýòîìó è HJ(ω, ν), ñòðîãî
óáûâàþò ïî ν äî òåõ ïîð, ïîêà îíè îñòàþòñÿ ïîëîæèòåëüíû-
ìè.

2. Åñëè α < 1, òî ñòðàòåãèè Ji(ω, ν) äëÿ i ∈ [1, n], à ïîýòîìó è
HJ(ω, ν), ñòðîãî óáûâàþò ïî ω äî òåõ ïîð, ïîêà îíè îñòàþòñÿ
ïîëîæèòåëüíûìè.

3. Ñòðàòåãèè Pi(ω, ν) äëÿ i ∈ [1, n], à ïîýòîìó è HP (ω, ν), ñòðîãî
óáûâàþò ïî ω, ïîêà îíè ïîëîæèòåëüíû.



Çàäà÷à ñïðàâåäëèâîãî ðàñïðåäåëåíèÿ ðåñóðñîâ 21

4. Åñëè α 6 1, òî ñòðàòåãèè Pi(ω, ν) äëÿ i ∈ [1, n], à ïîýòîìó è
HP (ω, ν), ñòðîãî âîçðàñòàþò ïî ν, ïîêà îíè ïîëîæèòåëüíû.

5. Ôóíêöèè HP (ω, ν) è HJ(ω, ν) ÿâëÿþòñÿ íåïðåðûâíûìè ïî ω è
ν.

Èç ïåðå÷èñëåííûõ ñâîéñòâ ìîíîòîííîñòè ïîëó÷àþòñÿ ñëåäóþùèå
äâå òåîðåìû ïðåäñòàâëÿþùèå ðàâíîâåñèå ïî Íýøó ïðè 0 < α < 1 â
ñîîòâåòñòâóþùèõ ïîäñëó÷àÿõ:

Òåîðåìà 3.2. Åñëè HJ(0, 0) 6 J̄ , òî åäèíñòâåííûì ðàâíîâåñèåì ïî
Íýøó ÿâëÿåòñÿ ïàðà (P, J), ãäå

1) åñëè HP (0, 0) 6 P̄ , òî (P, J) = (P (0, 0), J(0, 0)),

2) åñëè HP (0, 0) > P̄ , òî (P, J) = (P (ω∗, 0), J(ω∗, 0)), ãäå ω∗ åäèí-
ñòâåííûé êîðåíü óðàâíåíèÿ HP (ω∗, 0) = P̄ .

Ïåðåéäåì ê ðàññìîòðåíèþ ñëó÷àÿ, êîãäà HJ(0, 0) > J̄ . Â ñëåäó-
þùåé ëåììå ïîêàçàíî, ÷òî ñóùåñòâóåò ñòðîãàÿ ìîíîòîííàÿ çàâèñè-
ìîñòü ìåæäó ïàðàìåòðàìè ω è ν â (3.1), ÷òî ïîçâîëÿåò ïîíèçèòü
ðàçìåðíîñòü çàäà÷è.

Ëåììà 3.3. Åñëè HJ(0, 0) > J̄ , òî äëÿ êàæäîãî ω ∈ [0, ω̄] ñóùåñòâó-
åò åäèíñòâåííîå íåîòðèöàòåëüíîå ν(ω) òàêîå, ÷òî HJ(ω, ν(ω)) =

J̄ , ãäå ω̄ > 0 � åäèíñòâåííîå ðåøåíèå óðàâíåíèÿ HJ(ω̄, 0) = J̄ .
Èç ëåììû 3.2, ñëåäóåò, ÷òî ν(ω) ÿâëÿåòñÿ íåïðåðûâíîé ñòðîãî

óáûâàþùåé ôóíêöèåé ïðè ω ∈ [0, ω̄], ïîýòîìó ðåøåíèå äâóõïàðàìåò-
ðè÷åñêîé ñèñòåìû óðàâíåíèé (3.1) ýêâèâàëåíòíî ðåøåíèþ îäíîïàðà-
ìåòðè÷åñêîãî íåëèíåéíîãî óðàâíåíèÿ

HP (ω, ν(ω)) = H̄P (ω) = P̄ . (3.2)

Ïîëó÷åííûé ðåçóëüòàò, äàåò âîçìîæíîñòü íàéòè ÿâíûé âèä ðàâ-
íîâåñíûõ ñòðàòåãèé äëÿ ñëó÷àÿ HJ(0, 0) > J̄ , êîòîðûé ïðåäñòàâëåí â
ñëåäóþùåé òåîðåìå.

Òåîðåìà 3.3. Åñëè HJ(0, 0) > J̄ , òî åäèíñòâåííûì ðàâíîâåñèåì ïî
Íýøó ÿâëÿåòñÿ ïàðà (P, J), ãäå
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1) åñëè HP (0, ν∗01) 6 P̄ , ãäå ν∗01 åäèíñòâåííûé êîðåíü óðàâíåíèÿ
HJ(0, ν∗01) = J̄ , òî (P, J) = (P (0, ν∗01), J(0, ν∗01)),

2) åñëè HP (0, ν∗01) > P̄ , òî

a) åñëè HP (ω̂, 0) > P̄ , ãäå ω̂ ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ
HJ(ω̂, 0) = J̄ , òî (P, J) = (P (ω∗10, 0), J(ω∗10, 0)), ãäå ω∗10 ÿâ-
ëÿåòñÿ ðåøåíèåì óðàâíåíèÿ HP (ω∗10, 0) = P̄ ,

b) åñëè HP (ω̂, 0) 6 P̄ , òî ðàâíîâåñèåì ïî Íýøó áóäåò òî÷-
êà (P, J) = (P (ω∗11, ν(ω∗11)), J(ω∗10, ν(ω∗11))), ãäå ω∗11 ÿâëÿåòñÿ
ðåøåíèåì óðàâíåíèÿ (3.2).

Òàêèì îáðàçîì, ïîëó÷àåì ñëåäóþùèé ðåçóëüòàò åäèíñòâåííîñòè
ðàâíîâåñèÿ.

Òåîðåìà 3.4. Ïðè 0 < α < 1 îïèñàííàÿ èãðà èìååò åäèíñòâåííîå
ðàâíîâåñèå ïî Íýøó, êîòîðîå ìîæíî íàéòè ñ ïîìîùüþ Òåîðåì 3.2
è 3.3.

4. ×àñòíûé ñëó÷àé: êðèòåðèé Øåíîíà

Ñëåäóåò îòìåòèòü, ÷òî â ñëó÷àå, êîãäà ôóíêöèÿ âûèãðûøà çàïè-
ñûâàåòñÿ ôîðìóëîé ïðîïóñêíîé ñïîñîáíîñòè Øåíîíà (2.3)�(2.4) (ò.å
â ñëó÷àå, êîãäà α = 1), ðàâíîâåñíûå ñòðàòåãèè áóäóò èìåòü áîëåå
ïðîñòóþ ñòðóêòóðó, à èìåííî:

Pi(ω, ν) =





gi

(ω + ci
p)hi + (ν + ci

J)gi

ν + ci
J

ω + ci
P

, i ∈ I11(ω, ν),

1

(ω + ci
P )
− N0

i

gi

, i ∈ I10(ω, ν),

0, i ∈ I00(ω, ν),

Ji(ω, ν) =





gi

(ω + ci
p)hi + (ν + ci

J)gi

− N0
i

hi

, i ∈ I11(ω, ν),

0, i ∈ I10(ω, ν) ∪ I00(ω, ν)
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è

I00(ω, ν) =

{
i ∈ [1, n] :

gi

N0
i

6 ω + ci
P

}
,

I10(ω, ν) =

{
i ∈ [1, n] : ω + ci

P <
gi

N0
i

6
(ω + ci

p)hi + (ν + ci
J)gi

hi

}
,

I11(ω, ν) =

{
i ∈ [1, n] :

(ω + ci
p)hi + (ν + ci

J)gi

hi

<
gi

N0
i

}
.

5. ×àñòíûé ñëó÷àé: ëèíåéíàÿ ôóíêöèÿ âûèãðûøà
Â ýòîì ðàçäåëå áóäåò ðàññìîòðåí ñëó÷àé ëèíåéíîãî âûèãðûøà ïî

P , à èìåííî, êîãäà α = 0. Òîãäà ôóíêöèè âûèãðûøåé èìåþò âèä:

vP (P, J) =
n∑

i=1

giPi

N0
i + hiJi

−
n∑

i=1

ci
P Pi,

vP (P, J) = −
n∑

i=1

giPi

N0
i + hiJi

−
n∑

i=1

ci
JJi.

Â ñëåäóþùåé òåîðåìå ïðèâåäåí âèä, êîòîðûé äîëæíû èìåòü ðàâíî-
âåñíûå ñòðàòåãèè ñîîòâåòñòâóþùèå ëèíåéíîìó ñëó÷àþ.

Òåîðåìà 5.1. Åñëè α = 0, òî êàæäîå ðàâíîâåñèå èìååò âèä (P (ω, ν),
J(ω, ν)) äëÿ íåêîòîðûõ ïîëîæèòåëüíûõ ω è ν, ãäå

Pi(ω, ν) =





gi

hi

ν + ci
J

(ω + ci
P )2

, i ∈ I (ω) ,

0, i /∈ I (ω) ,

Ji(ω) =
gi

hi

[
1

ω
− N0

i

gi

]

+

,

ãäå
I(ω) = {i ∈ [1, n] : Ji(ω) > 0} .

Òåîðåìà ñâîäèò ïðîáëåìó íàõîæäåíèÿ îïòèìàëüíîãî ðåøåíèÿ ê
çàäà÷å íàõîæäåíèÿ äâóõ ïàðàìåòðîâ ω è ν òàêèõ, ÷òî âûïîëíÿþòñÿ
ñëåäóþùèå ñîîòíîøåíèÿ:

HP (ω, ν) = P̄ , HJ(ω) = J̄ ,
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ãäå

HP (ω, ν) =
n∑

i=1

Pi(ω, ν), HJ(ω) =
n∑

i=1

Ji(ω).

Î÷åâèäíî, ÷òî ôóíêöèÿ HJ(ω) ñòðîãî óáûâàåò ïî ω ïîêà Ji(ω) ïî-
ëîæèòåëüíà. Èç ýòîãî ñâîéñòâà ëåãêî ïîëó÷èòü ñëåäóþùóþ òåîðåìó
ïðåäñòàâëÿþùóþ ðàâíîâåñíûå ñòðàòåãèè.

Òåîðåìà 5.2. Åñëè α = 0, òî ðàâíîâåñíûå ñòðàòåãèè åäèíñòâåííû
è èìåþò ñëåäóþùèé âèä:

1) åñëè HJ(0) 6 J̄ , òî

a) åñëè HP (0, 0) > P̄ , òî ðàâíîâåñèåì ïî Íýøó áóäåò òî÷-
êà (P (ω∗, 0), J(ω∗)), ãäå ω∗ ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ
HP (ω∗, 0) = P̄ ;

b) åñëè HP (0, 0) 6 P̄ , òî ðàâíîâåñèåì ïî Íýøó áóäåò òî÷êà
(P (0, ν∗), J(0)), ãäå ν∗ ýòî ðåøåíèå óðàâíåíèÿ HP (0, ν∗) =

P̄ ,

2) åñëè HJ(0) > J̄ , òî òî÷êà (P (ω̄, ν̄), J(ω̄)) áóäåò ðàâíîâåñèåì ïî
Íýøó, ãäå ω̄ ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ HJ(ω̄) = J̄ , à ν̄ ýòî
ðåøåíèå óðàâíåíèÿ HP (ω̄, ν̄) = P̄ .

6. Àëãîðèòì íàõîæäåíèÿ ðàâíîâåñèÿ ïî Íýøó
Â äàííîì ðàçäåëå ïðèâåäåí àëãîðèòì íàõîæäåíèÿ ðàâíîâåñíûõ

ñòðàòåãèé îñíîâàííûé íà òåîðåìàõ 3.2 è 3.3.

Øàã 1. Åñëè HJ(0, 0) 6 J̄ è HP (0, 0) ≤ P̄ , òîãäà ω = ν = 0 è ïà-
ðà (P (0, 0), J(0, 0)) ÿâëÿåòñÿ ðàâíîâåñèåì ïî Íýøó. Àëãîðèòì
çàâåðøàåòñÿ.

Øàã 2. Åñëè HJ(0, 0) 6 J̄ è HP (0, 0) > P̄ , òî íàõîäèì ω∗ = BS1
P (0)

è òîãäà ïàðà (P (ω∗, 0), J(ω∗, 0)) ÿâëÿåòñÿ ðàâíîâåñèåì ïî Íýøó.
Àëãîðèòì çàâåðøàåòñÿ.

Øàã 3. Åñëè HJ(0, 0) > J̄ , òî íàõîäèì ν∗01 = BS2
J(0).

Øàã 4. Åñëè HP (0, ν∗01) 6 P̄ , òî ïàðà (P (0, ν∗01), J(0, ν∗01)) ÿâëÿåòñÿ
ðàâíîâåñèåì ïî Íýøó. Àëãîðèòì çàâåðøàåòñÿ.
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Øàã 5. Íàõîäèì ω̄ = BS1
J(0).

Øàã 6. Åñëè HP (ω̄, 0) > P̄ , òî íàõîäèì ω∗10 = BS1
P (0) è òîãäà ïàðà

(P (ω∗10, 0), J(ω∗10, 0)) ÿâëÿåòñÿ ðàâíîâåñèåì ïî Íýøó. Àëãîðèòì
çàâåðøàåòñÿ.

Øàã 7. Óñòàíàâëèâàåì ω0
1 = 0, ω1

1 = ω̄.

Øàã 7a. Îïðåäåëÿåì ω̃ = (ω1
1 + ω0

1)/2.
Øàã 7b. ν̃ = BS2

J(ω̃).
Øàã 7c. Åñëè ω1

1 − ω0
1 6 ε èëè HP (ω̃, ν̃) = P̄ , òî ω∗11 = ω̃,

ν∗11(ω
∗
11) = ν̃ è ïàðà (P (ω∗11, ν

∗
11(ω

∗
11)), J(ω∗11, ν

∗
11(ω

∗
11))) ÿâëÿ-

åòñÿ ðàâíîâåñèåì ïî Íýøó. Àëãîðèòì çàâåðøàåòñÿ.
Øàã 7d.

• åñëè HP (ω̃, ν̃) < P̄ , òî ω1
1 = ω̃.

• åñëè HP (ω̃, ν̃) > P̄ , òî ω0
1 = ω̃.

Øàã 7e. Ïåðåõîäèì ê øàãó 7a.

Ïîñòðîåíèå ôóíêöèè ω = BS1
P (ν):

Øàã 1. Ïóñòü ω0 = 0, ω1 = maxi

{
gi

N0
i
− ci

P

}
.

Øàã 2. Îïðåäåëÿåì ω̃ = (ω1 + ω0)/2.

Øàã 3. Åñëè ω1 − ω0 6 ε èëè HP (ω̃, ν) = P̄ , òî âåðíóòü ω̃

Øàã 4.

• åñëè HP (ω̃, ν) < P̄ , òî ω1 = ω̃.
• åñëè HP (ω̃, ν) > P̄ , òî ω0 = ω̃.

Øàã 5. Âîçâðàùàåìñÿ ê Øàãó 2.

Ïîñòðîåíèå ôóíêöèè ω = BS1
J(ν):

Øàã 1. Ïóñòü ω0 = 0, ω1 = maxi

{
gi

N0
i
− ci

P

}
.

Øàã 2. Îïðåäåëÿåì ω̃1 = (ω1 + ω0)/2.
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Øàã 3. Åñëè ω1 − ω0 6 ε èëè HJ(ω̃, ν) = J̄ , òî âåðíóòü ω̃

Øàã 4.

• åñëè HJ(ω̃, ν) < J̄ , òî ω1 = ω̃.
• åñëè HJ(ω̃, ν) > J̄ , òî ω0 = ω̃.

Øàã 5. Ïåðåõîäèì ê øàãó 2.

Ïîñòðîåíèå ôóíêöèè ν = BS2
J(ω):

Øàã 1. Ïóñòü ν0 = 0, ν1 = max
i

{
1

g

[(
g

N(w + ci
P )

) 1
α

− h

]
(w + ci

P )− ci
J

}
.

Øàã 2. Îïðåäåëÿåì ν̃ = (ν0 + ν1)/2.

Øàã 3. Åñëè ν1 − ν0 6 ε èëè HJ(ω, ν̃) = J̄ , òî âåðíóòü ν̃.

Øàã 4.

• åñëè HJ(ω, ν̃) < J̄ , òî ν1 = ν̃.
• åñëè HJ(ω, ν̃) > J̄ , òî ν0 = ν̃.

Øàã 5. Ïåðåõîäèì ê øàãó 2.

7. Ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðîâàíèÿ
Â äàííîì ðàçäåëå ïðèâåäåì ðåçóëüòàòû ÷èñëåííîãî ìîäåëèðîâà-

íèÿ. Áóäåì ñ÷èòàòü, ÷òî èìååòñÿ ïÿòü ïîëüçîâàòåëåé (n = 5), à êà-
÷åñòâî êàíàëîâ óõóäøàåòñÿ îò ïåðâîãî ê ïîñëåäíåìó ïî ñòåïåííîìó
çàêîíó gi = ki−1, ãäå k = 0.87. Ïóñòü óðîâåíü íåêîíòðîëèðóåìîãî
øóìà è êîýôôèöèåíòû èñêàæåíèÿ ñèãíàëà áóäóò îäèíàêîâûì äëÿ
âñåõ êàíàëîâ, à èìåííî, Ni = hi = 1, i ∈ [1, 5]. Íèæå íà ÷åòûðåõ ÷èñ-
ëåííûõ ïðèìåðàõ ïîêàçàíî, êàê èçìåíÿåòñÿ ìîùíîñòè íàçíà÷àåìûå
áàçîâîé ñòàíöèåé ïîëüçîâàòåëÿì ïðè èçìåíåíèè ñòîèìîñòè ñèãíàëà
ïåðâîãî ïîëüçîâàòåëÿ, ò.å. c1

P ∈ [0.1, 0.15, 0.25, 0.7], ci
P = 0.1, i ∈ [2, 5],

ci
J = 0.1, i ∈ [1, 5].

Ïðè íàèìåíüøåì çíà÷åíèè c1
P = 0.1, êîòîðîå ñîâïàäàåò ñî ñòîè-

ìîñòÿìè ïåðåäà÷è ñèãíàëîâ äðóãèìè ïîëüçîâàòåëÿìè, ïåðâûé ïîëü-
çîâàòåëü ïîëó÷àåò ìàêñèìàëüíûé óðîâåíü ñèãíàëà èç âñåõ ïîëüçîâà-
òåëåé â ñèëó òîãî, ÷òî êà÷åñòâî èñïîëüçóåìîãî èì êàíàëà ÿâëÿåòñÿ
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Ðèñóíîê 1. Ðàñïðåäåëåíèå ìîùíîñòåé ìåæäó ïîëüçîâàòåëÿìè ïðè
c1
P = 0.1.

Ðèñóíîê 2. Ðàñïðåäåëåíèå ìîùíîñòåé ìåæäó ïîëüçîâàòåëÿìè ïðè
c1
P = 0.15.
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íàèëó÷øèì (ðèñ. 1). Ïðè óâåëè÷åíèè ñòîèìîñòè c1
P â 1,5 ðàçà äî 0.15

ïîëüçîâàòåëü ïîëó÷àåò âòîðîé ïî óðîâíþ ñèãíàë (ðèñ. 2), à ïðè 2,5-
êðàòíîì óâåëè÷åíèè ïîëüçîâàòåëü ïîëó÷àåò ÷åòâåðòûé (ðèñ. 3) ïî
óðîâíþ ñèãíàë. Åñëè æå c1

P = 0.7, òî ïåðâûé ïîëüçîâàòåëü ëèøàåòñÿ
âîçìîæíîñòè ïåðåäà÷è ñèãíàëà èç-çà âûñîêîé ñòîèìîñòè, íåñìîòðÿ
íà òî, ÷òî â åãî ðàñïîðÿæåíèè íàõîäèòñÿ ëó÷øèé ïî êà÷åñòâó êàíàë.

Ðèñóíîê 3. Ðàñïðåäåëåíèå ìîùíîñòåé ìåæäó ïîëüçîâàòåëÿìè ïðè
c1
P = 0.25.



Çàäà÷à ñïðàâåäëèâîãî ðàñïðåäåëåíèÿ ðåñóðñîâ 29

Ðèñóíîê 4. Ðàñïðåäåëåíèå ìîùíîñòåé ìåæäó ïîëüçîâàòåëÿìè ïðè
c1
P = 0.70.

ÑÏÈÑÎÊ ËÈÒÅÐÀÒÓÐÛ

1. Altman E., Avrachenkov K., Garnaev A. Fair resource allocation
in wireless networks in the presence of a jammer // Performance
Evaluation. 2009.

2. Altman E., Avrachenkov K., Garnaev A. Jamming game in wireless
networks with transmission cost// Lecture Notes in Computer Science.
2007. V. 4465. P. 1-12.

3. Kelly F., Tan D. Rate control for communication networks: shadow
prices, proportional fairness and stability// Journal of the Operational
Research Society. 1998. V. 49. P. 237-252.

4. Kelly F. Charging and rate control for elastic tra�c// European
Trans. on Telecom. 1998. V. 8. P. 33-37.

5. Mo J., Walrand J. Fair end-to-end window-based congestion control//
IEEE A CM Trans. on Networking. 2000. V. 8. P. 556-567.



30 À.Þ. Ãàðíàåâ, À.Î. Òîðèöûí

6. Tra�c management speci�cation/ In the ATM forum technical
cometee, April 1996. P. 84-89.

7. Rosen J. Existence and uniqueness of equilibrium points for concave
n- person games // Econometrica. 1965. V. 22. P. 520-534.

FAIR RESOURCE ALLOCATION IN THE PRESENCE OF
A JAMMER

Andrey Garnaev, Faculty of Applied Mathematics and Control
Processes, St. Petersburg State University, Saint Petersburg, Doctor of
Science, professor (agarnaev@rambler.ru).
Anton Toticin, Faculty of Applied Mathematics and Control
Processes, St. Petersburg State University, Saint Petersburg,
post-graduate student (toxru@inbox.ru).

Abstract : A game-theoretical model between a base station distributing
power among users and a jammer trying to harm the base station is
considered. The goal of the base station is to distribute the power among
users fairly taking into account its cost. The goal of the jammer is to
harm the work of the base station also taking into account the cost of
the employed power. The existence and uniqueness of Nash equilibrium
are proved and its properties are investigated.
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