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Ðàññìîòðåíû ëèíåéíî-êâàäðàòè÷íûå íåàíòàãîíèñòè÷åñêèå
äèñêðåòíûå èãðû. Ââåäåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëî-
âèÿ ñóùåñòâîâàíèÿ ðàâíîâåñèÿ ïî Íýøó. Ïîëó÷åíû ðàçëè÷íûå
êîîïåðàòèâíûå ðåøåíèÿ. Èññëåäîâàíî óñëîâèå Ä.Â.Ê. ßíãà â
ëèíåéíî-êâàäðàòè÷íûõ äèñêðåòíûõ èãðàõ. Â êà÷åñòâå ïðèìå-
ðà ðàññìîòðåíà ìîäåëü ïëàíèðîâàíèÿ ïðîèçâîäñòâà â óñëîâèÿõ
êîíêóðåíöèè.

Êëþ÷åâûå ñëîâà: ëèíåéíî-êâàäðàòè÷íûå äèñêðåòíûå èãðû, ðàâíîâå-
ñèå ïî Íýøó, êîîïåðàòèâíûå èãðû, óñëîâèå Ä.Â.Ê. ßíãà.

1. Ââåäåíèå
Ñèñòåìàòè÷åñêèå èññëåäîâàíèÿ ðåøåíèé ëèíåéíî-êâàäðàòè÷íûõ

äèôôåðåíöèàëüíûõ èãð îáû÷íî ñâÿçûâàþò ñ âûõîäîì ðàáîòû [5].
Â ýòîé ðàáîòå áîëüøîå âíèìàíèå óäåëåíî ôîðìàëèçìó áåñêîàëèöè-
îííûõ ëèíåéíî-êâàäðàòè÷íûõ äèôôåðåíöèàëüíûõ èãð ìíîãèõ ëèö,
ïîëó÷åíû óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèé áåñêîàëèöèîííûõ èãð â
ðàçëè÷íûõ êëàññàõ ñòðàòåãèé. Îäíàêî âî ìíîãèõ ïðèëîæåíèÿõ ñàìà
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ïîñòàíîâêà çàäà÷ äèêòóåò íåîáõîäèìîñòü îáúåäèíåíèÿ èãðîêîâ â êî-
àëèöèè. Ïîýòîìó èññëåäîâàíèå êîîïåðàòèâíûõ äèôôåðåíöèàëüíûõ
èãð ÿâëÿåòñÿ àêòóàëüíîé çàäà÷åé. Â äàííîé ðàáîòå ðàññìàòðèâàåò-
ñÿ êîîïåðàòèâíûé âàðèàíò ëèíåéíî-êâàäðàòè÷íûõ äèñêðåòíûõ èãð ñ
áåñêîíå÷íûì âðåìåíåì îêîí÷àíèÿ.

Ðàññìîòðèì äèñêðåòíóþ ëèíåéíî-êâàäðàòè÷íóþ íåàíòàãîíèñòè-
÷åñêóþ èãðó n ëèö, ñîñòîÿíèå êîòîðîé â êàæäûé ìîìåíò âðåìåíè
õàðàêòåðèçóåòñÿ âåêòîðîì x(k), èçìåíÿþùèìñÿ âî âðåìåíè â ñîîò-
âåòñòâèè ñ ñèñòåìîé óðàâíåíèé

x(k + 1) =A(k)x(k) +
n∑

i=1

Bi(k)ui(k),

k ≥ k0, k0 ∈ T+, x(k0) = x0,

(1.1)

ãäå x ∈ Rm � âåêòîð-ñòîëáåö, ui ∈ Rr � âåêòîð-ñòîëáåö óïðàâëåíèÿ
èãðîêà i, i = 1, . . . , n ; A(k), Bi(k) ∈ Z(T+) � (m×m) è (m×r) � ìàòðè-
öû ñîîòâåòñòâåííî, x(k0) = x0 � íà÷àëüíîå ñîñòîÿíèå, T+ � ìíîæåñòâî
íåîòðèöàòåëüíûõ öåëûõ ÷èñåë, Z(T+) � ìíîæåñòâî îãðàíè÷åííûõ íà
T+ ìàòðèö.

Îáîçíà÷èì ÷åðåç N = {1, . . . , n} ìíîæåñòâî âñåõ èãðîêîâ. Âûèã-
ðûø èãðîêà i ∈ N îáîçíà÷èì ÷åðåç Ji(k0, x0, u), ãäå u = (u1, . . . , un).
Áóäåì ïðåäïîëàãàòü, ÷òî âûèãðûø èãðîêà i èìååò âèä:

Ji(k0, x0, u) =
∞∑

k=k0

(xT (k)Pi(k)x(k) + uT (k)Ri(k)u(k)), ∀i = 1, . . . , n,

(1.2)
ãäå Pi(k) = P T

i (k), Ri(k) = RT
i (k) ∈ Z(T+) � (m × m) è (r × r) �

ìàòðèöû ñîîòâåòñòâåííî, i = 1, . . . , n.

Îïðåäåëåíèå 1.1. Íàáîð ñòðàòåãèé âèäà

{ui(k, x) = Mi(k)x(k), i = 1, . . . , n} (1.3)

áóäåì íàçûâàòü äîïóñòèìûì, åñëè âûïîëíÿþòñÿ óñëîâèÿ:
1)Mi(k) ∈ Z(T+), i = 1, . . . , n;

2) Ñèñòåìà (1.1), çàìêíóòàÿ íàáîðîì ñòðàòåãèé (1.3), ò. å. ñè-
ñòåìà

x(k + 1) = (A(k) +
n∑

i=1

Bi(k)Mi(k))x(k)
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ðàâíîìåðíî àñèìïòîòè÷åñêè óñòîé÷èâà (ïðè k →∞)[4].
Ïðåäïîëàãàåòñÿ, ÷òî èãðîêè âûáèðàþò òîëüêî äîïóñòèìûå ñòðà-

òåãèè âèäà ui(k, x) = Mi(k)x(k), k ≥ k0, i = 1, . . . , n. Îáîçíà÷èì
ïîñòðîåííóþ âûøå èãðó Γ(k0, x0). Ýòî îáîçíà÷åíèå ïîêàçûâàåò, ÷òî
èãðà íà÷àëàñü â ìîìåíò âðåìåíè k = k0 èç ñîñòîÿíèÿ x(k0) = x0.

2. Òåîðåìà î ñóùåñòâîâàíèè ðàâíîâåñèÿ ïî Íýøó
Íàéäåì ðåøåíèå áåñêîàëèöèîííîé èãðû Γ(k0, x0). Â êà÷åñòâå ïðèí-

öèïà îïòèìàëüíîñòè áóäåì ðàññìàòðèâàòü ðàâíîâåñèå ïî Íýøó [6].

Îïðåäåëåíèå 2.1. Íàáîð ñòðàòåãèé

{uNE
i (k, x) = MNE

i (k)x(k), i = 1, . . . , n}

áóäåì íàçûâàòü ðàâíîâåñèåì ïî Íýøó, åñëè ýòîò íàáîð äîïóñòèì
â ñìûñëå îïðåäåëåíèÿ 1.1 è èìååò ìåñòî

Ji(k0, x0, u
NE) ≥ Ji(k0, x0, u

NE/ui), i = 1, . . . , n,

ãäå ui � ïðîèçâîëüíàÿ ñòðàòåãèÿ èãðîêà i, òàêàÿ ÷òî íàáîð ñòðàòå-
ãèé {uNE/ui} ïðèíàäëåæèò êëàññó äîïóñòèìûõ.

Çäåñü {uNE/ui} îáîçíà÷àåò òàêîé íàáîð ñòðàòåãèé, ÷òî âñå èãðîêè
j 6= i èñïîëüçóþò ñòðàòåãèè uNE

j , à èãðîê i � ñòðàòåãèþ ui.
Â òåîðåìå 2.1 ïðèâåäåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ äëÿ

ñóùåñòâîâàíèÿ ðàâíîâåñèÿ ïî Íýøó â èãðå Γ(k0, x0). Ïóñòü Q+(T+) ⊂
Z(T+) � ìíîæåñòâî ïîëîæèòåëüíûõ îãðàíè÷åííûõ íà T+ ìàòðèö.

Òåîðåìà 2.1. Äëÿ òîãî ÷òîáû â èãðå Γ(k0, x0) ñóùåñòâîâàëî ðàâíî-
âåñèå ïî Íýøó íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû:

1. Ñèñòåìà ìàòðè÷íûõ óðàâíåíèé




(A(k) +
n∑

i=1

Bi(k)MNE
i (k))T Θi(k + 1)(A(k) +

n∑
i=1

Bi(k)MNE
i (k))−

−Θi(k)− Pi(k)−MNE
i (k)T Ri(k)MNE

i (k) = 0,

MNE
i (k) = −(−Ri(k) + BT

i (k)Θi(k + 1)Bi(k))−1BT
i (k)Θi(k + 1)×

× (A(k) +
∑

j 6=i

Bj(k)MNE
j (k)), i = 1, . . . , n
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áûëà ðàçðåøèìà îòíîñèòåëüíî {MNE
i (k), Θi(k)} ∈ Z(T+), â

âèäå âåùåñòâåííûõ, îãðàíè÷åííûõ ìàòðèö ðàçìåðíîñòè r×m

è m×m ñîîòâåòñòâåííî, ãäå Θi(k) � ñèììåòðè÷íû äëÿ ëþáîãî
i ∈ N .

2. Íàáîð ñòðàòåãèé

{uNE
i = MNE

i (k)x(k), i = 1, . . . , n} (2.1)

áûë áû äîïóñòèìûì â ñìûñëå îïðåäåëåíèÿ 1.1.

3. (−Ri(k) + BT
i (k)Θi(k + 1)Bi(k)) ∈ Q+(T+), i = 1, . . . , n.

Òîãäà íàáîð ñòðàòåãèé (2.1) áóäåò ÿâëÿòüñÿ ðàâíîâåñèåì ïî Íýøó
â èãðå Γ(k0, x0), ïðè ýòîì âûèãðûø èãðîêà i â ðàâíîâåñèè ðàâåí

Ji(k0, x0, u
NE) = −xT

0 Θi(k0)x0, i = 1, . . . , n.

Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü. Ïóñòü ñèòóàöèÿ

uNE = (uNE
1 , . . . , uNE

n )

ÿâëÿåòñÿ ðàâíîâåñèåì ïî Íýøó. Òîãäà äëÿ ëþáûõ i = 1, . . . , n, è ui

èìååò ìåñòî íåðàâåíñòâî:

Ji(k0, x0, u
NE/ui) ≤ Ji(k0, x0, u

NE).

ßñíî, ÷òî uNE
i ÿâëÿåòñÿ îïòèìàëüíûì óïðàâëåíèåì â ñëåäóþùåé çà-

äà÷å:

x(k + 1) = (A(k) +
∑

j 6=i

Bj(k)MNE
j (k))x(k) + Bi(k)ui(k)

ñ íà÷àëüíûì óñëîâèåì x(k0) = x0 è ôóíêöèîíàëîì Ji(k0, x0, u
NE/ui).

Â [4] âûâåäåíû óñëîâèÿ äëÿ ñóùåñòâîâàíèÿ åäèíñòâåííîãî îïòèìàëü-
íîãî óïðàâëåíèÿ â òàêîãî ðîäà çàäà÷å. Ñîãëàñíî [4]

{uNE
i = −(−Ri(k) + BT

i (k)Θi(k + 1)Bi(k))−1BT
i (k)Θi(k + 1)(A(k)+

+
∑

j 6=i

Bj(k)MNE
j (k))x(k), i = 1, . . . , n},
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ãäå Θi(k) � ñèììåòðè÷íûå îãðàíè÷åííûå ìàòðèöû m-ãî ïîðÿäêà, äëÿ
êîòîðûõ âûïîëíåíû óñëîâèÿ




(A(k) +
n∑

i=1

Bi(k)MNE
i (k))T Θi(k + 1)(A(k) +

n∑
i=1

Bi(k)MNE
i (k))−

−Θi(k)− Pi(k)−MNE
i (k)T Ri(k)MNE

i (k) = 0,

MNE
i (k) = −(−Ri(k) + BT

i (k)Θi(k + 1)Bi(k))−1BT
i (k)Θi(k + 1)×

× (A(k) +
∑

j 6=i

Bj(k)MNE
j (k)), i = 1, . . . , n,

(−Ri(k) + BT
i (k)Θi(k + 1)Bi(k)) ∈ Q+(T+).

Îòêóäà è ñëåäóåò íåîáõîäèìîñòü òåîðåìû.
Äîñòàòî÷íîñòü. Äîêàçàòåëüñòâî äîñòàòî÷íîñòè òàêæå ñëåäóåò

èç [4]. Äëÿ ýòîãî íóæíî îòìåòèòü, ÷òî ïðè çàìûêàíèè ñèñòåìû (1.1)
íàáîðîì äîïóñòèìûõ óïðàâëåíèé {uNE/ui}, îíà ïðåâðàòèòñÿ â ñèñòå-
ìó ñ îäíèì óïðàâëåíèåì:

x(k + 1) = (A(k) +
∑

j 6=i

Bj(k)MNE
j (k))x(k) + Bi(k)ui(k). (2.2)

Äëÿ ui ñóùåñòâóþò òàêèå MNE
i (k) è Θi(k) � ñèììåòðè÷íàÿ, ÷òî äëÿ

íèõ âûïîëíÿåòñÿ




(A(k) +
n∑

i=1

Bi(k)MNE
i (k))T Θi(k + 1)(A(k) +

n∑
i=1

Bi(k)MNE
i (k))−

−Θi(k)− Pi(k)−MNE
i (k)T Ri(k)MNE

i (k) = 0,

MNE
i (k) = −(−Ri(k) + BT

i (k)Θi(k + 1)Bi(k))−1BT
i (k)Θi(k + 1)×

× (A(k) +
∑

j 6=i

Bj(k)MNE
j (k)), i = 1, . . . , n,

(−Ri(k) + BT
i (k)Θi(k + 1)Bi(k)) ∈ Q+(T+).

Òîãäà ñîãëàñíî [4], uNE
i (k) � îïòèìàëüíîå óïðàâëåíèå äëÿ ñèñòåìû (2.2)

ñ ôóíêöèîíàëîì Ji, òî åñòü

Ji(k0, x0, u
NE/ui) ≤ Ji(k0, x0, u

NE), i = 1, . . . , n.

Ïîýòîìó íàáîð óïðàâëåíèé (2.1) áóäåò ÿâëÿòüñÿ ðàâíîâåñèåì ïî Íý-
øó.
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Ïðîñòûå âû÷èñëåíèÿ ïîêàçûâàþò, ÷òî âûèãðûøè èãðîêîâ â ñèòó-
àöèè ðàâíîâåñèÿ ïî Íýøó áóäóò ðàâíû:

Ji(k0, x0, u
NE) = −xT

0 Θi(k0)x0, i = 1, . . . , n.

3. Òåîðåìû î ñóùåñòâîâàíèè íàáîðà ñòðàòåãèé, äîñòàâëÿþ-
ùåãî ìàêñèìóì ïðîèçâîëüíîé ñóììå ôóíêöèîíàëîâ

Ïóñòü S ⊂ N , s = |S|, i1, . . . , is � èãðîêè, âõîäÿùèå â êîàëèöèþ S.
Ââåäåì îáîçíà÷åíèå

JS(k0, x0, u) =
∑
i∈S

Ji(k0, x0, u), ãäå u = (u1, . . . , un),

uS(k) =




ui1

ui2

. . .

uis


 , BS = (Bi1 , . . . , Bis),

PS =
∑
i∈S

Pi, RS =




Ri1 O . . . O
O Ri2 . . . O
. . . . . . . . . . . .

O O . . . Ris


 .

Òîãäà JS =
∑
i∈S

Ji =
∞∑

k=k0

(xT (k)PS(k)x(k) + uT
S (k)RS(k)uS(k)).

Òåîðåìà 3.1. Äëÿ òîãî ÷òîáû ñóùåñòâîâàë åäèíñòâåííûé íàáîð
ñòðàòåãèé

{u0
i = M0

i (k)x, i ∈ S},

äîñòàâëÿþùèé ìàêñèìóì JS(k0, x0, u) ïðè ôèêñèðîâàííîì íàáîðå ñòðà-
òåãèé

{ūj = M̄j(k)x, j /∈ S}

íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû:
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1. Ñèñòåìà ìàòðè÷íûõ óðàâíåíèé




(A(k) +
∑

j /∈S

Bj(k)M̄j(k) + BS(k)M0
S(k))T ΘS(k + 1)(A(k)+

+
∑

j /∈S

Bj(k)M̄j(k) + BS(k)M0
S(k))−ΘS(k)− PS(k)−

−M0
S(k)T RS(k)M0

S(k) = 0,

M0
S(k) = −(−RS(k) + BT

S (k)ΘS(k + 1)BS(k))−1BT
S (k)ΘS(k + 1)×

× (A(k) +
∑

j /∈S

Bj(k)M̄j(k))

áûëà ðàçðåøèìà îòíîñèòåëüíî {M0
S(k), ΘS(k)}, â âèäå âåùå-

ñòâåííûõ, îãðàíè÷åííûõ ìàòðèö ðàçìåðíîñòè rs×m è m×m

ñîîòâåòñòâåííî, ãäå ΘS(k) � ñèììåòðè÷íà.

2. Íàáîð ñòðàòåãèé

u0(k) = {ūj = M̄j(k)x, j /∈ S, u0
i = M0

i (k)x(k), i ∈ S},
(3.1)

ãäå M0
i (k) � i-é áëîê ìàòðèöû M0

S(k) =




M0
i1
(k)

M0
i2
(k)

. . .

M0
is(k)


, áûë áû äî-

ïóñòèìûì â ñìûñëå îïðåäåëåíèÿ 1.1.

3. (−RS(k) + BT
S (k)ΘS(k + 1)BS(k)) ∈ Q+(T+).

Òîãäà íàáîð ñòðàòåãèé (3.1) äîñòàâëÿåò ìàêñèìóì JS(k0, x0, u) è
JS(k0, x0, u

0) = −xT
0 ΘS(k0)x0.

Äîêàçàòåëüñòâî. Çàìêíåì ñèñòåìó (1.1) äîïóñòèìûì íàáîðîì óïðàâ-
ëåíèé u(k) = {ūj = M̄j(k)x, j /∈ S, ui = Mi(k)x(k), i ∈ S}:

x(k + 1) = (A(k) +
∑

j /∈S

Bj(k)M̄j(k))x(k) +
∑
i∈S

Bi(k)ui(k)

èëè

x(k + 1) = (A(k) +
∑

j /∈S

Bj(k)M̄j(k))x(k) + BS(k)uS(k), (3.2)
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ãäå

uS(k) =




Mi1(k)

Mi2(k)

. . .

Mis(k)


 x(k).

Òîãäà ñèñòåìó (3.2) ìîæíî ðàññìîòðåòü êàê ñèñòåìó ñ îäíèì óïðàâëå-
íèåì uS(k) è ôóíêöèîíàëîì JS. Ñîãëàñíî [4], ÷òîáû ó ýòîé ñèñòåìû
ñóùåñòâîâàëî åäèíñòâåííîå óïðàâëåíèå, äîñòàâëÿþùåå ìàêñèìóì JS,
íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû:

1. Ñèñòåìà ìàòðè÷íûõ óðàâíåíèé




(A(k) +
∑

j /∈S

Bj(k)M̄j(k) + BS(k)M0
S(k))T ΘS(k + 1)(A(k)+

+
∑

j /∈S

Bj(k)M̄j(k) + BS(k)M0
S(k))−ΘS(k)− PS(k)−

−M0
S(k)T RS(k)M0

S(k) = 0,

M0
S(k) = −(−RS(k) + BT

S (k)ΘS(k + 1)BS(k))−1BT
S (k)ΘS(k + 1)×

× (A(k) +
∑

j /∈S

Bj(k)M̄j(k))

áûëà ðàçðåøèìà îòíîñèòåëüíî{M0
S(k), ΘS(k)}, â âèäå âåùåñòâåí-

íûõ, îãðàíè÷åííûõ ìàòðèö ðàçìåðíîñòè rs×m è m×m ñîîò-
âåòñòâåííî, ãäå ΘS(k) � ñèììåòðè÷íà.

2. Óïðàâëåíèå u0
S(k) = M0

S(k)x(k) áûëî áû äîïóñòèìûì â ñìûñëå
îïðåäåëåíèÿ 1.1.

3. (−RS(k) + BT
S (k)ΘS(k + 1)BS(k)) ∈ Q+(T+).

Òîãäà óïðàâëåíèå u0
S(k) äîñòàâëÿåò ìàêñèìóì ôóíêöèîíàëó JS è

JS(k0, x0, u
0) = −xT

0 ΘS(k0)x0, ãäå u0(k) = {ūj = M̄j(k)x, j /∈ S, u0
i =

M0
i (k)x(k), i ∈ S, }, ÷òî è òðåáîâàëîñü äîêàçàòü.

4. Êîîïåðàòèâíûé ñëó÷àé äèñêðåòíîé èãðû
Ïåðåéäåì òåïåðü ê ðàññìîòðåíèþ êîîïåðàòèâíîãî âàðèàíòà èãðû.

Äëÿ ýòîãî ïðåäïîëîæèì, ÷òî èãðîêè èìåþò âîçìîæíîñòü îáðàçîâàòü



Ëèíåéíî-êâàäðàòè÷íûå äèñêðåòíûå èãðû 95

ìàêñèìàëüíóþ êîàëèöèþ ñ öåëüþ îáåñïå÷åíèÿ ìàêñèìàëüíîãî ñóì-
ìàðíîãî âûèãðûøà. Íà îñíîâå òåîðåìû 3.1 ïîñòðîèì ðåøåíèÿ äèñ-
êðåòíîé êîîïåðàòèâíîé èãðû.

4.1. Ïðîïîðöèîíàëüíîå ðåøåíèå

Ïðåäïîëîæèì, ÷òî èãðîêè, äîãîâîðèëèñü ñîâìåñòíî äîñòè÷ü ìàê-
ñèìàëüíîãî ñóììàðíîãî âûèãðûøà:

JN(k0, x0, u(k)) =
N∑

i=1

Ji(k0, x0, u(k)).

Ïóñòü íàáîð ñòðàòåãèé uN = (uN
1 , . . . , uN

n ), ãäå uN
i (k) = MN

i (k)x(k),

i = 1, . . . , n, äîñòàâëÿåò ìàêñèìóì JN , ò.å.

uN = arg max
ui,i=1,...,n

JN(k0, x0, u(k)).

Òîãäà ñîãëàñíî òåîðåìå 3.1 ìîæåì íàéòè MN(k) =




MN
1 (k)

MN
2 (k)

. . .

MN
n (k)


 èç

ñèñòåìû




(A(k) + BN(k)MN(k))T ΘN(k + 1)(A(k) + BN(k)MN(k))−
−ΘN(k)− PN(k)−MN(k)T RN(k)MN(k) = 0,

MN(k) = −(−RN(k) + BT
N(k)ΘN(k + 1)BN(k))−1BT

N(k)ΘN(k + 1)A(k).

Ìàêñèìàëüíîå çíà÷åíèå JN áóäåò

JN(k0, x0, u
N(k)) = −xT

0 ΘN(k0)x0.

Ïóñòü uprop
i � ñòðàòåãèÿ èãðîêà i, ìàêñèìèçèðóþùàÿ åãî âûèãðûø

ïðè óñëîâèè, ÷òî îñòàëüíûå èãðîêè èñïîëüçóþò ñòðàòåãèè uN
j , ò.å.

uprop
i = arg max

ui

Ji(u
N/ui), i = 1, . . . , n.

Åñëè óïðàâëåíèå uprop
i ñóùåñòâóåò, òî ñîãëàñíî òåîðåìå 3.1 ìîæåì
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íàéòè Mprop
i (k) èç ñèñòåìû





(A(k) +
∑

j∈N,j 6=i

Bj(k)MN
j (k) + Bi(k)Mprop

i )T Θi,prop(k + 1)(A(k)+

+
∑

j∈N,j 6=i

Bj(k)MN
j (k)Bi(k)Mprop

i )−Θi,prop(k)− Pi(k)−

−Mprop
i (k)T Ri(k)Mprop

i (k) = 0,

Mprop
i (k) = −(−Ri(k) + BT

i (k)Θi,prop(k + 1)Bi(k))−1BT
i (k)Θi,prop(k + 1)×

× (A(k) +
∑

j∈N,j 6=i

Bj(k)MN
j (k)), i ∈ N.

Ïðè ýòîì
Ji(k0, x0, u

N/uprop
i ) = −xT

0 Θi,propx0.

Ââåäåì îáîçíà÷åíèÿ

λi = Ji(k0, x0, u
N/uprop

i ), i = 1, . . . , n,

Λ =
n∑

i=1

λi.

Òîãäà, ñîãëàñíî îïðåäåëåíèþ ïðîïîðöèîíàëüíîãî ðåøåíèÿ èãðû
[8], âûèãðûø êàæäîãî èãðîêà áóäåò îïðåäåëÿòüñÿ ñëåäóþùèì îáðà-
çîì:

αprop
i =

λi

Λ
JN(k0, x0, u

N).

Âåêòîð
αprop = (αprop

1 , ..., αprop
n )

áóäåì íàçûâàòü ïðîïîðöèîíàëüíûì ðåøåíèåì äèñêðåòíîé èãðû.

4.2. Ðåøåíèÿ, îñíîâàííûå íà ïîñòðîåíèè õàðàêòåðèñòè÷å-
ñêîé ôóíêöèè

Ðåøåíèÿ êîîïåðàòèâíûõ äèñêðåòíûõ èãð, îñíîâàííûå íà ïîñòðîå-
íèè õàðàêòåðèñòè÷åñêîé ôóíêöèè, â äîñòàòî÷íîé ñòåïåíè îáúåêòèâíî
îòðàæàþò âêëàä êàæäîãî èãðîêà â äîñòèæåíèå êîàëèöèÿìè ìàêñè-
ìàëüíîãî ñóììàðíîãî ðåçóëüòàòà.

Äëÿ îïðåäåëåííîé ëèíåéíî-êâàäðàòè÷íîé äèñêðåòíîé èãðû Γ(k0, x0)

õàðàêòåðèñòè÷åñêóþ ôóíêöèþ

v(S, x0) : 2N → R



Ëèíåéíî-êâàäðàòè÷íûå äèñêðåòíûå èãðû 97

áóäåì ñòðîèòü ïî ñëåäóþùåìó ïðàâèëó (ñì., íàïðèìåð, [7]):

v(S, x0) = max
ui,i∈S

JS(uNE/uS).

ãäå (uNE/uS) = {uNE
j , j /∈ S, ui, i ∈ S}. Çàìåòèì, ÷òî â îáùåì ñëó÷àå

ïîñòðîåííàÿ òàêèì îáðàçîì õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ íå ÿâëÿåò-
ñÿ ñóïåðàääèòèâíîé.

Îáîçíà÷èì
{u∗i }i∈S = arg max

ui,i∈S
JS(uNE/uS).

Òîãäà, åñëè íàáîð ñòðàòåãèé

{u∗i = M∗
i (k)x, i ∈ S}

ñóùåñòâóåò, òî ñîãëàñíî òåîðåìå 3.1, M∗
S(k) =




M∗
i1
(k)

M∗
i2
(k)

. . .

M∗
is(k)


 ìîæíî íàéòè

èç ñèñòåìû




(A(k) +
∑

j /∈S

Bj(k)MNE
j (k) + BS(k)M∗

S(k))T Θ∗
S(k + 1)(A(k)+

+
∑

j /∈S

Bj(k)MNE
j (k) + BS(k)M∗

S(k))−Θ∗
S(k)− PS(k)−

−M∗
S(k)T RS(k)M∗

S(k) = 0,

M∗
S(k) = −(−RS(k) + BT

S (k)Θ∗
S(k + 1)BS(k))−1BT

S (k)Θ∗
S(k + 1)×

× (A(k) +
∑

j /∈S

Bj(k)MNE
j (k)).

Ïðè ýòîì
JS(k0, x0, u

NE/u∗S) = −xT
0 Θ∗

Sx0.

Ñîãëàñíî îïðåäåëåíèþ õàðàêòåðèñòè÷åñêîé ôóíêöèè ïîëó÷àåì

v(S, x0) = −xT
0 Θ∗

Sx0.

Ïîñëå îïðåäåëåíèÿ çíà÷åíèÿ õàðàêòåðèñòè÷åñêîé ôóíêöèè äëÿ
êàæäîé êîàëèöèè ìû ìîæåì âîñïîëüçîâàòüñÿ ëþáûì èç èçâåñòíûõ
êîîïåðàòèâíûõ ïðèíöèïîâ îïòèìàëüíîñòè, òàêèõ êàê âåêòîð Øåïëè,
C-ÿäðî è äðóãèå.



98 À.Â. Òóð

5. Óñëîâèå Ä.Â.Ê. ßíãà äëÿ ëèíåéíî-êâàäðàòè÷íûõ äèñêðåò-
íûõ èãð

Êîíêðåòèçèðóåì óñëîâèå Ä.Â.Ê. ßíãà [10] äëÿ ëèíåéíî-êâàäðà-
òè÷íûõ äèñêðåòíûõ èãð. Òåì ñàìûì ìû ïîëó÷èì óñëîâèå, ñòðàõóþ-
ùåå èãðîêîâ îò ðàñïàäà ìàêñèìàëüíîé êîàëèöèè N .

Ïóñòü íàáîð ñòðàòåãèé uN = (uN
1 , . . . , uN

n ) äîñòàâëÿåò ìàêñèìóì
JN . Òðàåêòîðèþ x∗(k), êîòîðàÿ ðåàëèçóåòñÿ ïðè çàìûêàíèè ñèñòåìû
(1.1) íàáîðîì ñòðàòåãèé uN , áóäåì íàçûâàòü îïòèìàëüíîé.

Îïðåäåëèì ìíîæåñòâî äåëåæåé â äèñêðåòíîé êîîïåðàòèâíîé èãðå:

C = {ϕ(k0, x0) = (ϕ1(k0, x0), . . . , ϕn(k0, x0)) :
n∑

i=1

ϕi(k0, x0) = v(N, x0),

ϕi(k0, x0) ≥ v(i, x0), i = 1, . . . , n}.

Îáîçíà÷èì ÷åðåç M ⊂ C � êîîïåðàòèâíûé ïðèíöèï îïòèìàëüíîñòè.
Ïóñòü Γ(k, x∗(k)) ïîäûãðà èãðû Γ(k0, x0), êîòîðàÿ íà÷èíàåòñÿ â

ìîìåíò âðåìåíè k èç ñîñòîÿíèÿ x∗(k). Â ýòîé ïîäûãðå ââåäåì õàðàê-
òåðèñòè÷åñêóþ ôóíêöèþ v(S, x∗(k)) òàêèì æå îáðàçîì, êàê îíà áûëà
ââåäåíà â èãðå Γ(k0, x0). Òîãäà ìíîæåñòâî äåëåæåé ïîäûãðû ðàâíî

C(x∗(k)) = {ϕ(k, x∗(k)) = (ϕ1(k, x∗(k)), . . . , ϕn(k, x∗(k))) :
n∑

i=1

ϕi(k, x∗(k)) = v(N, x∗(k)), ϕi(k, x∗(k)) ≥ v(i, x∗(k)), i = 1, . . . , n}.

Îáîçíà÷èì ÷åðåç M(x∗(k)) ⊂ C(x∗(k)) ïðèíöèï îïòèìàëüíîñòè M ⊂
C, ðåàëèçóåìûé â ïîäûãðå Γ(k, x∗(k)).

Îïðåäåëåíèå 5.1. Ïóñòü ϕ(k0, x0) ∈ M , òîãäà âåêòîð-ôóíêöèþ
β(k) = (β1(k), . . . , βn(k)), k ≥ k0 íàçîâåì ïðîöåäóðîé ðàñïðåäåëåíèÿ
äåëåæà (ÏÐÄ) åñëè,

ϕi(k0, x0) =
∞∑

k=k0

βi(k), i = 1, . . . , n.

Èíòåðïðåòàöèÿ ÏÐÄ ñëåäóþùàÿ: βi(k) � âûïëàòà èãðîêó i íà øàãå
k.
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Îïðåäåëåíèå 5.2. Âåêòîð-ôóíêöèÿ β(k) = (β1(k), . . . , βn(k)) íàçû-
âàåòñÿ ñîñòîÿòåëüíîé âî âðåìåíè ÏÐÄ, åñëè ïðè ëþáîì l ≥ k0 âû-
ïîëíÿåòñÿ ñëåäóþùåå ðàâåíñòâî

ϕi(k0, x0) =
l∑

k=k0

βi(k) + ϕi(l + 1, x∗(l + 1)), i = 1, . . . , n,

ãäå ϕi(k0, x0) ∈ M , ϕi(l + 1, x∗(l + 1) ∈ M(x∗(l + 1)).
Ýòè ïîíÿòèÿ âïåðâûå ââåäåíû â [2], [3]. Â îïðåäåëåíèè 5.2 çíà-

÷åíèå ϕi(k0, x0) ïðåäñòàâëÿåò ñîáîé ñóììó äâóõ ñëàãàåìûõ. Ïåðâîå
ÿâëÿåòñÿ ¾íàêîïëåííûì âûèãðûøåì¿ èãðîêà i ê ìîìåíòó âðåìåíè
l + 1, åñëè âûïëàòû ñäåëàíû ñîãëàñíî ÏÐÄ β(k), à âòîðîå ÿâëÿåòñÿ
âûèãðûøåì èãðîêà i â ïîäûãðå Γ(l + 1, x∗(l + 1)) ïðè óñëîâèè, ÷òî
ïðè ðåøåíèè ïîäûãðû Γ(l+1, x∗(l+1)) èñïîëüçóåòñÿ òîò æå ïðèíöèï
îïòèìàëüíîñòè, ÷òî è ïðè ðåøåíèè èãðû Γ(k0, x0).

Òåîðåìà 5.1. Âåêòîð-ôóíêöèÿ β(k) = (β1(k), . . . , βn(k)), ãäå

βi(k) = ϕi(k, x∗(k))− ϕi(k + 1, x∗(k + 1)), i = 1, . . . , n (5.1)

ÿâëÿåòñÿ ñîñòîÿòåëüíîé âî âðåìåíè ÏÐÄ.

Äîêàçàòåëüñòâî. Ïîêàæåì ñíà÷àëà, ÷òî âåêòîð βi(k), îïðåäåëåííûé
â (5.1), ÿâëÿåòñÿ ÏÐÄ. Èç ðàâíîìåðíîé àñèìïòîòè÷åñêîé óñòîé÷èâî-
ñòè ñèñòåìû (1.1) èìååì:

∞∑

k=k0

βi(k) =
∞∑

k=k0

(ϕi(k, x∗(k))− ϕi(k + 1, x∗(k + 1))) = ϕi(k0, x0)−

− ϕi(∞, x∗(∞)) = ϕi(k0, x0),

ãäå ϕi(∞, x∗(∞)) = lim
k→∞

ϕi(k, x∗(k)) = 0.

Ïîêàæåì òåïåðü, ÷òî βi(k) ÿâëÿåòñÿ ñîñòîÿòåëüíîé âî âðåìåíè
ÏÐÄ:

l∑

k=k0

βi(k)+ϕi(l+1, x∗(l+1)) =
l∑

k=k0

(ϕi(k, x∗(k))−ϕi(k+1, x∗(k+1)))+

+ϕi(l+1, x∗(l+1)) = ϕi(k0, x0)−ϕi(l+1, x∗(l+1))+ϕi(l+1, x∗(l+1)) =

= ϕi(k0, x0).

Òåîðåìà äîêàçàíà.
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Ïðåäïîëîæèì, ÷òî åñëè íà øàãå k ïðîèñõîäèò ðàñïàä ìàêñèìàëü-
íîé êîàëèöèè, òî èãðîêè óçíàþò îá ýòîì äî âûáîðà èìè ñòðàòåãèé
ui(k).

Îïðåäåëåíèå 5.3. Äåëåæ ϕ(k0, x0) = (ϕ1(k0, x0), . . . , ϕn(k0, x0)) óäî-
âëåòâîðÿåò óñëîâèþ Ä.Â.Ê. ßíãà [10], åñëè âûïîëíåíî íåðàâåíñòâî

l∑

k=k0

βi(k) + v(i, x∗(l + 1)) ≥ v(i, x0), i = 1, . . . , n (5.2)

ïðè ëþáîì l ≥ k0, ãäå β(k) = (β1(k), . . . , βn(k)) ñîñòîÿòåëüíàÿ âî
âðåìåíè ÏÐÄ, ñîîòâåòñòâóþùàÿ äåëåæó ϕ(k0, x0).

Èíòåðïðåòèðîâàòü (5.2) ìîæíî ñëåäóþùèì îáðàçîì: äî ìîìåí-
òà l + 1 èãðîêè îáðàçóþò ìàêñèìàëüíóþ êîàëèöèþ è èñïîëüçóþò
ñòðàòåãèè, ìàêñèìèçèðóþùèå ñóììàðíûé âûèãðûø, ïîëó÷àþò ïðè
ýòîì ¾íàêîïëåííûå âûèãðûøè¿

l∑
k=k0

βi(k) ñîãëàñíî ÏÐÄ β(k). Â ìî-
ìåíò l + 1 ïðîèñõîäèò ðàñïàä ìàêñèìàëüíîé êîàëèöèè, è â ïîäûãðå
Γ(l + 1, x∗(l + 1)) èãðîê i, èãðàÿ èíäèâèäóàëüíî, ïîëó÷àåò âûèãðûø
v(i, x∗(l+1)). Òàêèì îáðàçîì, óñëîâèå (5.2) ãàðàíòèðóåò, ÷òî â ñëó÷àå
ðàñïàäà ìàêñèìàëüíîé êîàëèöèè â ìîìåíò l + 1, èãðîêè ïîëó÷àò íå
ìåíüøå, ÷åì åñëè áû èãðàëè èíäèâèäóàëüíî èçíà÷àëüíî.

Âûâåäåì äîñòàòî÷íîå óñëîâèå äëÿ âûïîëíåíèÿ óñëîâèÿ Ä.Â.Ê.
ßíãà â ëèíåéíî-êâàäðàòè÷íûõ äèñêðåòíûõ èãðàõ. Çàìåòèì, ÷òî

l∑

k=k0

βi(k)+v(i, x∗(l+1))−v(i, x0) =
l∑

k=k0

(βi(k)+v(i, x∗(k+1))−v(i, x∗(k))).

Òîãäà äëÿ âûïîëíåíèÿ óñëîâèÿ ßíãà äîñòàòî÷íî, ÷òîáû

βi(k) + v(i, x∗(k + 1))− v(i, x∗(k)) ≥ 0 i = 1, . . . , n, k ≥ k0.

Â ðàçäåëå 4.2. áûëî ïîêàçàíî, ÷òî â ëèíåéíî-êâàäðàòè÷íîé äèñêðåò-
íîé èãðå v(i, x∗(k)) ìîæíî îïðåäåëèòü ïî ñëåäóþùåìó ïðàâèëó

v(i, x∗(k)) = −x∗T (k)Θ∗
i (k)x∗(k),
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ãäå Θ∗
i (k) � ðåøåíèå ñèñòåìû ìàòðè÷íûõ óðàâíåíèé





(A(k) +
∑

j∈N,j 6=i

Bj(k)MNE
j (k) + Bi(k)M∗

i (k))T Θ∗
i (k + 1)(A(k)+

+
∑

j∈N,j 6=i

Bj(k)MNE
j (k) + Bi(k)M∗

i (k))−Θ∗
i (k)− Pi(k)−

−M∗
i (k)T RS(k)M∗

i (k) = 0,

M∗
i (k) = −(−RS(k) + BT

S (k)Θ∗
i (k + 1)BS(k))−1BT

S (k)Θ∗
i (k + 1)×

× (A(k) +
∑

j∈N,j 6=i

Bj(k)MNE
j (k)).

Òîãäà

βi(k) + v(i, k + 1)− v(i, k) = βi(k) + x∗T (k)Θ∗
i (k)x∗(k)−

− x∗T (k + 1)Θ∗
i (k + 1)x∗(k + 1) = βi(k) + x∗T (k)(Θ∗

i (k)−

− (A(k) +
n∑

i=1

Bj(k)MN
i )T Θ∗

i (k + 1)(A(k) +
n∑

i=1

Bj(k)MN
i ))x∗(k),

ãäå MN(k) =




MN
1 (k)

MN
2 (k)

. . .

MN
n (k)


 ñîãëàñíî ðàçäåëó 4.1 íàõîäÿòñÿ èç ñèñòåìû:





(A(k) + BN(k)MN(k))T ΘN(k + 1)(A(k) + BN(k)MN(k))−
−ΘN(k)− PN(k)−MN(k)T RN(k)MN(k) = 0,

MN(k) = −(−RN(k) + BT
N(k)ΘN(k + 1)BN(k))−1BT

N(k)ΘN(k + 1)A(k).

Ïîëó÷àåì, ÷òî åñëè

βi(k) + x∗T (k)(Θ∗
i (k)− (A(k) +

n∑
i=1

Bj(k)MN
i )T Θ∗

i (k + 1)(A(k)+

+
n∑

i=1

Bj(k)MN
i ))x∗(k) ≥ 0

âûïîëíåíî äëÿ âñåõ i = 1, . . . , n è ïðè âñåõ k ≥ k0, òî äåëåæ áóäåò
óäîâëåòâîðÿòü óñëîâèþ Ä.Â.Ê. ßíãà.
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6. Ïðèìåð
Ðàññìîòðèì ïðèìåð ïëàíèðîâàíèÿ ïðîèçâîäñòâà â óñëîâèÿõ êîí-

êóðåíöèè. Ðåøåíèå äàííîãî ïðèìåðà äëÿ ñëó÷àå íåïðåðûâíîãî âðå-
ìåíè ìîæíî íàéòè â [1]. Ïðåäïîëàãàåì, ÷òî ôóíêöèÿ ñïðîñà èìååò
âèä:

g(k) = a− [q1(k) + q2(k)], (6.1)
ãäå a � ïîëîæèòåëüíàÿ ïîñòîÿííàÿ è qi(k), i ∈ {1, 2} � ñêîðîñòü ðî-
ñòà ïðîèçâîäñòâà ôèðìû i. Ïóñòü äëÿ ðûíî÷íîé öåíû èìååò ìåñòî
ñëåäóþùåå óðàâíåíèå

p(k + 1) = s(a− [q1(k) + q2(k)]− p(k)); p(0) = p0 > 0.

Çäåñü s ∈ [0,∞) � çàäàííûé ïàðàìåòð. Äîõîä ôèðìû i ïîëàãàåì ðàâ-
íûì p(k)qi(k). Äëÿ ïðîñòîòû áóäåì ïðåäïîëàãàòü, ÷òî ïðîèçâîäñòâåí-
íûå çàòðàòû îáåèõ ôèðì îïèñûâàþòñÿ îäíîé è òîé æå ôóíêöèåé

C(qi) = cqi +
1

2
q2
i ,

ãäå c > 0 � çàäàííûé ïàðàìåòð. Ïóñòü ρ > 0 � ïàðàìåòð äèñêîíòèðî-
âàíèÿ.

Öåëü ôèðìû i çàêëþ÷àåòñÿ â íàõîæäåíèè òàêîãî ïðîãðàììíîãî
óïðàâëåíèÿ qi ≥ 0, êîòîðîå äîñòàâëÿåò ìàêñèìóì ôóíêöèîíàëó

Ji(qi) =
∞∑

k=0

(
1

1 + ρ

)k

(p(k)qi(k)− C(qi(k))),

ïðè óñëîâèè, ÷òî ñèñòåìà ðàçâèâàåòñÿ â ñîîòâåòñòâèè ñ äèíàìèêîé
(6.1) è qi(k) ≥ 0 äëÿ âñåõ k ≥ 0. Ïîñëå çàìåíû

x1(k) =

(
1

1 + ρ

) k
2

(p(k)− c),

x2(k) = (s(a− c)− c)

(
1

1 + ρ

) k+1
2

,

u1(k) =

(
1

1 + ρ

) k
2

(q1(k)− p(k) + c),

u2(k) =

(
1

1 + ρ

) k
2

(q2(k)− p(k) + c)
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çàäà÷à ñâîäèòñÿ ê âèäó (1.1)-(1.2) ñ ìàòðèöàìè

A =



−3s

(
1

1+ρ

) 1
2

1

0
(

1
1+ρ

) 1
2


 , Bi =


−s

(
1

1+ρ

) 1
2

0


 ,

P =

(
1
2

0

0 0

)
, R = −1

2
, x0 =


 p0 − c(

1
1+ρ

) 1
2
(s(a− c)− c)


 .

Ñîãëàñíî òåîðåìå 2.1 äëÿ íàõîæäåíèÿ ðàâíîâåñèÿ ïî Íýøó íåîá-
õîäèìî ðåøèòü ñèñòåìó




(A(k) + B1(k)MNE
1 (k) + B2(k)MNE

2 (k))T Θi(k + 1)(A(k) + B1(k)MNE
1 (k)+

+ B2(k)MNE
2 (k))−Θi(k)− Pi(k)−MNE

i (k)T Ri(k)MNE
i (k) = 0,

MNE
i (k) = −(−Ri(k) + BT

i (k)Θi(k + 1)Bi(k))−1BT
i (k)Θi(k + 1)×

× (A(k) + Bj(k)MNE
j (k)), i = 1, 2, j 6= i.

Òîãäà ñèòóàöèÿ uNE = (uNE
1 , uNE

2 ) ÿâëÿåòñÿ ðàâíîâåñèåì ïî Íýøó, ãäå
uNE

i (k, x) = MNE
i (k)x(k). Âûèãðûøè ðàâíû

Ji = −xT
0 Θi(k0)x0.

Íåïîñðåäñòâåííîé ïðîâåðêîé ìîæíî ïîêàçàòü, ÷òî ïðè s = 1,
(

1
1+ρ

) 1
2

=
1
15

uNE
1 (k, x) =

(
0.014026995 −0.06919932097

)
x(k),

uNE
2 (k, x) =

(
0.014026995 −0.06919932097

)
x(k),

è ñîîòâåòñòâóþùèå âûèãðûøè ðàâíû

J1 = J2 = −xT
0

(−0.5211388670 0.1042843108

0.1042843108 −0.5166690544

)
x0.

Ïåðåéäåì ê ðàññìîòðåíèþ êîîïåðàòèâíîãî âàðèàíòà. Äëÿ íàõîæ-
äåíèÿ JN ìîæåì ïîëüçîâàòüñÿ òåîðåìîé 3.2. Òîãäà íåîáõîäèìî ðå-
øèòü ñèñòåìó




(A(k) + B1M
N
1 + B2M

N
2 )T ΘN(k + 1)(A(k) + B1M

N
1 + B2M

N
2 )−

−ΘN(k)− PN(k)−MN(k)T RN(k)MN(k) = 0,

MN(k) = −(−RN(k) + BT
N(k)ΘN(k + 1)BN(k))−1BT

N(k)ΘN(k + 1)A(k).



104 À.Â. Òóð

Íàáîð ñòðàòåãèé, äîñòàâëÿþùèé ìàêñèìóì JN , èìååò âèä

uN
1 = uN

2 =
(
0.02832460 −0.1397247874

)
x(k).

Äëÿ âû÷èñëåíèå îïòèìàëüíîãî äåëåæà ñ èñïîëüçîâàíèåì õàðàêòåðè-
ñòè÷åñêîé ôóíêöèè èìååì:

v(1, 2, x0) = JN = −xT
0

(−1.042486890 0.2095871811

0.2095871811 −1.038317865

)
x0,

v(1, x0) = v(2, x0) = −xT
0

(−0.5211388670 0.1042843108

0.1042843108 −0.5166690544

)
x0.

Â ñëó÷àå x0 =

(
1

1

)
, çíà÷åíèÿ õàðàêòåðèñòè÷åñêîé ôóíêöèè ðàâíû

v(1, 2, x0) = 1.661630393, v(1, x0) = v(2, x0) = 0.82923936.
Âåêòîð Øåïëè [9] èìååò âèä ϕSh = (0.8308151965; 0.8308151965).

Ïðîâåðèì òåïåðü âûïîëíåíèå óñëîâèÿ Ä.Â.Ê. ßíãà â íàøåì ïðè-
ìåðå. Èìååì

v(i, x∗(k)) = −x∗T (k)

(−0.52124345 0.10479359

0.104793590 −0.519158933

)
x∗(k),

ϕSh(k) = −1/2x∗T (k)

(−0.5211388670 0.1042843108

0.1042843108 −0.5166690544

)
x∗(k).

Òîãäà

βi(k) + x∗T (k)(Θi(k)− (A(k) +
n∑

i=1

Bj(k)MN
i )T Θi(k + 1)(A(k)+

+
n∑

i=1

Bj(k)MN
i ))x∗(k) = ϕSh

i (k)− ϕSh
i (k + 1) + x∗T (k)(Θi(k)−

−(A(k) +
n∑

i=1

Bj(k)MN
i )T Θi(k + 1)(A(k) +

n∑
i=1

Bj(k)MN
i ))x∗(k) =

= x∗T (k)

(
0.000100235408157 −0.00049449080455

−0.00049449080455 0.0024394701238552

)
x∗(k) ≥ 0,

ïîñêîëüêó ýòî âûïîëíåíî äëÿ âñåõ i = 1, . . . , n è ïðè âñåõ k ≥ k0, òî
äåëåæ áóäåò óäîâëåòâîðÿòü óñëîâèþ Ä.Â.Ê. ßíãà.
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LINEAR-QUADRATIC NON-ANTAGONISTIC
DISCRETE-TIME DYNAMIC GAMES
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Abstract : Linear-quadratic discrete-time dynamic games are considered.
The necessary and su�cient conditions of the existence of Nash
equilibrium in such class of games are presented. Di�erent cooperative
solutions are obtained. D.W.K. Yeung's condition for linear-quadratic
discrete-time dynamic games is studied. As an example, the model of
production planning under competition is examined.
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