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1. Ìîäåëü

Ðàññìîòðèì èãðó Γ = 〈n,m, f, T, p, w〉 ñ n èãðîêàìè, m ïàðàëëåëü-
íûìè êàíàëàìè, ôóíêöèÿìè çàäåðæêè òðàôèêà fie(x) = aiex, çàâè-
ñÿùèìè îò ìîùíîñòåé êàíàëîâ, îïðåäåëåííûõ äëÿ êàæäîãî èãðîêà.
Äëÿ êàæäîãî èãðîêà îïðåäåëåí íàáîð òèïîâ îòïðàâëÿåìîãî òðàôèêà
Ti è çàäàíî ñîâìåñòíîå ðàñïðåäåëåíèå p(t1, . . . , tn) ýòèõ òèïîâ. Òðà-
ôèê êàæäîãî òèïà t äëÿ èãðîêà i õàðàêòåðèçóåòñÿ ñâîèì îáúåìîì
wi(t). Â äàííîé ìîäåëè êàæäûé èãðîê i çíàåò òîëüêî òèï ti ñâîåãî
òðàôèêà, êîòîðûé îí ñîáèðàåòñÿ îòïðàâèòü, è íå çíàåò, êàêîé òðà-
ôèê ïîñûëàþò îñòàëüíûå èãðîêè. Îäíàêî, èñïîëüçóÿ èçâåñòíîå åìó
ñîâìåñòíîå ðàñïðåäåëåíèå òèïîâ òðàôèêà, îí ìîæåò íàéòè óñëîâíîå
ðàñïðåäåëåíèå òèïîâ òðàôèêà, îòïðàâëÿåìîãî îñòàëüíûìè èãðîêàìè,
êîãäà ñàì îí ïîñûëàåò òðàôèê òèïà ti: p(t1, . . . , ti−1, ti+1, . . . , tn|ti =

t) = p(t1,...,t,...,tn)
p(i,t)

, ãäå p(i, t) =
∑

(t1,...,tn)∈T :ti=t

p(t1, . . . , tn) � âåðîÿòíîñòü,

÷òî èãðîê i îòïðàâëÿåò òðàôèê òèïà t.
Ïðîôèëÿìè ñòðàòåãèé â äàííîé èãðå ÿâëÿþòñÿ x = {xte

i }i∈[n],t∈Ti,e∈[m]

ãäå xte
i � òðàôèê òèïà t èãðîêà i, êîòîðûé îí îòïðàâëÿåò ïî êàíàëó

e. Êîìïîíåíòû ïðîôèëÿ ñòðàòåãèé äîëæíû áûòü íåîòðèöàòåëüíûìè
è òàêèìè, ÷òî

∑
e∈[m]

xte
i = wi(t). X � ìíîæåñòâî äîïóñòèìûõ ïðîôèëåé

x â èãðå Γ.
Îæèäàåìàÿ çàãðóçêà êàíàëà e ìîæåò áûòü íàéäåíà êàê

δe(x, p) =
∑

(t1,...,tn)∈T

p(t1, . . . , tn)
∑

i∈[n]

xtie
i , è îæèäàåìûå çàòðàòû, êàê

PCi(x, p) = max
e∈[m]:∃t∈Ti:xte

i >0
fie(δe(x, p)).

Êàæäûé èãðîê i çíàåò òèï òðàôèêà, êîòîðûé îí ïîñûëàåò. Åãî öå-
ëüþ ìîæåò áûòü îïòèìèçàöèÿ çàòðàò äëÿ êàæäîãî ïîñûëàåìîãî èì
òèïà òðàôèêà â îòäåëüíîñòè. Â ýòîì ñëó÷àå ðàññìàòðèâàåòñÿ óñëîâ-
íàÿ ôóíêöèÿ îæèäàåìûõ çàòðàò, çàâèñÿùàÿ îò óñëîâíîé îæèäàåìîé
çàãðóçêè êàíàëîâ ñåòè, êîòîðàÿ äëÿ êàæäîãî êàíàëà e èìååò âèä
δe(x, (p|ti = t)) = δ−i

e (x, (p|ti = t)) + xte
i , ãäå δ−i

e (x, (p|ti = t)) =∑
(t1,...,tn)∈T :ti=t

p(t1, . . . , ti−1, ti+1, . . . , tn|ti = t)
∑

i∈[n]\{i}
xtie

i � ýòî óñëîâíàÿ

îæèäàåìàÿ çàãðóçêà êàíàëà òðàôèêîì âñåõ èãðîêîâ, êðîìå i.
Òàêèì îáðàçîì, óñëîâíûå îæèäàåìûå çàòðàòû äëÿ èãðîêà i,

ïîñûëàþùåãî òðàôèê òèïà t, èìåþò âèä
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v(i,t)(x, p) = max
e∈[m]:xte

i >0
fie(δe(x, (p|ti = t))) è åãî áàéåñîâñêèå îæèäà-

åìûå çàòðàòû îïðåäåëèì êàê BPCi(x, p) =
∑
t∈Ti

p(i, t)v(i,t)(x, p). Çà-
ìåòèì, ÷òî êàæäîå ñëàãàåìîå â äàííîé ñóììå íå çàâèñèò îò òèïîâ
òðàôèêà äðóãèõ èãðîêîâ, êðîìå i.

Íàéäåì, êàê ñâÿçàíû ìåæäó ñîáîé îæèäàåìàÿ çàãðóçêà êàíàëà è
óñëîâíàÿ îæèäàåìàÿ çàãðóçêà êàíàëà.

δe(x, p) =
∑

(t1,...,tn)∈T

p(t1, . . . , tn)
∑

i∈[n]

xtie
i

=
∑

t∈Tk

∑
(t1,...,tn)∈T :tk=t

p(t1, . . . , tn)
∑

i∈[n]

xtie
i

=
∑

t∈Tk

p(k, t)
∑

(t1,...,tn)∈T :tk=t

p(t1, . . . , tk−1, tk+1, . . . , tn|tk = t)·
(

∑
i∈[n]\{k}

xtie
i + xte

k

)
.

Çàìåòèì, ÷òî
∑

(t1,...,tn)∈T :tk=t

p(t1, . . . , tk−1, tk+1, . . . , tn|tk = t) =
∑

(t1,...,tn)∈T :tk=t

p(t1,...,t,...,tn)
p(k,t)

=
∑

(t1,...,tn)∈T :tk=t

p(t1,...,tn)
p(k,t)

= 1.

Òîãäà

δe(x, p) =
∑

t∈Tk

p(k, t)·

·
(

∑
(t1,...,tn)∈T :tk=t

p(t1, . . . , tk−1, tk+1, . . . , tn|tk = t)
∑

i∈[n]\{k}
xtie

i + xte
k

)

=
∑

t∈Tk

p(k, t)δe(x, (p|tk = t)).

Íàéäåì îáùóþ îæèäàåìóþ çàãðóçêó ñåòè êàê ñóììàðíóþ çàãðóç-
êó êàíàëîâ δe(x, p)

∑
e∈[m]

δe(x, p) =
∑

e∈[m]

∑
(t1,...,tn)∈T

p(t1, . . . , tn)
∑

i∈[n]

xtie
i

=
∑

(t1,...,tn)∈T

p(t1, . . . , tn)
∑

i∈[n]

∑
e∈[m]

xtie
i

=
∑

(t1,...,tn)∈T

p(t1, . . . , tn)
∑

i∈[n]

wi(ti) =: W.

Òî åñòü äàííàÿ âåëè÷èíà ÿâëÿåòñÿ ïîñòîÿííîé, îáîçíà÷èì åå W .
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Åùå îäíî ïîëåçíîå ñâîéñòâî òàêîãî âèäà çàãðóçêè δe(x, p) � âèä åå
÷àñòíîé ïðîèçâîäíîé.

∂
∂xte

k
δe(x, p) = ∂

∂xte
k

(
∑

t∈Tk

p(k, t)δe(x, (p|tk = t))

)

= ∂
∂xte

k

(
∑

t∈Tk

p(k, t)
(
δ−k
e (x, (p|tk = t)) + xte

k

)
)

= p(k, t).

2. Ðàâíîâåñèÿ

Îïðåäåëåíèå 2.1. Ïðîôèëü x â èãðå Γ íàçûâàåòñÿ ðàâíîâåñèåì ïî
Âàðäðîïó, åñëè äëÿ êàæäîãî èãðîêà i ∈ [n], ëþáûõ êàíàëîâ e, q ∈ [m],
òàêèõ, ÷òî xte

i > 0, âûïîëíåíî fie(δe(x, p)) ≤ fiq(δq(x, p)).
Äàííàÿ ôîðìà îïðåäåëåíèÿ ýêâèâàëåíòíà PCi(x, p) ≤ PC(x′, p),

ãäå x � ðàâíîâåñèå ïî Âàðäðîïó è x′ � ïðîôèëü, ïîëó÷àåìûé èç x,
êîãäà êòî-òî èç èãðîêîâ îòêëîíÿåòñÿ îò ñâîåé ñòðàòåãèè â x. Ðàâíî-
âåñèå ïî Âàðäðîïó äîñòèãàåòñÿ, êîãäà êàæäûé èãðîê ñòàðàåòñÿ ìè-
íèìèçèðîâàòü ñâîè îæèäàåìûå çàòðàòû íà âñåõ êàíàëàõ, êîòîðûå îí
ñ íåíóëåâîé âåðîÿòíîñòüþ áóäåò èñïîëüçîâàòü õîòÿ áû äëÿ îäíîãî èç
âîçìîæíûõ òèïîâ ñâîåãî òðàôèêà.

Îïðåäåëåíèå 2.2. Ïðîôèëü x â èãðå Γ íàçûâàåòñÿ áàéåñîâñêèì ðàâ-
íîâåñèåì ïî Âàðäðîïó, åñëè äëÿ êàæäîãî èãðîêà i ∈ [n], åãî òðàôèêà
òèïà t ∈ Ti è êàíàëîâ e, q ∈ [m], òàêèõ ÷òî xte

i > 0 âûïîëíÿåòñÿ
fie(δe(x, (p|ti = t))) ≤ fiq(δq(x, (p|ti = t))).

Äàííàÿ ôîðìà îïðåäåëåíèÿ ýêâèâàëåíòíà BPCi(x, p) ≤ BPC(x′, p),
ãäå x � áàéåñîâñêîå ðàâíîâåñèå ïî Âàðäðîïó è x′ � ïðîôèëü, ïîëó÷à-
åìûé èç x, êîãäà êòî-òî èç èãðîêîâ îòêëîíÿåòñÿ îò ñâîåé ñòðàòåãèè
â x. Áàéåñîâñêîå ðàâíîâåñèå ïî Âàðäðîïó äîñòèãàåòñÿ, êîãäà èãðî-
êè ñòàðàþòñÿ ìèíèìèçèðîâàòü ñâîè áàéåñîâñêèå îæèäàåìûå çàòðàòû,
îïòèìèçèðóÿ äëÿ ñåáÿ îòïðàâêó êàæäîãî êîíêðåòíîãî òèïà òðàôèêà.

Ïðåäëîæåíèå 2.1. Åñëè x � áàéåñîâñêîå ðàâíîâåñèå ïî Âàðäðîïó â
èãðå Γ, òî BPCi(x, p) ≤ PCi(x, p).

Äîêàçàòåëüñòâî. Ïóñòü x � áàéåñîâñêîå ðàâíîâåñèå ïî Âàðäðîïó. Òî-
ãäà äëÿ âñåõ i ∈ [n], t ∈ Ti, e ∈ [m], òàêèõ ÷òî xte

i > 0, aieδe(x, (p|tk =
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t)) = λt
i, èíà÷å aieδe(x, (p|tk = t)) ≥ λt

i.

BPCi(x, p) =

=
∑
t∈Ti

p(i, t) max
e∈[m]:xte

i >0
aieδe(x, (p|tk = t)) =

∑
t∈Ti

p(i, t)λt
i.

PCi(x, p) =

= max
e∈[m]:∃τ∈Ti:xτe

i >0
δe(x, p)

= max
e∈[m]:∃τ∈Ti:xτe

i >0

∑
t∈Ti

p(i, t)aieδe(x, (p|tk = t))

= max
e∈[m]:∃τ∈Ti:xτe

i >0

(
∑

t∈Ti:xte
i >0

p(i, t)λt
i +

∑
t∈Ti:xte

i =0

p(i, t) (λt
i + ∆te

i )

)

≥ max
e∈[m]:∃τ∈Ti:xτe

i >0

( ∑
t∈Ti

p(i, t)λt
i

)
= BPCi(x, p).

Îïðåäåëåíèå 2.3. Ïðîôèëü x â èãðå Γ � íîðìàëüíûé, åñëè äëÿ êàæ-
äîãî èãðîêà i ∈ [n] è êàæäîãî êàíàëà e ∈ [m] ñïðàâåäëèâî: åñëè õîòÿ
áû äëÿ îäíîãî òèïà òðàôèêà t ∈ Ti âûïîëíÿåòñÿ xte

i > 0, òî xτe
i > 0

äëÿ âñåõ τ ∈ Ti.
Äàííîå îïðåäåëåíèå îçíà÷àåò, ÷òî â íîðìàëüíîì ïðîôèëå èãðîê

èñïîëüçóåò îäèí è òîò æå íàáîð êàíàëîâ äëÿ âñåõ òèïîâ ñâîåãî òðà-
ôèêà.

Îïðåäåëåíèå 2.4. Áàéåñîâñêîå ðàâíîâåñèå ïî Âàðäðîïó x â èãðå Γ

íàçûâàåòñÿ íîðìàëüíûì áàéåñîâñêèì ðàâíîâåñèåì ïî Âàðäðîïó, åñëè
x � íîðìàëüíûé ïðîôèëü â èãðå Γ.

Òåîðåìà 2.1. Â èãðå Γ ëþáîå íîðìàëüíîå áàéåñîâñêîå ðàâíîâåñèå ïî
Âàðäðîïó ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ðàâíîâåñèÿ ïî Âàðäðîïó, îä-
íàêî ìîãóò ñóùåñòâîâàòü ðàâíîâåñèÿ ïî Âàðäðîïó, íå ÿâëÿþùèåñÿ
íîðìàëüíûìè áàéåñîâñêèìè.

Äîêàçàòåëüñòâî. Ïîêàæåì, ÷òî íîðìàëüíîå áàéåñîâñêîå ðàâíîâåñèå
ïî Âàðäðîïó ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ðàâíîâåñèÿ ïî Âàðäðîïó. Åñ-
ëè x � áàéåñîâñêîå ðàâíîâåñèå ïî Âàðäðîïó, òî èç xte

i > 0 ñëåäóåò
aieδe(x, (p|ti = t)) ≤ aiqδq(x, (p|ti = t)), ãäå e, q ∈ [m]. Åñëè x � íîð-
ìàëüíîå áàéåñîâñêîå ðàâíîâåñèå ïî Âàðäðîïó, òî èç xte

i > 0 ñëåäóåò
xτe

i > 0 äëÿ âñåõ τ ∈ Ti. Òàêèì îáðàçîì, â íîðìàëüíîì áàéåñîâñêîì
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ðàâíîâåñèè ïî Âàðäðîïó èç xte
i > 0 ìû èìååì aieδe(x, (p|ti = τ)) ≤

aiqδq(x, (p|ti = τ)) äëÿ âñåõ τ ∈ Ti, è, ñëåäîâàòåëüíî, aieδe(x, p) ≤
aiqδq(x, p).

Ïóñòü òåïåðü x � íåêîòîðîå ðàâíîâåñèå ïî Âàðäðîïó è áàéåñîâ-
ñêîå ðàâíîâåñèå ïî Âàðäðîïó â èãðå ñ 2 êàíàëàìè (áûñòðûì è ìåä-
ëåííûì), 2 èãðîêàìè, ó êàæäîãî èç êîòîðûõ åñòü 2 òèïà òðàôèêà äëÿ
îòïðàâêè (áîëüøîãî îáúåìà è ìàëåíüêîãî). a11 = a21 = 1, a12 = a22 =

1000. Ó èãðîêîâ ñëåäóþùèå ìíîæåñòâà òèïîâ òðàôèêà: T1 = {1, 2},
T2 = {3, 4}, ãäå èõ îáúåìû w(1) = 1, w(2) = 1000, w(3) = 1, w(4) =

1000. Ñîâìåñòíîå ðàñïðåäåëåíèå âûáîðà òèïîâ òðàôèêà òàêîå, ÷òî
p(1, 4) + p(2, 3) = 1. Ñòðàòåãèåé â ðàâíîâåñèè ïî Âàðäðîïó ÿâëÿåò-
ñÿ èñïîëüçîâàíèå èãðîêàìè ðàçëè÷íûõ êàíàëîâ, ïðè÷åì äëÿ òðàôè-
êà áîëüøîãî îáúåìà âûáèðàåòñÿ íàèáîëåå áûñòðûé êàíàë. Î÷åâèäíî,
÷òî òàêîé ïðîôèëü ñòðàòåãèé íå ÿâëÿåòñÿ íîðìàëüíûì áàéåñîâñêèì
ðàâíîâåñèåì ïî Âàðäðîïó.

Òåîðåìà 2.2. Â èãðå Γ ñ äâóìÿ èãðîêàìè, ó êàæäîãî èç êîòîðûõ
äâà òèïà òðàôèêà, è äâóìÿ êàíàëàìè, ãäå ñîâìåñòíîå ðàñïðåäåëåíèå
òèïîâ òðàôèêà òàêîå, ÷òî p(1, 4) + p(2, 3) = 1, ëþáîå áàéåñîâñêîå
ðàâíîâåñèå ïî Âàðäðîïó � ñëó÷àé ðàâíîâåñèÿ ïî Âàðäðîïó.

Äîêàçàòåëüñòâî. Ïóñòü x � òàêîå áàéåñîâñêîå ðàâíîâåñèå ïî Âàð-
äðîïó, êîòîðîå íå ÿâëÿåòñÿ íîðìàëüíûì (åñëè îíî íîðìàëüíîå, òî
î÷åâèäíî óäîâëåòâîðÿåò îïðåäåëåíèþ ðàâíîâåñèÿ ïî Âàðäðîïó). Òà-
êèì îáðàçîì, õîòÿ áû îäèí èç èãðîêîâ èñïîëüçóåò ðàçíûå íàáîðû
êàíàëîâ äëÿ ðàçíûõ òèïîâ òðàôèêà. Ïóñòü ýòî ïåðâûé èãðîê, èñ-
ïîëüçóþùèé êàíàë 1 äëÿ òðàôèêà òèïà 1 è êàíàë 2 äëÿ òðàôèêà
òèïà 2. Ñëåäîâàòåëüíî, äëÿ ïåðâîãî èãðîêà

a11δ1(x, (p|t1 = 1)) = a11(w1(1) + x41
2 ) ≤ a12δ2(x, (p|t1 = 1)) = a12x

42
2 ,

a11δ1(x, (p|t1 = 2)) = a11x
31
2 ≥ a12δ2(x, (p|t1 = 2)) = a12(w1(2) + x32

2 ),

è äëÿ âòîðîãî èãðîêà

a21δ1(x, (p|t2 = 4)) = a21(w1(1) + x41
2 ) ≥ a22δ2(x, (p|t2 = 4)) = a22x

42
2 ,

a21δ1(x, (p|t2 = 3)) = a21x
31
2 ≤ a22δ2(x, (p|t2 = 3)) = a22(w1(2) + x32

2 ).

Çàìåòèì, ÷òî âñå ÷àñòè äàííûõ íåðàâåíñòâ ïîëîæèòåëüíû. Îáîçíà-
÷àÿ A = a11, B = a12, C = a21, D = a22, a = w1(1) + x41

2 , b = x42
2 ,
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c = x31
2 , d = w1(2) + x32

2 è ïðèìåíÿÿ Ëåììó 2.1 ïîëó÷èì, ÷òî äàííûå
íåðàâåíñòâà âûïîëíÿþòñÿ êàê ðàâåíñòâà.

Ëåììà 2.1. Äëÿ ëþáûõ ïîëîæèòåëüíûõ A,B, C, D è a, b, c, d èç

Aa ≤ Bb Ca ≥ Db

Ac ≥ Bd Cc ≤ Dd

ñëåäóåò
Aa = Bb Ca = Db

Ac = Bd Cc = Dd.

Äîêàçàòåëüñòâî. Èç ïåðâîãî è âòîðîãî ëåâûõ íåðàâåíñòâ èìååì a
b
≤

B
A
≤ c

d
. Èç îñòàâøèõñÿ ïîëó÷àåì a

b
≥ D

C
≥ c

d
, ÷òî äîêàçûâàåò ëåììó.

Áîëåå òîãî, ñëåäóþùàÿ òåîðåìà äåìîíñòðèðóåò, ÷òî äàæå â îáùåì
ñëó÷àå èãðû Γ áàéåñîâñêîå ðàâíîâåñèå ïî Âàðäðîïó ÿâëÿåòñÿ ðàâíî-
âåñèåì ïî Âàðäðîïó.

Òåîðåìà 2.3. Ëþáîå áàéåñîâñêîå ðàâíîâåñèå ïî Âàðäðîïó â èãðå Γ

ÿâëÿåòñÿ ñëó÷àåì ðàâíîâåñèÿ ïî Âàðäðîïó.

Äîêàçàòåëüñòâî. Ïóñòü x ÿâëÿåòñÿ áàéåñîâñêèì ðàâíîâåñèåì ïî Âàð-
äðîïó. Òîãäà äëÿ âñåõ i ∈ [n], t ∈ Ti, e ∈ [m], òàêèõ, ÷òî xte

i > 0,
aieδe(x, (p|tk = t)) = λt

i, èíà÷å aieδe(x, (p|tk = t)) ≥ λt
i. Ïðåäïîëîæèì,

÷òî x íå ðàâíîâåñèå ïî Âàðäðîïó. Òîãäà ñóùåñòâóåò õîòÿ áû îäèí
èãðîê i, êîòîðûé ìîæåò, îòêëîíèâøèñü îò ñòðàòåãèè â x, óìåíüøèòü
ñâîè îæèäàåìûå çàòðàòû PCi(x, p).

PCi(x, p) =

= max
e∈[m]:∃τ∈Ti:xτe

i >0
δe(x, p)

= max
e∈[m]:∃τ∈Ti:xτe

i >0

∑
t∈Ti

p(i, t)aieδe(x, (p|tk = t))

= max
e∈[m]:∃τ∈Ti:xτe

i >0

(
∑

t∈Ti:xte
i >0

p(i, t)λt
i +

∑
t∈Ti:xte

i =0

p(i, t) (λt
i + ∆te

i )

)
.

Èãðîê i íå ìîæåò óìåíüøèòü çàãðóçêó êàíàëîâ ñ çàäåðæêîé òðàôèêà,
áîëüøåé λt

i, òàê êàê îí íå èñïîëüçóåò äàííûå êàíàëû äëÿ òðàôèêà
òèïà t. Äîáàâëåíèå íåáîëüøîé ÷àñòè òðàôèêà ñ êàíàëà e ñ çàäåðæ-
êîé λt

i íà íåêîòîðûé êàíàë q â ëþáîì ñëó÷àå âåäåò ê óâåëè÷åíèþ
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îæèäàåìûõ çàòðàò çà ñ÷åò óâåëè÷åíèÿ çàãðóçêè êàíàëà q. Íà íåì
ëèáî óæå åñòü çàãðóçêà λt

i, åñëè îí èñïîëüçóåòñÿ äëÿ òðàôèêà t â x,
ëèáî äîáàâëåíèå íà íåãî òðàôèêà òèïà t âîâëåêàåò â îæèäàåìûå çà-
òðàòû íîâûé êàíàë ñ çàãðóçêîé ≥ λt

i. Òàêèì îáðàçîì, äëÿ èãðîêà i

íåò âîçìîæíîñòè îòêëîíèòüñÿ, óìåíüøèâ ñâîè îæèäàåìûå çàòðàòû,
è, ñëåäîâàòåëüíî, x ÿâëÿåòñÿ ðàâíîâåñèåì ïî Âàðäðîïó.

3. Ñóùåñòâîâàíèå ðàâíîâåñèÿ ïî Âàðäðîïó
Ðàññìîòðèì ôóíêöèþ

Ψ(x) =
∑

i∈[n]

∑
t∈Ti

∑

e∈[m]

p(i, t)xte
i ln(aie) +

∑

e∈[m]

δe(x, p) ln(δe(x, p)),

êîòîðàÿ ÿâëÿåòñÿ âåðîÿòíîñòíîé ìîäèôèêàöèåé ôóíêöèè ïîòåíöèàëà
â ðàáîòå [2]. Îíà âûïóêëàÿ êàê ñóììà âûïóêëûõ ôóíêöèé, ñëåäîâà-
òåëüíî, äëÿ íåå ñóùåñòâóåò ìèíèìóì íà âûïóêëîì ìíîæåñòâå X.

Òåîðåìà 3.1. Åñëè â èãðå Γ ñóùåñòâóåò ðàâíîâåñèå ïî Âàðäðîïó x,
òî
Ψ(x) = min

y � ïðîôèëü ñòðàòåãèé â Γ

Ψ(y).

Äîêàçàòåëüñòâî.
∂Ψ(x)
∂xte

i
= p(i, t) ln(aie) + p(i, t) ln(δe(x, p)) + p(i, t)

= p(i, t)(ln(aieδe(x, p)) + 1).

Â ðàâíîâåñèè ïî Âàðäðîïó èç xte
i > 0 ñëåäóåò aieδe(x, p) ≤ aiqδq(x, p)

è òîãäà

p(i, t)(ln(aieδe(x, p)) + 1) ≤ p(i, t)(ln(aiqδq(x, p)) + 1)

è, ñëåäîâàòåëüíî,
∂Ψ(x)

∂xte
i

≤ ∂Ψ(x)

∂xtq
i

.

Òîãäà èç Ëåììû â ðàáîòå [2] Ψ(x) = min
y � ïðîôèëü ñòðàòåãèé â Γ

Ψ(y).

Òåîðåìà 3.2. Åñëè ïðîôèëü x â èãðå Γ îáåñïå÷èâàåò ìèíèìóì ôóíê-
öèè Ψ(x), òî x ÿâëÿåòñÿ ðàâíîâåñèåì ïî Âàðäðîïó.
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Äîêàçàòåëüñòâî. Èç óñëîâèé Êóíà-Òàêêåðà ñëåäóåò, ÷òî x îáåñïå÷è-
âàåò ìèíèìóì ôóíêöèè Ψ(x) òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò
òàêîå çíà÷åíèå λ, ÷òî äëÿ i ∈ [n], t ∈ Ti, e ∈ [m] è

L(x, λ) = Ψ(x)−
∑

i∈[n]

∑
t∈Ti

λt
i


 ∑

e∈[m]

xte
i − wi(t)




âûïîëíÿåòñÿ:

åñëè xte
i > 0, òî ∂

∂xte
i

L(x, λ) = 0,

åñëè xte
i = 0, òî ∂

∂xte
i

L(x, λ) ≥ 0.

Ñëåäîâàòåëüíî, îáîçíà÷èâ αt
i = e

(
λt

i
p(i,t)

−1

)

, ïîëó÷àåì

aieδe(x, p) = αt
i åñëè xte

i > 0 è aieδe(x, p) ≥ αt
i åñëè xte

i = 0.

Ïîñêîëüêó aieδe(x, p) íå çàâèñèò îò òèïà òðàôèêà èãðîêà, òî αt
i

ðàâíû äëÿ âñåõ òåõ òèïîâ òðàôèêà èãðîêà i, äëÿ êàæäûõ äâóõ èç
êîòîðûõ ñóùåñòâóåò õîòÿ áû îäèí êàíàë, èñïîëüçóåìûé äëÿ îáîèõ
òèïîâ; îáîçíà÷èì èõ êàê αi. Äëÿ îñòàëüíûõ òèïîâ òðàôèêà τ èõ ατ

i ≤
αi.

Ñ äðóãîé ñòîðîíû òðàôèê òèïà τ îòïðàâëÿåòñÿ ïî íåêîòîðîìó
êàíàëó q, ãäå xτq

i > 0. Åñëè xtq
i > 0, òî aiqδq(x, p) = ατ

i = αt
i = αi. Åñëè

xtq
i = 0, òî aiqδq(x, p) = ατ

i ≥ αt
i = αi. Òàêèì îáðàçîì, ατ

i = αt
i = αi.

Ñëåäîâàòåëüíî, äëÿ âñåõ i ∈ [n], e ∈ [m], òàêèõ ÷òî êàæäûé èã-
ðîê i èñïîëüçóåò êàíàë e äëÿ îòïðàâêè õîòÿ áû îäíîãî òèïà ñâîåãî
òðàôèêà, èìååì aieδe(x, p) = αi, ãäå αi � íåêîòîðûå êîíñòàíòû.

Çàìåòèì, ÷òî ìèíèìóì ôóíêöèè Ψ(x) íà X ñóùåñòâóåò, îòñþäà
ñëåäóåò ñïðàâåäëèâîñòü ñëåäóþùåé òåîðåìû.

Òåîðåìà 3.3. Â èãðå Γ âñåãäà ñóùåñòâóåò ðàâíîâåñèå ïî Âàðäðîïó.
Çàìåòèì, ÷òî ðàâíîâåñèå ïî Âàðäðîïó â èãðå Γ ìîæåò áûòü íå

åäèíñòâåííûì è íåêîòîðûå ðàâíîâåñèÿ ìîãóò áûòü áàéåñîâñêèìè.
Ýòî èëëþñòðèðóåòñÿ ñëåäóþùèìè ïðèìåðàìè.

Ïðèìåð 3.1. Äàííûé ïðèìåð äåìîíñòðèðóåò ñèòóàöèþ, êîãäà ðàâíî-
âåñèå ïî Âàðäðîïó òàêæå ÿâëÿåòñÿ áàéåñîâñêèì. Ðàññìîòðèì èãðó
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ñ äâóìÿ èãðîêàìè è äâóìÿ êàíàëàìè ñ a11 = a21 = 1, a12 = a22 =

2. Ìíîæåñòâà òèïîâ òðàôèêà èãðîêîâ îïðåäåëåíû êàê T1 = {1, 2},
T2 = {3, 4}, ãäå w(1) = 1, w(2) = 25, w(3) = 1, w(4) = 50. Ñîâìåñòíîå
ðàñïðåäåëåíèå òèïîâ òðàôèêà òàêîå, ÷òî p(1, 4) = p(2, 3) = 1/2.

Ñòðàòåãèè â ðàâíîâåñèè ïî Âàðäðîïó:

x11
1 = 0 x12

1 = 1

x21
1 = 161

3
x22

1 = 82
3

x31
2 = 1 x32

2 = 0

x41
2 = 34 x42

2 = 16.

Óñëîâíûå îæèäàåìûå çàãðóçêè è îæèäàåìûå çàãðóçêè ðàâíû äëÿ
îáîèõ êàíàëîâ, Ψ(x) ≈ 124.939.

Ïðèìåð 3.2. Äàííûé ïðèìåð äåìîíñòðèðóåò ðàâíîâåñèå ïî Âàðäðîïó,
êîòîðîå íå ÿâëÿåòñÿ áàéåñîâñêèì. Ðàññìîòðèì èãðó èç ïðåäûäóùåãî
ïðèìåðà. Ñëåäóþùèé ïðîôèëü òàêæå ÿâëÿåòñÿ ðàâíîâåñèåì ïî Âàð-
äðîïó:

x11
1 = 1 x12

1 = 0

x21
1 = 25 x22

1 = 0

x31
2 = 1 x32

2 = 0

x41
2 = 241

3
x42

2 = 252
3
.

Îæèäàåìûå çàãðóçêè ðàâíû äëÿ îáîèõ êàíàëîâ, Ψ(x) ≈ 124.939,
íî óñëîâíûå îæèäàåìûå çàãðóçêè íå ñîîòâåòñòâóþò áàéåñîâñêîìó ðàâ-
íîâåñèþ ïî Âàðäðîïó. Íàïðèìåð, äëÿ èãðîêà 1:

a11δ1(x, (p|t1 = 1)) = x11
1 + x41

2 = 251
3

a12δ2(x, (p|t1 = 1)) = x12
1 + x42

2 = 511
3

a11δ1(x, (p|t1 = 2)) = x21
1 + x31

2 = 26 a12δ2(x, (p|t1 = 2)) = x22
1 + x32

2 = 0.
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ROUTING PROBLEM WITH SPLITABLE TRAFFIC AND
INCOMPLETE INFORMATION

Julia Chuiko, Institute of Applied Mathematical Research Karelian
Research Center of RAS, Petrozavodsk, Cand.Sc. (julia@krc.karelia.ru).

Abstract : We investigate the equilibria in Bayesian routing game in
network with sel�sh users' behavior where each user chooses his route
trying to minimize the expected delay of his own tra�c he send. This
scheme is based on [1] and modi�ed for model with parallel links
where user's tra�c is splittable. Our interest are equilibria: Wardrop
Equilibrium, that always exists and can be found using potential function,
and its special case Bayesian Wardrop Equilibrium, that can be more
easily understood by users, but its existence is an open question.

Keywords : optimal routing, splittable tra�c, incomplete information,
Wardrop equilibrium.


