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1. Ââåäåíèå

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ èãðîâàÿ ìîäåëü âûáîðà äâóõ
ñåêðåòàðåé â äâóõ âàðèàíòàõ: èãðà m ëèö ñ âîçìîæíîñòüþ îòêàçà
ïðåòåíäåíòà îò ïðåäëîæåíèÿ è èãðà äâóõ ëèö ñ äîìèíèðóþùèì èã-
ðîêîì.

Ïóñòü èìååòñÿ m ôèðì, êàæäàÿ èç êîòîðûõ õî÷åò íàíÿòü íà ðà-
áîòó äâóõ ñåêðåòàðåé. Âñåãî èìååòñÿ N ïðåòåíäåíòîâ íà ñâîáîäíîå
ìåñòî, è êà÷åñòâî êàæäîãî îïðåäåëÿåòñÿ ðàâíîìåðíî ðàñïðåäåëåí-
íîé íà îòðåçêå [0,1] ñëó÷àéíîé âåëè÷èíîé. Äèðåêòîðà ôèðì (èãðîêè)
ïî î÷åðåäè áåñåäóþò ñ êàæäûì ïðåòåíäåíòîì, è ïîñëå ýòîãî âûíî-
ñÿò ðåøåíèå ïðèíÿòü åãî íà ìåñòî ñåêðåòàðÿ èëè îòâåðãíóòü. Åñëè
j-ûé èãðîê ðåøàåò ïðåäëîæèòü ïðåòåíäåíòó ðàáîòó, òî ïðåòåíäåíò
ñîãëàøàåòñÿ ïðèíÿòü ïðåäëîæåíèå ñ âåðîÿòíîñòüþ pj, j = 1, 2, ...,m,
p1 + p2 + ...+ pm ≤ 1. Åñëè j-ûé èãðîê ïðèíèìàåò äâóõ ñåêðåòàðåé, òî
îí âûõîäèò èç èãðû. Ïðè ýòîì åãî âûèãðûø ðàâåí ñóììå çíà÷åíèé
êà÷åñòâ âûáðàííûõ ñåêðåòàðåé. Åñëè âñå èãðîêè îòâåðãàþò òåêóùåãî
ïðåòåíäåíòà, òî ðàññìàòðèâàåòñÿ ñëåäóþùèé, ïðè÷åì, îòâåðãíóâ ïðå-
òåíäåíòà, ê íåìó íåëüçÿ áóäåò âåðíóòüñÿ â äàëüíåéøåì. Åñëè ôèðìà
íå ïðèíÿëà íè îäíîãî ñåêðåòàðÿ, òî îíà òåðïèò óáûòêè C, C ∈ [0, 1].
Êàæäûé èãðîê ñòðåìèòñÿ ìàêñèìèçèðîâàòü ñâîé âûèãðûø.

Âî âòîðîé ÷àñòè ñòàòüè ðàññìàòðèâàåòñÿ ïîñòàíîâêà çàäà÷è ñ äâó-
ìÿ èãðîêàìè, êàæäûé èç êîòîðûõ õî÷åò âûáðàòü äâóõ ñåêðåòàðåé èç
ìíîæåñòâà N ïðåòåíäåíòîâ. Èññëåäóåòñÿ âàðèàíò çàäà÷è, â êîòîðîé
îäèí èç èãðîêîâ èìååò ïðåèìóùåñòâî ïðè ïðèíÿòèè ïðåòåíäåíòà.

Äàííàÿ çàäà÷à îòíîñèòñÿ ê êëàññó çàäà÷ íàèëó÷øåãî âûáîðà, èñ-
ñëåäóåìûõ òåîðèåé îïòèìàëüíîé îñòàíîâêè è òåîðèåé èãð. Â çàâèñè-
ìîñòè îò èìåþùåéñÿ ó íàáëþäàòåëÿ èíôîðìàöèè î çíà÷åíèÿõ êà÷åñòâ
ïîñòóïàþùèõ îáúåêòîâ ðàçëè÷àþò çàäà÷è ñ îòñóòñòâèåì èíôîðìà-
öèè, ÷àñòè÷íîé è ïîëíîé èíôîðìàöèåé. Íåèãðîâûå ïîñòàíîâêè çàäà-
÷è íàèëó÷øåãî âûáîðà äâóõ îáúåêòîâ ñ ðàçëè÷íîé èíôîðìèðîâàííî-
ñòüþ î çíà÷åíèÿõ êà÷åñòâà ïîñòóïàþùèõ îáúåêòîâ áûëè ðàññìîòðåíû
â ðàáîòàõ [2,3,5,10]. Èãðîâûå çàäà÷è, â êîòîðûõ íåîáõîäèìî âûáðàòü
îäíîãî ñåêðåòàðÿ, èññëåäîâàíû â [1,7,8,11,13,14,16]. Ïîñòàíîâêè ñ âîç-
ìîæíîñòüþ îòêàçà ïðåòåíäåíòà îò ïðåäëîæåíèÿ ðàññìîòðåíû â ðà-
áîòàõ [4,9,15,17]. Â ðàáîòå [12] ðåøåíà çàäà÷à ñ àðáèòðîì, â êîòîðîé
äâà èãðîêà õîòÿò ñîâìåñòíî âûáðàòü äâóõ ñåêðåòàðåé.
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2. Èãðà m ëèö íàèëó÷øåãî âûáîðà îäíîãî ñåêðåòàðÿ ñ âîç-
ìîæíîñòüþ îòêàçà îò ïðåäëîæåíèÿ

Èìååòñÿ m ôèðì, êàæäàÿ èç êîòîðûõ õî÷åò íàíÿòü ñåêðåòàðÿ èç
ìíîæåñòâà N ïðåòåíäåíòîâ. Êà÷åñòâî êàæäîãî ïðåòåíäåíòà � ñëó÷àé-
íàÿ âåëè÷èíà, ðàâíîìåðíî ðàñïðåäåëåííàÿ íà îòðåçêå [0,1]. Äèðåêòî-
ðà ôèðì (èãðîêè) ïî î÷åðåäè áåñåäóþò ñ êàæäûì ïðåòåíäåíòîì, è
ïîñëå ýòîãî âûíîñÿò ðåøåíèå ïðèíÿòü åãî íà ìåñòî ñåêðåòàðÿ èëè
îòâåðãíóòü. Åñëè j-ûé èãðîê ðåøàåò ïðåäëîæèòü ïðåòåíäåíòó ðàáî-
òó, òî ïðåòåíäåíò ñîãëàøàåòñÿ ïðèíÿòü ïðåäëîæåíèå ñ âåðîÿòíîñòüþ
pj, j = 1, 2, ..., m, p1 + p2 + ... + pm ≤ 1. Åñëè j-ûé èãðîê ïðèíèìàåò
ïðåòåíäåíòà, òî îí âûõîäèò èç èãðû. Ïðè ýòîì åãî âûèãðûø ðàâåí
îæèäàåìîìó ñðåäíåìó çíà÷åíèþ êà÷åñòâà âûáðàííîãî ñåêðåòàðÿ. Åñ-
ëè âñå èãðîêè îòâåðãàþò òåêóùåãî ïðåòåíäåíòà, òî ðàññìàòðèâàåòñÿ
ñëåäóþùèé, ïðè÷åì, îòâåðãíóâ ïðåòåíäåíòà, ê íåìó íåëüçÿ áóäåò âåð-
íóòüñÿ â äàëüíåéøåì. Åñëè ôèðìà íå ïðèíÿëà ñåêðåòàðÿ, òî îíà òåð-
ïèò óáûòêè C, C ∈ [0, 1]. Êàæäûé èãðîê ñòðåìèòñÿ ìàêñèìèçèðîâàòü
ñâîé âûèãðûø.

Â ðàáîòå [9] áûë èññëåäîâàí ñöåíàðèé âûáîðà îäíîãî ñåêðåòàðÿ
äëÿ îäíîãî è äâóõ èãðîêîâ. Â ñëó÷àå ñ îäíèì èãðîêîì êàæäûé ïðå-
òåíäåíò èìååò êà÷åñòâî x, êîòîðîå îïðåäåëÿåòñÿ ðàâíîìåðíî ðàñïðå-
äåëåííîé íà îòðåçêå [0, 1] ñëó÷àéíîé âåëè÷èíîé. Âåðîÿòíîñòü òîãî,
÷òî ïðåòåíäåíò ñîãëàñèòñÿ ïðèíÿòü ïðåäëîæåíèå ðàâíà p, p ≤ 1. Òî-
ãäà p̄ = 1 − p � âåðîÿòíîñòü îòêàçà îò ïðåäëîæåíèÿ. Åñëè íà øàãå
i èãðîê îòêàçûâàåò ïðåòåíäåíòó, òî îí ïåðåõîäèò ê ñîáåñåäîâàíèþ
ñ (i + 1)-ûì ïðåòåíäåíòîì. Îáîçíà÷èì v1

i (p) � îæèäàåìûé âûèãðûø
èãðîêà íà øàãå i , i = 1, 2, ..., N .

Åñëè i = N , òî èãðîê äîëæåí ïðåäëîæèòü ïðåòåíäåíòó ðàáîòó
íåçàâèñèìî îò åãî êà÷åñòâà, òàê êàê â ïðîòèâíîì ñëó÷àå îí ïîòåðïèò
óáûòêè. Òîãäà, ó÷èòûâàÿ, ÷òî çíà÷åíèå êà÷åñòâà ðàâíîìåðíî ðàñïðå-
äåëåíî íà [0, 1], ïîëó÷èì

v1
N(p) =

1∫

0

px dx +

1∫

0

p̄(−C)dx =
p

2
− p̄C.

Íà øàãå i èãðîê ïðèìåò òåêóùåãî ïðåòåíäåíòà ñ êà÷åñòâîì x, òî-
ãäà è òîëüêî òîãäà, êîãäà x ≥ v1

i+1(p). Ñëåäîâàòåëüíî,



34 À.À. Èâàøêî

v1
i (p) =

v1
i+1(p)∫
0

v1
i+1(p) dx +

1∫
v1

i+1(p)

(px + p̄v1
i+1(p)) dx.

Ïîëó÷èì âûðàæåíèå äëÿ âû÷èñëåíèÿ âûèãðûøà èãðîêà

v1
i (p) =

p

2
(1− v1

i+1(p))2 + v1
i+1(p), v1

N+1(p) = −, i = 1, 2, ..., N. (2.1)

Åñëè íà êàêîì-íèáóäü øàãå v1
i+1(p) < 0, òî

v1
i (p) =

1∫

0

(px + p̄v1
i+1(p))dx =

p

2
+ p̄v1

i+1(p).

Äàëåå áóäåì ðàññìàòðèâàòü ñëó÷àé, êîãäà âñå ôóíêöèè âûèãðûøà
íåîòðèöàòåëüíû, ò.å. ïðè 0 ≤ C ≤ p

2(1−p)
.

Ðàññìîòðèì ñëó÷àé äâóõ èãðîêîâ. Âåðîÿòíîñòü òîãî, ÷òî ïðåòåí-
äåíò ñîãëàñèòñÿ ïðèíÿòü ïðåäëîæåíèå èãðîêà j, ðàâíà pj, ãäå j = 1, 2,
p1 + p2 ≤ 1, p̄j = 1− pj.

Îáîçíà÷èì âûèãðûø j-ãî èãðîêà íà i-òîì øàãå â ñëó÷àå äâóõ èã-
ðîêîâ v2,j

i , j = 1, 2, i = 1, ..., N. Çàìåòèì, ÷òî v2,j
N = v1

N(pj), j = 1, 2,
ò.ê. êàæäûé èãðîê çàèíòåðåñîâàí ïðèíÿòü ïîñëåäíåãî ïðåòåíäåíòà.

Ïóñòü p1 ≥ p2, òîãäà v2,1
i ≥ v2,2

i . Ñòðàòåãèÿ Ïðèíÿòü äîìèíèðóåò
ñòðàòåãèþ Îòêëîíèòü äëÿ èãðîêà j, j = 1, 2 òîãäà è òîëüêî òîãäà,
êîãäà x ≥ v2,j

i+1.
Â ðàáîòå [6] äîêàçàíî, ÷òî v2,j

i = v1
i (pj); j = 1, 2. Äîêàæåì, ÷òî â

èãðå m ëèö ñïðàâåäëèâà àíàëîãè÷íàÿ ôîðìóëà.
Â èãðå m ëèö îáîçíà÷èì îæèäàåìûé âûèãðûø j-ãî èãðîêà íà i-îì

øàãå vm,j
i , j = 1, 2, ..., m, è ïóñòü p1 ≥ p2 ≥ ... ≥ pm.

Ïðåäïîëîæèì, ÷òî vm,j
i = v1

i (pj); j = 1, 2, ..., m. Äîêàæåì, ÷òî
vm+1,j

i = v1
i (pj); j = 1, 2, ..., m + 1.

Íà ïîñëåäíåì øàãå vm+1,j
N = v1

N(pj); j = 1, 2, ...,m + 1.

Íà øàãå N−1 ïîëó÷èì, ÷òî j-ûé èãðîê ïðèìåò ïðåòåíäåíòà, åñëè
x ≥ vm+1,j

N . Íàïðèìåð, â èãðå òðåõ ëèö â ñèòóàöèè Ï1Î2Ï3, ãäå ñòðà-
òåãèÿìè èãðîêà j ÿâëÿþòñÿ Ïj � ïðèíÿòü, Îj � îòêëîíèòü (j = 1, 2, 3),
ïåðâûé èãðîê ïîëó÷èò p1x+p3v

m,1
N +(1−p1−p3)v

m+1,1
N = p1x+p̄1v

m+1,1
N ,

à â ñèòóàöèè Î1Î2Ï3 åãî âûèãðûø ðàâåí p3v
m,1
N + (1 − p3)v

m+1,1
N =

vm+1,1
N . Ñëåäîâàòåëüíî ïåðâûé èãðîê ïðèìåò ïðåòåíäåíòà, åñëè x ≥

vm+1,1
N .
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Ó÷èòûâàÿ, ÷òî x ðàâíîìåðíî ðàñïðåäåëåíî íà îòðåçêå [0,1] è vm+1,j
N =

v1
N(pj); j = 1, 2, ..., m + 1, ïîëó÷èì

vm+1,j
N−1 =

vm+1,j
N∫
0

vm,j
N dx +

1∫
vm+1,j

N

(pjx + p̄jv
m+1,j
N ) dx =

= v1
N(pj); j = 1, 2, ...,m + 1.

Ðàññóæäàÿ àíàëîãè÷íî äëÿ vm+1,j
i , j = 1, 2, ..., m + 1, ïîëó÷èì,

÷òî äëÿ j-ãî èãðîêà îïòèìàëüíî ïðèíÿòü i-ãî ïðåòåíäåíòà, åñëè x ≥
vm+1,j

i+1 , i = 1, 2, ..., N − 1. Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà

Òåîðåìà 2.1. Â èãðå m ëèö íàèëó÷øåãî âûáîðà ñ âîçìîæíîñòüþ
îòêàçà ïðåòåíäåíòà îò ïðåäëîæåíèÿ êàæäûé èãðîê âåäåò ñåáÿ íåçà-
âèñèìî îò ÷èñëà èãðîêîâ â èãðå, ò.å. vm,j

i = v1
i (pj), j = 1, 2, ..., m; i =

1, ..., N ; v1
i (pj) =

pj

2
(1− v1

i+1(pj))
2 + v1

i+1(pj), v
1
N+1(pj) = −C.

3. Èãðà m ëèö íàèëó÷øåãî âûáîðà äâóõ ñåêðåòàðåé ñ âîç-
ìîæíîñòüþ îòêàçà îò ïðåäëîæåíèÿ

Â äàííîì ðàçäåëå ðàññìàòðèâàåòñÿ èãðîâàÿ ìîäåëü âûáîðà äâóõ
ñåêðåòàðåé ñ âîçìîæíîñòüþ îòêàçà ïðåòåíäåíòà îò ïðåäëîæåíèÿ èã-
ðîêà.

Ïóñòü ñíà÷àëà â èãðå ïðèñóòñòâóþò äâà èãðîêà. Åñëè îáà èãðî-
êà ñäåëàëè ïðåäëîæåíèå ïðåòåíäåíòó, òî ïðåòåíäåíò ñîãëàñèòñÿ ïðè-
íÿòü ïðåäëîæåíèå ïåðâîãî èãðîêà ñ âåðîÿòíîñòüþ p1, à ïðåäëîæåíèå
âòîðîãî � ñ âåðîÿòíîñòüþ p2, p1 + p2 ≤ 1. Åñëè îäèí èãðîê óæå âû-
áðàë ñåáå äâóõ ñïåöèàëèñòîâ, òî äðóãîé èãðîê îñòàåòñÿ îäèí. Â ýòîì
ñëó÷àå ïðåòåíäåíò ïðèìåò ïðåäëîæåíèå èãðîêà ñ âåðîÿòíîñòüþ pj,
p̄j = 1 − pj, j = 1, 2. Íàéäåì âûèãðûø èãðîêà. Îáîçíà÷èì v1

i (pj) �
îæèäàåìûé âûèãðûø èãðîêà íà øàãå i, åñëè îí âûáèðàåò ïåðâîãî
ïðåòåíäåíòà, v1

i,r(pj) � îæèäàåìûé âûèãðûø èãðîêà íà øàãå r, åñëè
îí âûáèðàåò âòîðîãî ïðåòåíäåíòà ïðè óñëîâèè, ÷òî ïåðâîãî îí óæå
âûáðàë íà øàãå i.

Òîãäà îæèäàåìûå âûèãðûøè èãðîêà óäîâëåòâîðÿþò ñëåäóþùèì
âûðàæåíèÿì:
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v1
i (pj)=E

(
max

{
pj(x+v1

i,i+1(pj))+p̄jv
1
i+1(pj); v

1
i+1(pj)

})
, i = 1, 2, ..., N,

v1
N+1(pj) = −C;

v1
i,r(pj) = E

(
max

{
pjx + p̄jv

1
i,r+1(pj); v

1
i,r+1(pj)

})
, r = i + 1, ..., N,

v1
i,N+1(pj) = −C.

Èãðîê ïðèìåò ïðåòåíäåíòà íà øàãå r (ïðè óñëîâèè, ÷òî îí óæå
âûáðàë ïåðâîãî ñåêðåòàðÿ), åñëè çíà÷åíèå êà÷åñòâà ïðåòåíäåíòà x ≥
v1

i,r+1(pj). Àíàëîãè÷íî, èãðîê ïðèìåò ïåðâîãî ïðåòåíäåíòà íà øàãå i,
åñëè çíà÷åíèå êà÷åñòâà ïðåòåíäåíòà x ≥ v1

i+1(pj)− v1
i,i+1(pj).

Âû÷èñëèì çíà÷åíèÿ âûèãðûøåé

v1
i = v1

i,i+1+
v1

i+1−v1
i,i+1∫

0

(v1
i+1 − v1

i,i+1)dx+
1∫

v1
i+1−v1

i,i+1

(pjx+p̄j(v
1
i+1−v1

i,i+1))dx

= v1
i,i+1 + (v1

i+1 − v1
i,i+1)

2 + pj
1−(v1

i+1−v1
i,i+1)

2

2

+(1−pj)(v
1
i+1−v1

i,i+1−(v1
i+1−v1

i,i+1)
2)=v1

i+1+
pj

2
(1−(v1

i+1−v1
i,i+1))

2;

v1
i,r =

v1
i,r+1∫
0

v1
i,r+1dx+

1∫
v1

i,r+1

(pjx + (1− pj)v
1
i,r+1)dx=v1

i,r+1+
pj

2
(1− v1

i,r+1)
2;

v1
i,N=

pj

2
− p̄jC;

v1
i,r = v1

i,r(pj); v
1
i = v1

i (pj), i = 1, ..., N − 1, r = i + 1, ..., N.
(3.1)

Òåïåðü ïåðåéäåì ê èãðå äâóõ ëèö. Îáîçíà÷èì îæèäàåìûå âûèã-
ðûøè j-ãî èãðîêà ïðè âûáîðå ïåðâîãî ñåêðåòàðÿ íà i-îì øàãå v2,j

i , è
ïðè âûáîðå âòîðîãî íà r-îì øàãå � v2,j

i,r , j = 1, 2. Íàéäåì âûèãðûøè ïî
èíäóêöèè ñ ïîñëåäíåãî øàãà. Íà ïîñëåäíåì øàãå êàæäûé èãðîê çàèí-
òåðåñîâàí â ïðèíÿòèè ïîñëåäíåãî ïðåòåíäåíòà, ïîýòîìó v2,j

N = v1
N(pj)

è v2,j
i,N = v1

i,N(pj), j = 1, 2. Íà øàãå N − 1 ïîëó÷èì

v2,j
i,N−1 =

v2,j
i,N∫

0

v2,j
i,N dx +

1∫

v2,j
i,N

(pjx + (1− pj)v
2,j
i,N) dx = v1

i,N(pj), j = 1, 2

íåçàâèñèìî îò òîãî, âûáðàë ëè äðóãîé èãðîê ïåðâîãî ñåêðåòàðÿ.
Ïðîäîëæàÿ ðàññóæäåíèÿ àíàëîãè÷íî äëÿ ïðîèçâîëüíîãî øàãà r, ïî-
ëó÷èì v2,j

i,r = v1
i,r(pj), j = 1, 2. Åñëè îáà èãðîêà óæå âûáðàëè ïî îäíîìó

ñåêðåòàðþ, òî çàäà÷à ñâîäèòñÿ ê ðàññìîòðåííîé â ðàçäåëå 2.
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Äàëåå v2,j
N−1 = v1

N−1(pj), j = 1, 2, òàê êàê êàæäûé èãðîê çàèíòåðåñî-
âàí ïðèíÿòü äâóõ ïîñëåäíèõ ïðåòåíäåíòîâ íåçàâèñèìî îò ïîâåäåíèÿ
äðóãîãî.

Íà øàãå N−2 â ñëó÷àå, åñëè ïåðâûé èãðîê åùå íå âûáðàë ïåðâîãî
ñåêðåòàðÿ, à âòîðîé óæå âûáðàë íà øàãå i, ìàòðèöà èãðû áóäåò èìåòü
âèä:

M2
N−2(x) =

( Ï2 Î2

Ï1 (m1
11,m

2
11) (m1

12, m
2
12)

Î1 (m1
21,m

2
21) (m1

22, m
2
22)

)
,

ãäå

m1
11 = p1(x+v2,1

N−2,N−1) +p2v
1
N−1(p1) +(1− p1 − p2)v

2,1
N−1

= p1(x+v2,1
N−2,N−1) +(1− p1)v

1
N−1(p1);

m2
11 = p2x + p1v

2,2
i,N−1 + (1− p1 − p2)v

2,2
i,N−1 = p2x + p̄2v

1
i,N−1(p2);

m1
12 = p1(x + v2,1

N−2,N−1) + (1− p1)v
2,1
N−1;

m2
12 = p1v

1
i,N−1(p2) + p̄1v

2,2
i,N−1;

m1
21 = p2v

1
N−1(p1) + p̄2v

2,1
N−1;

m2
21 = p2x + p̄2v

2,2
i,N−1;

m1
22 = v2,1

N−1;

m2
22 = v2,2

i,N−1.

Èç ìàòðèöû âèäíî, ÷òî ïåðâûé èãðîê ïðèìåò ïðåòåíäåíòà, åñëè
çíà÷åíèå êà÷åñòâà ïðåòåíäåíòà x ≥ v1

N−1(p1)− v1
N−2,N−1(p1), à âòîðîé

èãðîê ïðèìåò ïðåòåíäåíòà, åñëè x ≥ v1
i,N−1(p2).

Ïðîäîëæàÿ ðàññóæäåíèÿ àíàëîãè÷íî äëÿ ïðîèçâîëüíîãî øàãà i,
ïîëó÷èì, ÷òî ïðè âûáîðå ñåêðåòàðÿ êàæäûé èãðîê âåäåò ñåáÿ íåçà-
âèñèìî îò ïîâåäåíèÿ äðóãîãî.

Äëÿ èãðû m ëèö îáîçíà÷èì îæèäàåìûå âûèãðûøè j-ãî èãðîêà
vm,j

i , vm,j
i,r (j = 1, 2, ..., m, i = 1, 2, ..., N − 1, r = i + 1, ..., N) äëÿ âûáî-

ðà ïåðâîãî è âòîðîãî ñåêðåòàðÿ ñîîòâåòñòâåííî. Íà äâóõ ïîñëåäíåì
øàãàõ êàæäûé èãðîê çàèíòåðåñîâàí â ïðèíÿòèè äâóõ ïîñëåäíèõ ïðå-
òåíäåíòîâ, ïîýòîìó vm,j

i,N = v1
i,N(pj), vm,j

N−1 = v1
N−1(pj), j = 1, 2, ...,m.

Ïðîäîëæàÿ ðàññóæäåíèÿ àíàëîãè÷íî äëÿ ïðîèçâîëüíîãî øàãà r, ïî-
ëó÷èì vm,j

i,r = v1
i,r(pj), j = 1, 2, ..., m.

Ïåðåéäåì ê øàãó N−2. Îáîçíà÷èì A ìíîæåñòâî èãðîêîâ, êîòîðûå
ðåøèëè ïðèíÿòü (N−2)-ãî ïðåòåíäåíòà, B ⊆ A � ìíîæåñòâî èãðîêîâ,
êîòîðûå óæå ïðèíÿëè ïåðâîãî ñåêðåòàðÿ. Âûèãðûø èãðîêà j ∈ A\B,
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â ñèòóàöèè, êîãäà îí ðåøèë ïðèíÿòü ïðåòåíäåíòà ðàâåí

pj(x + vm,j
N−2,N−1) +

∑
k∈A\{j}

pkv
m−1,j
N−1 +

(
1−∑

k∈A

pk

)
vm,j

N−1=

= pj(x + vm,j
N−2,N−1) + (1− pj)v

m,j
N−1,

à â ñèòóàöèè, êîãäà èãðîê îòêàçàë ïðåòåíäåíòó �

∑

k∈A\{j}
pkv

m−1,j
N−1 +


1−

∑

k∈A\{j}
pk


 vm,j

N−1 = vm,j
N−1.

Ïîëó÷àåì, ÷òî èãðîê j ïðèìåò (N−2)-ãî ïðåòåíäåíòà, åñëè x ≥ vm,j
N−1−

vm,j
N−2,N−1.

Îæèäàåìûé âûèãðûø èãðîêà j ∈ A \B ðàâåí

vm,j
N−2 =

vm,j
N−1−vm,j

N−2,N−1∫

0

vm,j
N−1dx+

1∫

vm,j
N−1−vm,j

N−2,N−1

(
pj(x+vm,j

N−2,N−1)+(1−pj)v
m,j
N−1

)
dx=v1

N−2(pj).

Àíàëîãè÷íî, âûèãðûø èãðîêà j ∈ B â ñèòóàöèè, êîãäà îí ðåøèë
ïðèíÿòü ïðåòåíäåíòà, ðàâåí

pjx+
∑

k∈A\{j}
pkv

m−1,j
N−2,N−1+

(
1−

∑

k∈A

pk

)
vm,j

N−2,N−1 = pjx+(1−pj)v
m,j
N−2,N−1,

à â ñèòóàöèè, êîãäà èãðîê îòêàçàë ïðåòåíäåíòó �

∑

k∈A\{j}
pkv

m−1,j
N−2,N−1 +


1−

∑

k∈A\{j}
pk


 vm,j

N−2,N−1 = vm,j
N−2,N−1.

Ñëåäîâàòåëüíî, èãðîê j ïðèìåò (N − 2)-ãî ïðåòåíäåíòà, åñëè x ≥
vm,j

N−2,N−1.
Îæèäàåìûé âûèãðûø èãðîêà j ∈ B ðàâåí

vm,j
i,N−2 =

vm,j
i,N−1∫

0

vm,j
i,N−1dx +

1∫

vm,j
i,N−1

(
pjx + (1− pj)v

m,j
i,N−1

)
dx = v1

i,N−2(pj).
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Ðàññóæäàÿ àíàëîãè÷íî äëÿ ïðîèçâîëüíîãî i, ïîëó÷èì, ÷òî ïðè
âûáîðå ïåðâîãî ñåêðåòàðÿ íà øàãå i èãðîê j ïðèìåò ïðåòåíäåíòà,
åñëè x ≥ vm,j

i+1 − vm,j
i,i+1, à ïðè âûáîðå âòîðîãî -, åñëè x ≥ vm,j

i,i+1. Òàêèì
îáðàçîì, ïðèõîäèì ê ñëåäóþùåé òåîðåìå.

Òåîðåìà 3.1. Â èãðå m ëèö íàèëó÷øåãî âûáîðà äâóõ ñåêðåòàðåé
êàæäûé èãðîê âåäåò ñåáÿ íåçàâèñèìî îò ÷èñëà èãðîêîâ â èãðå, ò.å.
vm,j

i = v1
i (pj), i = 1, ..., N − 1; vm,j

i,r = v1
i,r(pj), r = i + 1, ..., N ;

v1
i,N(pj) =

pj

2
− p̄jC, j = 1, 2, ..., m.

4. Èãðà äâóõ ëèö ñ äîìèíèðóþùèì èãðîêîì
Ðàññìîòðèì èãðó äâóõ ëèö, â êîòîðîé êàæäàÿ ôèðìà õî÷åò ïðè-

íÿòü íà ðàáîòó äâóõ ñåêðåòàðåé. Âñåãî èìååòñÿ N ïðåòåíäåíòîâ, êî-
òîðûå ïîñòóïàþò ïîñëåäîâàòåëüíî â ñëó÷àéíîì ïîðÿäêå. Êà÷åñòâî
êàæäîãî ïðåòåíäåíòà îïðåäåëÿåòñÿ ñëó÷àéíîé âåëè÷èíîé, ðàâíîìåð-
íî ðàñïðåäåëåííîé íà åäèíè÷íîì îòðåçêå. Ïåðâûé èãðîê äîìèíèðóåò,
ò.å. íà êàæäîì øàãå ïðåòåíäåíòû ñíà÷àëà èäóò â ïåðâóþ ôèðìó, è
òîëüêî ïîëó÷èâ îòêàç, îáðàùàþòñÿ âî âòîðóþ. Â äàííîé èãðå êàæäûé
èãðîê ñòðåìèòñÿ ìàêñèìèçèðîâàòü ñóììó êà÷åñòâ âûáðàííûõ ñåêðå-
òàðåé.

Ðàññìîòðèì ñëó÷àé îäíîãî èãðîêà. Îáîçíà÷èì îæèäàåìûå âûèã-
ðûøè èãðîêà vi è vi,r ïðè âûáîðå ïåðâîãî ñåêðåòàðÿ íà øàãå i, à
âòîðîãî íà øàãå r, ãäå i = 1, 2, ..., N , r = i + 1, ..., N . Îæèäàåìûå
âûèãðûøè èãðîêà óäîâëåòâîðÿþò ñëåäóþùèì ñîîòíîøåíèÿìè:

vi = E (max {x + vi,i+1; vi+1}) , i = 1, 2, ..., N, vN+1 = 0;

vi,r = E (max {x; vi,r+1}) , r = i + 1, ..., N, vi,N+1 = 0.

Ó÷èòûâàÿ, ÷òî x èìååò ðàâíîìåðíîå ðàñïðåäåëåíèå íà îòðåçêå
[0,1], ïîëó÷èì

vi = vi,i+1 +
vi+1−vi,i+1∫

0

(vi+1 − vi,i+1)dx +
1∫

vi+1−vi,i+1

xdx

= vi,i+1+(vi+1−vi,i+1)
2+

1−(vi+1−vi,i+1)
2

2
=vi,i+1+

1+(vi+1−vi,i+1)
2

2
;

vi,r =
vi,r+1∫

0

vi,r+1dx +
1∫

vi,r+1

xdx =
1+(vi,r+1)

2

2
.
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Ðàññìîòðèì èãðó ñ äâóìÿ ó÷àñòíèêàìè. Îáîçíà÷èì v1
i è v1

i,r �
îæèäàåìûå âûèãðûøè ïåðâîãî èãðîêà ïðè âûáîðå ïåðâîãî ñåêðåòàðÿ
íà øàãå i è âòîðîãî íà øàãå r. Â ñèëó åãî ïðåèìóùåñòâà, îí áóäåò
äåéñòâîâàòü òàê, êàê åñëè áû îí äåëàë âûáîð îäèí, ñëåäîâàòåëüíî,
v1

i,r = vi,r, v1
i = vi. Òàêæå v1

i,r è v1
i ÿâëÿþòñÿ âûèãðûøàìè âòîðîãî

èãðîêà â ñëó÷àå, êîãäà ïåðâûé èãðîê âûáûâàåò èç èãðû, âûáðàâ ñåáå
îáîèõ ñåêðåòàðåé.

Îáîçíà÷èì v2
i,r è v2

i � îæèäàåìûå âûèãðûøè âòîðîãî èãðîêà â ñëó-
÷àå, êîãäà â èãðå ó÷àñòâóþò äâà èãðîêà. Òàê êàê åãî âûèãðûø çàâè-
ñèò îò òîãî, âûáðàë ëè ïåðâûé èãðîê ïåðâîãî ñåêðåòàðÿ, òî ââåäåì
ñëåäóþùèå îáîçíà÷åíèÿ:

v2
i,r(B) � âûèãðûø âòîðîãî èãðîêà â ñëó÷àå, êîãäà îáà óæå âûáðà-

ëè ïî îäíîìó ñåêðåòàðþ;
v2

i,r(H) � âûèãðûø âòîðîãî èãðîêà â ñëó÷àå, êîãäà ïåðâûé èãðîê
åùå íå âûáðàë ïåðâîãî ñåêðåòàðÿ, à âòîðîé âûáðàë;

v2
i (B) � âûèãðûø âòîðîãî èãðîêà â ñëó÷àå, êîãäà ïåðâûé èãðîê

âûáðàë ïåðâîãî ñåêðåòàðÿ, à âòîðîé íåò;
v2

i (H) � âûèãðûø âòîðîãî èãðîêà â ñëó÷àå, êîãäà îáà èãðîêà íå
âûáðàëè íè îäíîãî ñåêðåòàðÿ.

Ïîñëåäîâàòåëüíî âûïèøåì ôîðìóëû äëÿ âû÷èñëåíèÿ âûèãðûøåé
âòîðîãî èãðîêà:

v2
i,r(B) = E

(
max

{
x; v2

i,r+1(B); v1
i,r+1

})

=
v2

i,r+1(B)∫
0

(v2
i,r+1(B))dx +

v1
i,r+1∫

v2
i,r+1(B)

xdx +
1∫

v1
i,r+1

(v1
i,r+1)dx

= (v2
i,r+1(B))2 +

(v1
i,r+1)

2−(v2
i,r+1(B))2

2
− v1

i,r+1v
1
i,r+1 + v1

i,r+1

= v1
i,r+1 +

(v2
i,r+1(B))2−(v1

i,r+1)
2

2
,

v2
i,r(H) = E

(
max

{
x; v2

i,r+1(H); v2
i,r+1(B)

})

=
v2

i,r+1(H)∫
0

(v2
i,r+1(H))dx+

v1
r+1−v1

r,r+1∫
v2

i,r+1(H)

xdx+
1∫

v1
r+1−v1

r,r+1

(v2
i,r+1(B))dx

=(v2
i,r+1(H))2+

(v1
r+1−v1

r,r+1)
2−(v2

i,r+1(H))2

2
−v2

i,r+1(B)(v1
r+1−v1

r,r+1)

+v2
i,r+1(B) = v2

i,r+1(B) +
(v1

r+1−v1
r,r+1)

2+(v2
i,r+1(H))2

2

−v2
i,r+1(B)(v1

r+1 − v1
r,r+1),
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v2
i (B) = E

(
max

{
x + v2

i,i+1(B); v2
i+1(B); v1

i+1

})

= v2
i,i+1(B) +

v2
i+1(B)−v2

i,i+1(B)∫
0

(v2
i+1(B)− v2

i,i+1(B))dx

+
v1

i,i+1∫
v2

i+1(B)−v2
i,i+1(B)

xdx +
1∫

v1
i,i+1

(v1
i+1 − v2

i,i+1(B))dx

= v2
i,i+1(B)+(v2

i+1(B)−v2
i,i+1(B))2+

(v1
i,i+1)

2−(v2
i+1(B)−v2

i,i+1(B))2

2

−v1
i,i+1(v

1
i+1 − v2

i,i+1(B)) + v1
i+1 − v2

i,i+1(B)

= v1
i+1 +

(v2
i+1(B)−v2

i,i+1(B))2+(v1
i,i+1)

2

2
− v1

i,i+1(v
1
i+1 − v2

i,i+1(B)),

v2
i (H) = E

(
max

{
x + v2

i,i+1(H); v2
i+1(B); v2

i+1(H)
})

= v2
i,i+1(H) +

v2
i+1(H)−v2

i,i+1(H)∫
0

(v2
i+1(H)− v2

i,i+1(H))dx

+
v1

i+1−v1
i,i+1∫

v2
i+1(H)−v2

i,i+1(H)

xdx +
1∫

v1
i+1−v1

i,i+1

(v2
i+1(B)− v2

i,i+1(H))dx

=v2
i,i+1(H)+(v2

i+1(H)−v2
i,i+1(H))2+

(v1
i+1−v1

i,i+1)
2−(v2

i+1(H)−v2
i,i+1(H))2

2

−(v1
i+1 − v1

i,i+1)(v
2
i+1(B)− v2

i,i+1(H)) + v2
i+1(B)− v2

i,i+1(H)

= v2
i,i+1(H) +

(v1
i+1−v1

i,i+1)
2+(v2

i+1(H)−v2
i,i+1(H))2

2

−(v1
i+1 − v1

i,i+1)(v
2
i+1(B)− v2

i,i+1(H)) + v2
i+1(B)− v2

i,i+1(H).

Â òàáëèöå 1 ïðåäñòàâëåíû çíà÷åíèÿ îïòèìàëüíûõ ïîðîãîâ ïðèíÿ-
òèÿ ïðåòåíäåíòà äëÿ îáîèõ èãðîêîâ è N = 10.

Òàêèì îáðàçîì, äëÿ N = 10 îæèäàåìûé âûèãðûø ïåðâîãî èãðîêà
â íà÷àëå èãðû ðàâåí v1

1 = 1.636, à âûèãðûø âòîðîãî ðàâåí v2
1(H) =

1.31.
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Òàáëèöà 1. Çíà÷åíèÿ îïòèìàëüíûõ ïîðîãîâ äëÿ N = 10

i v1
i+1− v1

i,i+1 v2
i+1(H)− v2

i+1(B)− v2
i,i+1(H) v2

i,i+1(B)

v1
i,i+1 v2

i,i+1(H) v2
i,i+1(B)

1 0.757 0.850 0.584 0.669 0.669 0.757

2 0.735 0.836 0.546 0.639 0.639 0.735

3 0.708 0.820 0.5 0.603 0.603 0.708

4 0.676 0.8 0.442 0.558 0.558 0.676

5 0.634 0.775 0.366 0.5 0.5 0.634

6 0.579 0.742 0.258 0.421 0.421 0.579

7 0.5 0.695 0 0.305 0.305 0.5

8 0.375 0.625 0 0 0 0.375

9 0 0.5 0 0 0 0

10 0 0 0 0 0 0

Ëåììà 4.1. Äëÿ îïòèìàëüíûõ ïîðîãîâ ïðèíÿòèÿ ïðåòåíäåíòà ñïðà-
âåäëèâû ñëåäóþùèå ðàâåíñòâà v1

r+1 − v1
i,r+1 = v2

i,r+1(B) è v2
r+1(B) −

v2
i,r+1(B) = v2

i,r+1(H), r = 2, ..., N .

Äîêàçàòåëüñòâî. Äîêàæåì ïåðâîå ðàâåíñòâî ïî èíäóêöèè.
Äëÿ r + 1 = N − 1 äàííîå ðàâåíñòâî ñïðàâåäëèâî. Äîêàæåì åãî

äëÿ r, r = 2, ..., N − 2. Ïîëó÷èì

v2
i,r(B) = v1

i,r+1 +
(v2

i,r+1(B))2−(v1
i,r+1)

2

2

= v1
i,r+1 +

(v1
r+1−v1

i,r+1)
2−(v1

i,r+1)
2

2
= v1

r − v1
i,r.

Àíàëîãè÷íî äîêàçûâàåòñÿ âòîðîå ðàâåíñòâî

v2
i,r(H) = v2

i,r+1(B) +
(v1

r+1−v1
r,r+1)

2+(v2
i,r+1(H))2

2

−v2
i,r+1(B)(v1

r+1 − v1
r,r+1)

= v2
i,r+1(B)+

(v2
r+1(B)−v2

i,r+1(B))2−(v2
i,r+1(B))2

2
=v2

r(B)−v2
i,r(B).
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Ñ ó÷åòîì Ëåììû 4.1, ôîðìóëó âûèãðûøà v2
i (H) ìîæíî óïðîñòèòü

ñëåäóþùèì îáðàçîì:

v2
i (H) = v2

i+1(B)− (v2
i,i+1(B))2+(v2

i+1(H)−v2
i+1(B)+v2

i,i+1(B))2

2
.
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FULL-INFORMATION BEST-CHOICE GAME WITH
TWO STOPS

Anna Ivashko, Institute of Applied Mathematical Research Karelian
Research Center of RAS, Petrozavodsk, Cand.Sc.
(afalco@krc.karelia.ru).

Abstract : We consider a full-information best-choice game in which each
player wants to hire two secretaries. The aim of a player is to maximize
the sum of expected applicant' quality values. Two models are considered:
m-person best-choice game with the possibility of an applicant refusing
an o�er and two-person best-choice game with dominant player. The
optimal strategies are received. We prove that in the best-choice game
with the possibility of an applicant refusing an o�er the players' payo�s
don't depend on total number of players in the game.

Keywords : best-choice game, optimal strategy, multistage game, multiple
stopping.


