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Â ñòàòüå èññëåäîâàíà òåîðåòèêî-èãðîâàÿ ìîäåëü òåððèòîðè-
àëüíîãî ýêîëîãè÷åñêîãî ïðîèçâîäñòâà. Ïðîöåññ óïðàâëåíèÿ âû-
áðîñàìè ìîäåëèðóåòñÿ íåàíòàãîíèñòè÷åñêîé äèôôåðåíöèàëü-
íîé èãðîé. Ïðåäëîæåí óñòîé÷èâûé ìåõàíèçì ïåðåðàñïðåäåëå-
íèÿ ïðèáûëè â ñëó÷àå êîîïåðàöèè ïðåäïðèÿòèé ñ öåëüþ óìåíü-
øåíèÿ îáùåãî çàãðÿçíåíèÿ îêðóæàþùåé ñðåäû. Íàéäåíî àáñî-
ëþòíîå ðàâíîâåñèå ïî Íýøó. Â êà÷åñòâå êîîïåðàòèâíîãî ðå-
øåíèÿ èãðû ïîñòðîåí è èññëåäîâàí óñòîé÷èâûé âåêòîð Øåï-
ëè, êîòîðûé îáëàäàåò ñâîéñòâàìè äèíàìè÷åñêîé óñòîé÷èâîñòè,
ñòðàòåãè÷åñêîé óñòîé÷èâîñòè è óñòîé÷èâîñòè ïðîòèâ èððàöèî-
íàëüíîãî ïîâåäåíèÿ. Ïðèâåäåí ÷èñëåííûé ïðèìåð.
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óñòîé÷èâîñòü êîîïåðàòèâíîãî ðåøåíèÿ, äèíàìè÷åñêàÿ óñòîé÷èâîñòü,
ñòðàòåãè÷åñêàÿ óñòîé÷èâîñòü, óñòîé÷èâîñòü ïðîòèâ èððàöèîíàëüíîãî
ïîâåäåíèÿ.

1. Ââåäåíèå
Â ñòàòüå èññëåäîâàíà òåîðåòèêî-èãðîâàÿ ìîäåëü òåððèòîðèàëüíî-

ãî ýêîëîãè÷åñêîãî ïðîèçâîäñòâà, êîòîðàÿ îñíîâàíà íà ðàáîòå Ë.À.
Ïåòðîñÿíà è Ã. Çàêêóðà [8]. Â ñòàòüå [8] ìîäåëèðîâàëîñü ìåæäóíà-
ðîäíîå ýêîëîãè÷åñêîå ñîãëàøåíèå, ðåçóëüòàòîì êîòîðîãî ÿâèëîñü äè-
íàìè÷åñêè óñòîé÷èâîå (ñîñòîÿòåëüíîå âî âðåìåíè) ðàñïðåäåëåíèå ñî-
âîêóïíûõ çàòðàò ïðè óñëîâèè ñíèæåíèÿ îáùåãî óðîâíÿ çàãðÿçíåíèÿ.
Çàòðàòû ñêëàäûâàëèñü èç äâóõ ñîñòàâëÿþùèõ: âûðàæåííûé â äåíåæ-
íîì ýêâèâàëåíòå ýêîíîìè÷åñêèé óùåðá, âêëþ÷àþùèé ìàòåðèàëüíûé
óùåðá, óùåðá çäîðîâüþ ãðàæäàí è îêðóæàþùåé ñðåäå, è çàòðàòû
íà ñíèæåíèå âûáðîñîâ ñ ìàêñèìàëüíîãî óðîâíÿ äî íåêîòîðîãî äîïó-
ñòèìîãî. Òàêàÿ ïîñòàíîâêà îïðàâäàíà è ëîãè÷íà, êîãäà ðå÷ü èäåò î
ìåæãîñóäàðñòâåííûõ ñîãëàøåíèÿõ, íàïðàâëåííûõ íà çàáîòó î áëàãî-
ñîñòîÿíèè è ýêîëîãè÷åñêîé áåçîïàñíîñòè ãðàæäàí.

Â òîì ñëó÷àå, åñëè ýêîëîãè÷åñêèå ïðîáëåìû ðàññìàòðèâàþòñÿ íà
ðåãèîíàëüíîì óðîâíå, à ó÷àñòíèêàìè êîíôëèêòíî-óïðàâëÿåìîãî ïðî-
öåññà ÿâëÿþòñÿ íåïîñðåäñòâåííûå âèíîâíèêè çàãðÿçíåíèÿ - ïðîìûø-
ëåííûå ïðåäïðèÿòèÿ, ïðîâåäåíèå ïðèðîäîîõðàííûõ ìåðîïðèÿòèé è
ïëàòà çà íàíåñåííûé óùåðá îêðóæàþùåé ñðåäå îñòàþòñÿ âàæíåéøè-
ìè çàäà÷àìè íàðÿäó ñ ïîëó÷åíèåì ïðèáûëè îò õîçÿéñòâåííîé äåÿ-
òåëüíîñòè.

Â íàñòîÿùåå âðåìÿ ìû íàáëþäàåì íåäîñòàòî÷íóþ ýôôåêòèâíîñòü
ðûíî÷íîãî ìåõàíèçìà ïðèìåíèòåëüíî ê ðåñóðñàì îáùåãî ïîëüçîâà-
íèÿ, òàêèì êàê âîäà è âîçäóõ. Â äàííîé ðàáîòå ìû ðàññìàòðèâàåì
ïðîöåññ ðåãóëèðîâàíèÿ âûáðîñîâ â àòìîñôåðó, â ðåçóëüòàòå êîòîðîãî
èçäåðæêè âíåøíåãî ýôôåêòà ïåðåíîñÿòñÿ íà åãî âèíîâíèêà. Òàêîé
ïðîöåññ íàçûâàåòñÿ èíòåðíàëèçàöèåé [4]. Íåñìîòðÿ íà òî, ÷òî ýêî-
ëîãè÷åñêîå ðåãóëèðîâàíèå ÿâëÿåòñÿ ñëîæíîé ñèñòåìîé èíñòðóìåíòîâ
óïðàâëåíèÿ, êîòîðàÿ âêëþ÷àåò ðàçëè÷íûå ðû÷àãè, ñòèìóëû, ñòàí-
äàðòû è íîðìàòèâû, áîëüøèíñòâî èçâåñòíûõ ìåõàíèçìîâ íåýôôåê-
òèâíî â ñèëó ñïåöèôè÷íîñòè ñàìîãî îáúåêòà èññëåäîâàíèÿ.

Â ñòàòüå èññëåäîâàíà ïðîáëåìà êîîïåðàòèâíîãî ñîöèàëüíî- îòâåò-
ñòâåííîãî ñîãëàøåíèÿ, êîãäà ïðåäïðèÿòèÿ äîáðîâîëüíî ïðèíèìàþò
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ðåøåíèÿ î äîïîëíèòåëüíîì ðåãóëèðîâàíèè, â ðåçóëüòàòå êîòîðîãî
îíè ñóùåñòâåííî ñíèæàþò îáúåìû âûáðîñîâ ïî ñðàâíåíèþ ñ çàêî-
íîäàòåëüíî äîïóñòèìûì óðîâíåì. Äîáðîâîëüíûé ïîäõîä ê ýêîëîãè-
÷åñêîìó ðåãóëèðîâàíèþ óñïåøíî ïðèìåíÿåòñÿ â ðÿäå ýêîíîìè÷åñêè
ðàçâèòûõ ñòðàí [3]. Äîáðîâîëüíîå ðåãóëèðîâàíèå, êàê ïðàâèëî, ïðè-
âîäèò êàê ê êîîïåðàöèè ó÷àñòíèêîâ ñîãëàøåíèÿ ìåæäó ñîáîé, òàê è
ê ñîòðóäíè÷åñòâó ñ ãîñóäàðñòâîì. Ðàíåå ïîäîáíûå ìîäåëè ýêîëîãè÷å-
ñêîãî ðåãóëèðîâàíèÿ èññëåäîâàëèñü â ðàáîòàõ [6, 11].

Â ðàáîòå [9] òàêæå èññëåäîâàíî ðàñøèðåíèå ìîäåëè [8] íà ñëó-
÷àé àñèììåòðèè èãðîêîâ, ÷òî ïðèâåëî ê ñóùåñòâåííûì òåõíè÷åñêèì
óñëîæíåíèÿì. Â äàííîé ñòàòüå ðàññìàòðèâàåòñÿ çàäà÷à, êîãäà îñíîâ-
íàÿ öåëü ïðåäïðèÿòèé çàêëþ÷àåòñÿ íå â ìèíèìèçàöèè çàòðàò, à â ìàê-
ñèìèçàöèè ïðèáûëè. Äëÿ ýòîãî ââîäÿòñÿ ôóíêöèÿ ïðèáûëè è ôóíê-
öèÿ öåíû, ãäå ïîñëåäíÿÿ ÿâëÿåòñÿ îáðàòíîé ôóíêöèè ñïðîñà. Ïðåä-
ïîëàãàåòñÿ, ÷òî ðåãèîíàëüíûå ïðåäïðèÿòèÿ êîíêóðèðóþò ïî Êóðíî.
Â ìîäåëè íàéäåíî ðàâíîâåñèå ïî Íýøó [7], êîòîðîå ÿâëÿåòñÿ àáñîëþò-
íûì, ò.å. îíî îñòàåòñÿ ðàâíîâåñèåì ïî Íýøó â ëþáîé ïîäûãðå, íà÷è-
íàþùåéñÿ ñ ëþáîãî ïðîìåæóòî÷íîãî ìîìåíòà âðåìåíè èç ëþáîãî íà-
÷àëüíîãî ñîñòîÿíèÿ. Äëÿ íàõîæäåíèÿ ðåãèîíàëüíîãî êîîïåðàòèâíî-
ãî ñîãëàøåíèÿ ñïåöèàëüíûì îáðàçîì ïîñòðîåíà õàðàêòåðèñòè÷åñêàÿ
ôóíêöèÿ èãðû è äîêàçàíà å¼ ñóïåðàääèòèâíîñòü. Öåëü äàííîãî èñ-
ñëåäîâàíèÿ � ïîñòðîåíèå óñòîé÷èâîãî ìåõàíèçìà ïåðåðàñïðåäåëåíèÿ
ïðèáûëè ïðè äîëãîñðî÷íîé êîîïåðàöèè. Â êà÷åñòâå êîîïåðàòèâíîãî
ðåøåíèÿ äèôôåðåíöèàëüíîé èãðû âûáðàí äèíàìè÷åñêèé âåêòîð Øå-
ïëè [10], êîòîðûé îêàçûâàåòñÿ óñòîé÷èâûì.

Èñïîëüçóåìàÿ êîíöåïöèÿ óñòîé÷èâîñòè êîîïåðàòèâíîãî ðåøåíèÿ
âîñõîäèò ê ðàáîòå [2], ãäå âûäåëåíû òðè ñâîéñòâà óñòîé÷èâîé êî-
îïåðàöèè: äèíàìè÷åñêàÿ óñòîé÷èâîñòü (ñîñòîÿòåëüíîñòü âî âðåìåíè),
ñòðàòåãè÷åñêàÿ óñòîé÷èâîñòü è óñòîé÷èâîñòü ïðîòèâ èððàöèîíàëü-
íîãî ïîâåäåíèÿ. Ïåðâîå ñâîéñòâî - ýòî äèíàìè÷åñêàÿ óñòîé÷èâîñòü
êîîïåðàòèâíîãî ðåøåíèÿ. Âïåðâûå ïîíÿòèå äèíàìè÷åñêîé óñòîé÷è-
âîñòè áûëî ââåäåíî Ë.À. Ïåòðîñÿíîì â ðàáîòå [1]. Ïðè ýòîì ðåøåíèå
ÿâëÿåòñÿ äèíàìè÷åñêè óñòîé÷èâûì, åñëè îíî îáëàäàåò òàêèì ñâîé-
ñòâîì, ÷òî â êàæäûé ìîìåíò âðåìåíè ïðè äâèæåíèè âäîëü îïòèìàëü-
íîé òðàåêòîðèè èãðîêè ïðèäåðæèâàþòñÿ çàðàíåå âûáðàííîãî ïðèí-
öèïà îïòèìàëüíîñòè. Êîîïåðàòèâíîå ðåøåíèå ÿâëÿåòñÿ ñòðàòåãè÷å-
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ñêè óñòîé÷èâûì â òîì ñëó÷àå, åñëè èíäèâèäóàëüíûå îòêëîíåíèÿ èã-
ðîêîâ îêàçûâàþòñÿ íå âûãîäíû, ò. å. ñóùåñòâóåò ðàâíîâåñèå ïî Íýøó
êîòîðîå îñóùåñòâëÿåò ïîääåðæêó äàííîãî êîîïåðàòèâíîãî ðåøåíèÿ.
Óñòîé÷èâîñòü îò èððàöèîíàëüíîãî ïîâåäåíèÿ äîëæíà ðàññìàòðèâàòü-
ñÿ, ïîñêîëüêó íåò óâåðåííîñòè â òîì, ÷òî âñå ó÷àñòíèêè êîîïåðàöèè
áóäóò âåñòè ñåáÿ ðàöèîíàëüíî íà âñåì ïðîäîëæèòåëüíîì ïðîìåæóò-
êå ðåàëèçàöèè êîîïåðàòèâíîãî ñîãëàøåíèÿ. Ó÷àñòíèêè äîëæíû áûòü
óâåðåíû, ÷òî äàæå â ñëó÷àå ðåàëèçàöèè íàèõóäøåãî ñöåíàðèÿ (íàïðè-
ìåð, àííóëèðîâàíèÿ êîîïåðàòèâíîãî ñîãëàøåíèÿ) èõ âûèãðûø áóäåò
íå ìåíüøå, ÷åì ïðè èçíà÷àëüíîì íåêîîïåðàòèâíîì ïîâåäåíèè.

2. Ðåøåíèå çàäà÷è â ñëó÷àå êîíêóðåíöèè ïðåäïðèÿòèé

2.1. Ìàòåìàòè÷åñêàÿ ìîäåëü çàäà÷è
Ïðåäïîëîæèì, ÷òî íà ðåãèîíàëüíîì ðûíêå n ïðåäïðèÿòèé (èãðî-

êîâ) ïðîèçâîäÿò îäíîðîäíûé òîâàð. Îáîçíà÷èì ìíîæåñòâî èãðîêîâ
÷åðåç I = {1, 2, . . . , n}.

Îáîçíà÷èì òàêæå qi = qi(t) � îáúåì âûïóñêà ïðåäïðèÿòèÿ i â
ìîìåíò âðåìåíè t. Áóäåì ïðåäïîëàãàòü, ÷òî öåíà òîâàðà p = p(t) â
êàæäûé ìîìåíò âðåìåíè t èìååò âèä:

p(t) = a− bQ(t), (2.1)

ãäå a > 0, b > 0 � ïàðàìåòðû, Q(t) =
n∑

i=1

qi(t) � îáùèé îáúåì âûïóñêà
ïðîäóêöèè. Çäåñü ôóíêöèÿ öåíû p(t) ÿâëÿåòñÿ ôóíêöèåé îáðàòíîé
ôóíêöèè ñïðîñà:

Q = Q(t) =
a− p(t)

b
.

Ïðîèçâîäñòâåííûå èçäåðæêè ïðåäïðèÿòèé ïðåäïîëàãàþòñÿ ëèíåéíû-
ìè:

Ci(qi(t)) = cqi(t), c > 0, i ∈ I.

Áóäåì ïðåäïîëàãàòü, ÷òî èãðà íà÷èíàåòñÿ â ìîìåíò âðåìåíè t0 èç
íà÷àëüíîãî ñîñòîÿíèÿ s0, ãäå s0 � ýòî îáúåì çàãðÿçíåíèÿ â ìîìåíò t0,
è èìååò íåîãðàíè÷åííóþ ïðîäîëæèòåëüíîñòü. Îáîçíà÷èì ÷åðåç ei(t)

� âûáðîñû ïðåäïðèÿòèÿ i â ìîìåíò âðåìåíè t. Ïðåäïîëàãàåòñÿ, ÷òî
âûáðîñû ëèíåéíî çàâèñÿò îò îáúåìà ïðîèçâîäñòâà ïðåäïðèÿòèÿ i:

ei(qi(t)) = αqi(t), α > 0. (2.2)
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Ïîä ïàðàìåòðîì ēi áóäåì ïîíèìàòü íîðìàòèâ äîïóñòèìîãî âîçäåé-
ñòâèÿ íà îêðóæàþùóþ ñðåäó, à èìåííî ïîêàçàòåëü ÏÄÂ (ïðåäåëüíî
äîïóñòèìûé âûáðîñ), îïðåäåëÿþùèé ìàêñèìàëüíî ðàçðåøåííûé óðî-
âåíü âûáðîñîâ äëÿ ïðåäïðèÿòèÿ i 1:

0 ≤ ei(qi(t)) ≤ ēi. (2.3)

Èç ôîðìóëû (2.3) ñëåäóåò, ÷òî ìàêñèìàëüíûé äîïóñòèìûé îáúåì ïðî-
èçâîäñòâà ôèðìû i ðàâåí:

qmax
i =

ēi

α
,

òîãäà ìàêñèìàëüíî äîïóñòèìûé îáùèé îáúåì âûïóñêà ðàâåí:

Qmax =
ē

α
,

ãäå ē =
n∑

i=1

ēi. Áóäåì ïîëàãàòü, ÷òî ïàðàìåòðû ìîäåëè òàêîâû, ÷òî
âåðíî íåðàâåíñòâî:

a− c− b

α
ē ≥ 0,

êîòîðîå ãàðàíòèðóåò íåîòðèöàòåëüíîñòü öåíû (2.1).
Îáîçíà÷èì ÷åðåç s = s(t) � îáùåå çàãðÿçíåíèå ê ìîìåíòó t. Ïðåä-

ïîëàãàåòñÿ, ÷òî äèíàìèêà íàêîïëåíèÿ çàãðÿçíåíèÿ îïðåäåëÿåòñÿ äèô-
ôåðåíöèàëüíûì óðàâíåíèåì:

ṡ(t) =α

n∑

k=1

qi(t)− δs(t),

s(t0) = s0,

(2.4)

ãäå δ � êîýôôèöèåíò, îïðåäåëÿþùèé äîëþ ïðèðîäíî ïîãëîùåííîãî
çàãðÿçíåíèÿ, α > 0 � ïàðàìåòð. Ïðåäïîëàãàåòñÿ òàêæå, ÷òî êðîìå
ïðîèçâîäñòâåííûõ èçäåðæåê, êàæäîå ïðåäïðèÿòèå íåñåò åù¼ äâà òè-
ïà èçäåðæåê, íå ñâÿçàííûõ ñ îñíîâíîé äåÿòåëüíîñòüþ: èçäåðæêè íà

1Â ñîîòâåòñòâèè ñ ðîññèéñêèì ïðèðîäîîõðàííûì çàêîíîäàòåëüñòâîì, ïðåäåëü-
íî äîïóñòèìûå âûáðîñû ðàçðàáàòûâàþòñÿ ñàìîñòîÿòåëüíî êàæäûì ïðåäïðèÿòè-
åì, à ïîòîì óòâåðæäàþòñÿ ðåãèîíàëüíûì ýêîëîãè÷åñêèì êîìèòåòîì, ïîýòîìó èõ
çíà÷åíèÿ ðàçëè÷íû äëÿ êàæäîãî ïðåäïðèÿòèÿ (Ôåäåðàëüíûé çàêîí îò 10.01.2002
½Îá îõðàíå îêðóæàþùåé ñðåäû �, ñò. 23.).
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ïðèðîäîîõðàííûå ìåðîïðèÿòèÿ è èçäåðæêè íà âîçìåùåíèå óùåðáà
îò çàãðÿçíåíèÿ. Áóäåì ñ÷èòàòü, ÷òî èçäåðæêè íà ïðèðîäîîõðàííûå
ìåðîïðèÿòèÿ â ìîìåíò âðåìåíè t èìåþò âèä:

Ei(t) =
γ

2
ei(t)(2ēi − ei(t)) =

γ

2
αqi(2ēi − αqi),

γ > 0, 0 ≤ ei(t) ≤ ēi.

Ïîíÿòíî, ÷òî ôóíêöèÿ èçäåðæåê Ei(t) ÿâëÿåòñÿ âîçðàñòàþùåé è äî-
ñòèãàåò ìàêñèìàëüíîãî çíà÷åíèÿ â òî÷êå qi = ēi. Ýòà ôóíêöèÿ òàêæå
âûïóêëà ââåðõ, ÷òî ñîäåðæàòåëüíî ìîæíî òðàêòîâàòü òàê: ïðè ñíè-
æåíèè íà åäèíèöó îáúåìà ïðîèçâîäñòâà çàòðàòû íà ïðèðîäîîõðàííûå
ìåðîïðèÿòèÿ óâåëè÷èâàþòñÿ.

Áóäåì ñ÷èòàòü, ÷òî èçäåðæêè íà âîçìåùåíèå óùåðáà îò çàãðÿçíå-
íèÿ ëèíåéíî çàâèñÿò îò îáúåìà çàãðÿçíåíèÿ:

Di(s(t)) = πis(t), πi > 0, i ∈ I.

Ïîä óùåðáîì îò çàãðÿçíåíèÿ áóäåì ïîíèìàòü ýêîíîìè÷åñêèé óùåðá,
ò.å. ñîâîêóïíîñòü ìàòåðèàëüíîãî óùåðáà, óùåðáà çäîðîâüþ ãðàæäàí
è óùåðáà, íàíåñåííîãî îêðóæàþùåé ñðåäå ïðîèçâîäñòâåííîé äåÿòåëü-
íîñòüþ, â äåíåæíîì âûðàæåíèè. Áóäåì ïðåäïîëàãàòü, ÷òî êàæäîå
ïðåäïðèÿòèå ñòðåìèòñÿ ìàêñèìèçèðîâàòü ñâîþ îáùóþ ïðèáûëü, äèñ-
êîíòèðîâàííóþ íà íà÷àëüíûé ìîìåíò t0:

Πi(s0, t0; q) =

∞∫

t0

e−ρ(t−t0){pqi − Ci(qi)−Di(s)− Ei(qi)}dt, (2.5)

ãäå q = q(t) = (q1(t), q2(t), . . . , qn(t)), t ≥ t0 � òðàåêòîðèÿ âûïóñêà
ïðîäóêöèè, à 0 < ρ < 1 � ïðîöåíòíàÿ ñòàâêà.

2.2. Âû÷èñëåíèå ðàâíîâåñèÿ ïî Íýøó
Â ðàâíîâåñèè ïî Íýøó êàæäûé èãðîê ñòðåìèòñÿ ìàêñèìèçèðîâàòü

ñâîþ ïðèáûëü (2.5):

W ({i}, s, t) = max
qi

Πi(s, t; q) = max
qi

∞∫

t

e−ρ(τ−t){qi(a− bQ)−

−cqi − πis +
γ

2
αqi(αqi − 2ēi)}dτ, i ∈ I,
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ãäå äèíàìèêà íàêîïëåíèÿ çàãðÿçíåíèÿ s çàäàåòñÿ (2.4). Äëÿ íàõîæ-
äåíèÿ ðàâíîâåñèÿ ïî Íýøó íåîáõîäèìî ðåøèòü ñèñòåìó óðàâíåíèé
Ãàìèëüòîíà-ßêîáè-Áåëëìàíà. Îáîçíà÷èì ôóíêöèþ Áåëëìàíà äëÿ ýòîé
çàäà÷è ÷åðåç Wi = W ({i}, s, t). Âûøåóïîìÿíóòàÿ ñèñòåìà óðàâíåíèé
ìîæåò áûòü çàïèñàíà ñëåäóþùèì îáðàçîì:

ρWi = max
qi

{qi(a− bQ)− cqi−πis +
γα2

2
q2
i − γαēiqi+

+
∂Wi

∂s
(αQ− δs)}, i ∈ I.

(2.6)

Äèôôåðåíöèðóÿ ïðàâóþ ÷àñòü ôîðìóëû (2.6) ïî qi è ïðèðàâíèâàÿ
ïðîèçâîäíóþ íóëþ, íàõîäèì:

Pi = a− bQ− bqi − c + γα2qi − γαēi + α
∂Wi

∂s
.

Âû÷èñëèì âòîðóþ ïðîèçâîäíóþ Pi ïî qi:

dPi

dqi

= γα2 − 2b.

Òàêèì îáðàçîì, ìàêñèìóì ñóùåñòâóåò, êîãäà γα2 < 2b. Áóäåì èñêàòü
ôóíêöèè Áåëëìàíà Wi â ëèíåéíîé ôîðìå [5]:

Wi = Ais + Bi. (2.7)

Òîãäà
∂Wi

∂s
= Ai.

Ðåøàÿ ñèñòåìó óðàâíåíèé Pi = 0, i ∈ I îòíîñèòåëüíî qi, íàõîäèì:

q̂N
i =

1

b(n + 1)− α2γ

(
a− c− bα(A− γē)

b− α2γ

)
+

αAi − γαēi

b− α2γ
, i ∈ I,

ãäå A =
n∑

j=1

Aj, ē =
n∑

j=1

ēj.

Òîãäà ñòðàòåãèè èãðîêîâ â ðàâíîâåñèè ïî Íýøó ðàâíû:

qN
i =





0, q̂N
i < 0,

q̂N
i , 0 ≤ q̂N

i ≤ ēi

α
,

ēi

α
,

ēi

α
≤ q̂N

i .

(2.8)
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Â äàííîì èññëåäîâàíèè îãðàíè÷èìñÿ ñëó÷àåì, êîãäà 0 ≤ qN
i ≤ ēi

α
.

Áóäåì ïðåäïîëàãàòü, ÷òî ïàðàìåòðû ìîäåëè òàêîâû, ÷òî q̂N
i ∈ [0, ēi

α
].

Ïîäñòàâëÿÿ (2.7) â ñèñòåìó (2.6), íàõîäèì:

Ai = − πi

ρ + δ
,

Bi =
1

ρ

(
(a− c)qN

i − bqN
i QN+αAiQ

N +
γα2

2
(qN

i )2 − γαēiq
N
i

)
,

ãäå qN
i îïðåäåëÿþòñÿ ôîðìóëîé (2.8), à QN =

n∑
j=1

qN
j . Íàéäåì òåïåðü

ðàâíîâåñíóþ ïî Íýøó òðàåêòîðèþ. Ïîäñòàâëÿÿ íàéäåííûå ñòðàòåãèè
èãðîêîâ (2.8) â óðàâíåíèå äèíàìèêè (2.4) è ðåøàÿ åãî ïîëó÷àåì:

sN(t) = (s0 − α

δ
QN)e−δ(t−t0) +

α

δ
QN ,

ãäå
QN =

n(a− c) + αA− γαē

b(n + 1)− α2γ
. (2.9)

Â ñèëó òîãî, ÷òî ðàâíîâåñèå ïî Íýøó ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû
óðàâíåíèé Ãàìèëüòîíà�ßêîáè�Áåëëìàíà, îíî ÿâëÿåòñÿ àáñîëþòíûì
ðàâíîâåñèåì, ò.å îñòàåòñÿ òàêîâûì â ëþáîé ïîäûãðå ñ ëþáûìè íà-
÷àëüíûìè óñëîâèÿìè.

3. Õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ êîîïåðàòèâíîé èãðû
Äëÿ ïîñòðîåíèÿ êîîïåðàòèâíîãî ðåøåíèÿ â çàäà÷å ýêîëîãè÷åñêî-

ãî ïðîèçâîäñòâà îïðåäåëèì õàðàêòåðèñòè÷åñêóþ ôóíêöèþ V (K, s, t)

ýòîé èãðû. Èäåÿ ïîñòðîåíèÿ õàðàêòåðèñòè÷åñêîé ôóíêöèè ñëåäóþ-
ùàÿ (ñì. [8]). Êîãäà çíà÷åíèå õàðàêòåðèñòè÷åñêîé ôóíêöèè âû÷èñ-
ëÿåòñÿ äëÿ êîàëèöèè K, òî äåéñòâèÿ èãðîêîâ èç K ïðåäñòàâëÿþò
ñîáîé íàèëó÷øèé îòâåò íà ôèêñèðîâàííîå ðàâíîâåñèå ïî Íýøó. Äàí-
íûé ïîäõîä ê âû÷èñëåíèþ õàðàêòåðèñòè÷åñêîé ôóíêöèè èìååò ñâîè
íåäîñòàòêè è äîñòîèíñòâà. Äîñòîèíñòâî çàêëþ÷àåòñÿ â òîì, ÷òî òà-
êîé ïîäõîä ïîçâîëÿåò ñóùåñòâåííî ñîêðàòèòü ÷èñëî âû÷èñëèòåëüíûõ
îïåðàöèé ïî ñðàâíåíèþ ñî ñòàíäàðòíûì ïîäõîäîì, êîãäà V (K, s, t)

ïðåäñòàâëÿåò ñîáîé ìàêñèìàëüíûé ãàðàíòèðîâàííûé âûèãðûø êîà-
ëèöèè K, åñëè äàæå îñòàëüíûå èãðîêè îáúåäèíÿþòñÿ â äîïîëíèòåëü-
íóþ êîàëèöèþ I\K. Íåäîñòàòêîì ïîäõîäà ÿâëÿåòñÿ òîò ôàêò, ÷òî
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õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ, âû÷èñëåííàÿ òàêèì îáðàçîì, â îáùåì
ñëó÷àå íå ÿâëÿåòñÿ ñóïåðàääèòèâíîé.

3.1. Çíà÷åíèå õàðàêòåðèñòè÷åñêîé ôóíêöèè äëÿ ïðîèçâîëü-
íîé êîàëèöèè

Çíà÷åíèå õàðàêòåðèñòè÷åñêîé ôóíêöèè äëÿ ïðîèçâîëüíîé êîàëè-
öèè K áóäåì âû÷èñëÿòü, ðåøàÿ óðàâíåíèå Ãàìèëüòîíà-ßêîáè-Áåëë-
ìàíà. Ôóíêöèÿ Áåëëìàíà W (K, s, t) ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé
çàäà÷è ìàêñèìèçàöèè:

W (K, s, t) = max
qj∈K

∑
j∈K

Πj(s, t; q) =

= max
qj∈K

∑
j∈K

∞∫

t

e−ρ(τ−t){qi(a− bQ)− cqi − πis+

+
γ

2
αqi(αqi − 2ēi)}dτ,

(3.1)

ãäå äèíàìèêà çàäàåòñÿ ôîðìóëîé (2.4). Îáîçíà÷èì ÷åðåç WK =

W (K, s, t) ôóíêöèþ Áåëëìàíà çàäà÷è (3.1). Ðåøåíèå çàäà÷è (3.1)
ýêâèâàëåíòíî ðåøåíèþ ñëåäóþùåãî óðàâíåíèÿ Ãàìèëüòîíà-ßêîáè-
Áåëëìàíà:

ρWK = max
qj∈K

{
∑
j∈K

qj(a− bQ)− c
∑
j∈K

qj −
∑
j∈K

πjs+

+
γα2

2

∑
j∈K

q2
j − γα

∑
j∈K

ējqj +
∂WK

∂s
(αQ− δs)}.

(3.2)

Äëÿ íàõîæäåíèÿ íàèëó÷øèõ îòâåòîâ èãðîêîâ qK
i , i ∈ K íàéäåì ïðî-

èçâîäíóþ ïðàâîé ÷àñòè óðàâíåíèÿ (3.2) ïî qi:

dPK

dqi

= a− bQ− b
∑
j∈K

qj − c + γα2qi − γαēi + α
∂WK

∂s
.

Âñïîìíèì, ÷òî èãðîêè, íå âõîäÿùèå â êîàëèöèþ K, äåéñòâóþò ñî-
ãëàñíî ôèêñèðîâàííûì ðàâíîâåñíûì ïî Íýøó ñòðàòåãèÿì, ò. å. qK

i =

qN
i , i ∈ I\K. Òîãäà qK

i , i ∈ K ìîãóò áûòü íàéäåíû èç ñèñòåìû:

a− c− b
∑

j∈I\K
qN
j −2b

∑
j∈K

qK
j +γα2qi−γαēi +α

∂WK

∂s
= 0, i ∈ K. (3.3)
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Ñóììèðóÿ (3.3) ïî i ∈ K, íàõîäèì:
∑
i∈K

qK
i =

1

2bk − α2γ
(k(a− c)− γαēK + αk

∂WK

∂s
− bk

∑

j∈I\K
qN
j ), (3.4)

ãäå ēK =
∑
j∈K

ēj, k = |K| � êîëè÷åñòâî ýëåìåíòîâ â ìíîæåñòâå K.

Ïîäñòàâëÿÿ (3.4) â (3.3), íàõîäèì qK
i :

qK
i = − 1

α2γ
(a− c− b

∑

j∈I\K
qN
j − 2b

∑
j∈K

qK
j − γαēi + α

∂WK

∂s
), (3.5)

ãäå qN
j îïðåäåëÿþòñÿ ôîðìóëîé (2.8).

Ôóíêöèþ Áåëëìàíà áóäåì èñêàòü â ëèíåéíîé ôîðìå:

WK = AKs + BK . (3.6)

Ïîäñòàâëÿÿ (3.6) è (3.5) â óðàâíåíèå (3.2), íàõîäèì êîýôôèöèåíòû:

AK =
∂WK

∂s
= −

∑
j∈K

πj

ρ + δ
,

BK =
1

ρ
((a− c)

∑
j∈K

qK
j −b

∑
j∈K

qK
j (

∑
j∈K

qK
j +

∑

j∈I\K
qN
j )+

+αAK(
∑
j∈K

qK
j +

∑

j∈I\K
qN
j )+

γα2

2

∑
j∈K

(qK
j )2 − γα

∑
j∈K

ējq
K
j ) .

(3.7)

Èç (3.4), (2.8) è (3.5) ïîëó÷àåì:

qK
i =

ēi

α
+

1

2bk − α2γ

((a− c)(b(k + 1)− α2γ)

b(n + 1)− α2γ
−

−αb(A− γē)(b(k + 1)− α2γ)

(b− α2γ)(b(n + 1)− α2γ)
+

2b− α2γ

b− α2γ
(αAK − b

α
ēK)

)
.

(3.8)

Åñëè ñôîðìèðîâàëàñü êîàëèöèÿ K, òî å¼ òðàåêòîðèÿ sK(t) èìååò âèä:

sK(t) = (s0 − α

δ
(qK +

∑

j∈I\K
qN
j ))e−δ(t−t0) +

α

δ
(qK +

∑

j∈I\K
qN
j ), (3.9)

ãäå

qK =
∑
j∈K

qK
j =

1

2bk − α2γ
(k(a− c)− γαēK + αkAK − bk

∑

j∈I\K
qN
j ).
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3.2. Çíà÷åíèå õàðàêòåðèñòè÷åñêîé ôóíêöèè äëÿ ìàêñèìàëü-

íîé êîàëèöèè
Ðàññìîòðèì òåïåðü ñëó÷àé ïîëíîé êîîïåðàöèè, ò.å. ñëó÷àé, êî-

ãäà èãðîêè îáúåäèíÿþòñÿ â ìàêñèìàëüíóþ êîàëèöèþ. Îïòèìàëüíûå
(êîîïåðàòèâíûå) ñòðàòåãèè èãðîêîâ qI

i ìîãóò áûòü ïîëó÷åíû ïîäñòà-
íîâêîé ñîîòâåòñòâóþùèõ ïàðàìåòðîâ â ôîðìóëó (3.8):

qI
i =

ēi

α
+

1

2bn− α2γ
(a− c + αA− 2b

α
ē).

Ìîæíî ïîêàçàòü, ÷òî 0 ≤ qI
i ≤ ēi

α
, åñëè 0 ≤ qN

i ≤ ēi

α
.

Îïòèìàëüíàÿ (êîîïåðàòèâíàÿ) òðàåêòîðèÿ sI(t) èìååò âèä:

sI(t) = (s0 − α

δ
QI)e−δ(t−t0) +

α

δ
QI , (3.10)

ãäå
QI =

∑
j∈I

qI
j =

n(a− c) + αnA− αγē

2bn− α2γ
. (3.11)

Ôóíêöèÿ Áåëëìàíà äëÿ ìàêñèìàëüíîé êîàëèöèè èìååò âèä:

WI(s, t) = W = As + B, (3.12)

ãäå

A = −

∑
j∈I

πj

ρ + δ
,

B =
1

ρ
((a− c)QI − b(qI)2 + αAQI+

γα2

2

∑
j∈I

(qI
j )

2 − γα
∑
j∈I

ējq
I
j ).

Ëåììà 3.1. Åñëè QI , QN ≥ 0, òî çàãðÿçíåíèå â ñëó÷àå ïîëíîé êî-
îïåðàöèè íå áîëüøå, ÷åì çàãðÿçíåíèå â ðàâíîâåñèè ïî Íýøó, ò.å.

sI(t) ≤ sN(t).

Äîêàçàòåëüñòâî. Èç ôîðìóë (2.9) è (3.11) î÷åâèäíî, ÷òî QN > QI .
Ðàññìàòðèâàÿ ðàçíîñòü, èìååì:

sN(t)− sI(t) =
α

δ
(QN −QI)(1− e−δ(t−t0)) ≥ 0.
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Ïîäûòîæèâàÿ ðåçóëüòàòû ðàçäåëà 3, ïîëó÷àåì ÿâíûé âèä õàðàê-
òåðèñòè÷åñêîé ôóíêöèè êîîïåðàòèâíîé èãðû:

V (L, s, t) =





0, L = ∅
W ({i}, s, t), L = {i}
W (I, s, t), L = I

W (K, s, t), L = K

, (3.13)

ãäå W ({i}, s, t), W (K, s, t), W (I, s, t) çàäàþòñÿ ôîðìóëàìè (2.7), (3.6),
(3.12).

4. Ñóïåðàääèòèâíîñòü õàðàêòåðèñòè÷åñêîé ôóíêöèè
Êàê óæå îòìå÷àëîñü ðàíåå, õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ (3.13) â

îáùåì ñëó÷àå íå ÿâëÿåòñÿ ñóïåðàääèòèâíîé. Ïîýòîìó ïðîâåðêà ñâîé-
ñòâà ñóïåðàääèòèâíîñòè ÿâëÿåòñÿ ñàìîñòîÿòåëüíîé çàäà÷åé. Ïî ïðè-
÷èíå ãðîìîçäêîñòè ôîðìóë è âûêëàäîê ïðè äîêàçàòåëüñòâå â îáùåì
ñëó÷àå, ïðèâåäåì çäåñü äîêàçàòåëüñòâî òåîðåìû î ñóïåðàääèòèâíî-
ñòè òîëüêî äëÿ ñèììåòðè÷íîãî ñëó÷àÿ. Äëÿ äîêàçàòåëüñòâà áóäåì
ïðåäïîëàãàòü, ÷òî:

ei = ê, Ai = Â, i ∈ I.

Òåîðåìà 4.1. Õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ (3.13) óäîâëåòâîðÿåò
ñâîéñòâó ñóïåðàääèòèâíîñòè, äëÿ ëþáûõ s = s(t) è t ≥ t0:

V (K ∪ L, s, t) ≥ V (K, s, t) + V (L, s, t), K, L ⊂ I.

Äîêàçàòåëüñòâî. Äëÿ äîêàçàòåëüñòâà ñâîéñòâà ñóïåðàääèòèâíîñòè
íåîáõîäèìî ïîêàçàòü, ÷òî:

V (K ∪ L, s, t)− V (K, s, t)− V (L, s, t) =

= AK∪LsK∪L − AKsK − ALsL + BK∪L −BK −BL ≥ 0.

Äîêàçàòåëüñòâî áóäåì ïðîâîäèòü â äâà ýòàïà. Ñíà÷àëà äîêàæåì, ÷òî

AK∪LsK∪L − AKsK − ALsL ≥ 0. (4.1)

Äëÿ ýòîãî ðàññìîòðèì ëåâóþ ÷àñòü (4.1):

AK∪LsK∪L − AKsK − ALsL = AK(sK∪L − sK) + AL(sK∪L − sL).
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Èç ôîðìóëû (3.9) ñëåäóåò, ÷òî

sK = s0e
−δ(t−t0) +

α

δ
(qK + qI\K)(1− e−δ(t−t0)),

ãäå qI\K =
∑

j∈I\K
qN
j . Òîãäà

sK∪L − sK =
α

δ
(1− e−δ(t−t0))(qK∪L − qK + qI\(K∪L) − qI\K) =

=
α

δ
(1− e−δ(t−t0))(

∑
K

qK∪L
j −

∑
K

qK
j +

∑
L

qK∪L
j −

∑
L

qN
j ).

Ïîëüçóÿñü ôîðìóëîé (3.8), ïîëó÷àåì:
∑
K

qK∪L
j −

∑
K

qK
j = − klb(2b− α2γ)

(2bk − α2γ)(2b(k + l)− α2γ)
(

a− c

b(n + 1)− α2γ
−

− α(A− γē)

(b− α2γ)(b(n + 1)− α2γ)
)− α2γlk

(2bk − α2γ)(2b(k + l)− α2γ)
2b− α2γ

b− α2γ
(αÂ− b

α
ê) = − klb(2b− α2γ)

(2bk − α2γ)(2b(k + l)− α2γ)
(

a− c

b(n + 1)− α2γ
−

− α(A− γē)

(b− α2γ)(b(n + 1)− α2γ)
+

α2γ

b(b− α2γ)
(αÂ− b

α
ê)) =

= − klb(2b− α2γ)

(2bk − α2γ)(2b(k + l)− α2γ)
(

a− c

b(n + 1)− α2γ
−

− α(A− γē)

(b− α2γ)(b(n + 1)− α2γ)
+

αÂ− b
α
ê

b− α2γ
− αÂ

b
+

ê

α
) =

= − lb(2b− α2γ)

(2bk − α2γ)(2b(k + l)− α2γ)
(qK − αÂ

b
) < 0.

Àíàëîãè÷íûì îáðàçîì ìîæíî äîêàçàòü, ÷òî
∑

L

qK∪L
j −

∑
L

qN
j < 0, (4.2)

à çíà÷èò è sK∪L − sK < 0. Îòñþäà ñëåäóåò, ÷òî AK(sK∪L − sK) > 0 è,
àíàëîãè÷íî, AL(sK∪L − sL) > 0. Èòàê íåðàâåíñòâî (4.1) äîêàçàíî.

Äàëåå äîêàæåì, ÷òî BK∪L −BK −BL ≥ 0.
Ðàññìîòðèì ðàçíîñòü, ïîäñòàâëÿÿ (3.7):

ρ(BK∪L − BK − BL) = (a − c)(qK∪L − qK − qL) + αAK∪L(qK∪L +

qI\(K∪L))−αAK(qK + qI\K)−αAL(qL + qI\L)− bqK∪L(qK∪L + qI\(K∪L))+
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bqK(qK+qI\K)+bqL(qL+qI\L)+
γα2

2
(
∑
K∪L

qK∪L
j (qK∪L

j −2ēj

α
)−

∑
K

qK
j (qK

j −
2ēj

α
)−

∑
L

qL
j (qL

j −
2ēj

α
)).

Ïîñëå íåêîòîðûõ óïðîùåíèé, ìîæíî ïîëó÷èòü:

ρ(BK∪L−BK−BL) = αAL(
1

2

∑
K

qK∪L
j +

1

2
qK−qK)+αAK(

1

2

∑
L

qK∪L
j +

1

2
qL− qL)+

b

2

∑
K

qK∪L
j (qL− qL)+

b

2
qL(qK−

∑
K

qK∪L
j )+

b

2

∑
L

qK∪L
j (qK−

qK) +
b

2
qK(qL −

∑
L

qK∪L
j ) ≥ 0,

÷òî âåðíî âñëåäñòâèå (4.2).

5. Óñòîé÷èâîñòü äèíàìè÷åñêîãî âåêòîðà Øåïëè

5.1. Êîîïåðàòèâíîå ðåøåíèå äèôôåðåíöèàëüíîé èãðû
Ïóñòü sI(t), t ≥ t0 - ýòî îïòèìàëüíàÿ (êîîïåðàòèâíàÿ) òðàåêòî-

ðèÿ, ìàêñèìèçèðóþùàÿ ñóììó âûèãðûøåé èãðîêîâ è èãðîêè ñîãëàñ-
íû ðàçäåëèòü ìàêñèìàëüíûé ñóììàðíûé âûèãðûø V (I, s0, t0) â ñîîò-
âåòñòâèè ñ íåêîòîðûì äåëåæîì. Ïðåäïîëîæèì, ÷òî â êà÷åñòâå äåëåæà
áûë âûáðàí äèíàìè÷åñêèé âåêòîð Øåïëè:

Sh(s, t) = (Sh1(s, t), Sh2(s, t), . . . , Shn(s, t)),

êîìïîíåíòû êîòîðîãî îïðåäåëÿþòñÿ ïî ôîðìóëå:

Shi(s, t) =
∑
K3i

(n− k)!(k − 1)!

n!
[V (K, s, t)− V (K\{i}, s, t)].

Çäåñü ìû íå ïðèâîäèì ÿâíûé âèä âåêòîðà Øåïëè äëÿ äàííîé ìîäå-
ëè ââèäó å¼ ÷ðåçìåðíîé ãðîìîçäêîñòè. Ïðè ýòîì ñòðóêòóðà âåêòîðà
Øåïëè èìååò âèä:

Shi(s, t) = Ais(t) + Bshi, (5.1)
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ãäå êîýôôèöèåíò Bshi âû÷èñëÿåòñÿ êàê âåêòîð Øåïëè â ñòàòè÷åñêîé
èãðå ñ õàðàêòåðèñòè÷åñêîé ôóíêöèåé:

V (K) = BK , K ∈ I.

5.2. Äèíàìè÷åñêàÿ óñòîé÷èâîñòü âåêòîðà Øåïëè
Ïîä äèíàìè÷åñêè óñòîé÷èâûì êîîïåðàòèâíûì ðåøåíèåì ïîíèìà-

åòñÿ òàêîé äåëåæ, êîòîðûé îñòàåòñÿ îïòèìàëüíûì â ëþáîé ïîäûãðå
âäîëü îïòèìàëüíîé òðàåêòîðèè â ñîîòâåòñòâèè ñ âûáðàííûì ïðèí-
öèïîì îïòèìàëüíîñòè. Ïðèâåäåì ñòðîãèå îïðåäåëåíèÿ äèíàìè÷åñêîé
óñòîé÷èâîñòè, ñëåäóÿ ðàáîòå [8]. Äëÿ ýòîãî ðàññìîòðèì ïîäûãðû
Γ(sI(t), t) èñõîäíîé èãðû ñ íà÷àëüíûìè óñëîâèÿìè (sI(t), t) íà îïòè-
ìàëüíîé òðàåêòîðèè è îáîçíà÷èì ÷åðåç Shi(s

I(t), t) âåêòîð Øåïëè, â
ñîîòâåòñòâóþùåé ïîäûãðå Γ(sI(t), t).

Îïðåäåëåíèå 5.1. Âåêòîð β(t) = (β1(t), β2(t), . . . , βn(t)) íàçûâàåò-
ñÿ ïðîöåäóðîé ðàñïðåäåëåíèÿ äåëåæà (ÏÐÄ) â ñîîòâåòñòâèè ñ âåê-
òîðîì Øåïëè, åñëè

Shi(s0, t0) =

∞∫

t0

e−ρ(t−t0)βi(t)dt, i ∈ I.

Îïðåäåëåíèå 5.2. Âåêòîð β(t) = (β1(t), β2(t), . . . , βn(t)) � äèíàìè-
÷åñêè-óñòîé÷èâàÿ ÏÐÄ, åñëè ïðè ëþáûõ íà÷àëüíûõ (sI(t), t), ïðè ëþ-
áîì t ∈ [t0,∞) âûïîëíÿåòñÿ ñëåäóþùåå óñëîâèå:

Shi(s0, t0) =

t∫

t0

e−ρ(τ−t0)βi(τ)dτ + e−ρ(t−t0)Shi(s
I(t), t),

t ∈ [t0,∞), i ∈ I.

(5.2)

Òåîðåìà 5.1. Âåêòîð β(t) = (β1(t), β2(t), . . . , βn(t)), ãäå β(t) çàäàåò-
ñÿ ôîðìóëîé

βi(t) = ρShi(s
I(t), t)− d

dt
Shi(s

I(t), t)

- äèíàìè÷åñêè-óñòîé÷èâàÿ ÏÐÄ.
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Äîêàçàòåëüñòâî òåîðåìû 5.1 ïðèâåäåíî â [8]. Òàêèì îáðàçîì âåê-
òîð Øåïëè (5.1), ÿâëÿåòñÿ äèíàìè÷åñêè-óñòîé÷èâûì, ïðè ýòîì ïðî-
öåäóðà ðàñïðåäåëåíèÿ äåëåæà èìååò âèä:

βi(t) = −πis
I(t)− αQIAi + ρBshi. (5.3)

5.3. Ñâîéñòâî ñòðàòåãè÷åñêîé óñòîé÷èâîñòè
Ïðîöåäóðà ðàñïðåäåëåíèÿ äåëåæà (5.3) ãàðàíòèðóåò äèíàìè÷å-

ñêóþ óñòîé÷èâîñòü âåêòîðà Øåïëè, à ïîýòîìó è èíäèâèäóàëüíóþ ðà-
öèîíàëüíîñòü ðåøåíèÿ Sh(sI(t), t) â êàæäîé ïîäûãðå Γ(sI(t), t) âäîëü
êîîïåðàòèâíîé òðàåêòîðèè sI(t). Ïóñòü Vi(s0, t0) � ýòî âûèãðûø èã-
ðîêà i â èãðå Γ(x0, t0) â ðàâíîâåñèè ïî Íýøó. Ðàññìîòðèì ïîäûã-
ðû Γ(sI(t), t), t ∈ [t0,∞] âäîëü êîîïåðàòèâíîé òðàåêòîðèè sI(t). Åñ-
ëè β(t) = (β1(t), β2(t), . . . , βn(t)) � äèíàìè÷åñêè óñòîé÷èâàÿ ÏÐÄ, òî
äîëæíû âûïîëíÿòüñÿ ñëåäóþùèå óñëîâèÿ:

∞∫

t0

e−ρ(t−t0)βi(t)dt = Shi(t0, s0),

∞∫

t

e−ρ(τ−t)βi(τ)dτ ≥ Vi(s
I(t), t), i ∈ I,

ãäå Vi(s
I(t), t) � ðàâíîâåñíûé âûèãðûø èãðîêà i â ïîäûãðå Γ(sI(t), t).

Íî
∞∫
t

e−ρ(τ−t)βi(τ)dτ � ýòî âûèãðûø èãðîêà i ïðè êîîïåðàöèè â èãðå

Γ(sI(t), t), êîòîðûé èíäèâèäóàëüíî ðàöèîíàëåí. Â ñòàòüå [2] äîêàçà-
íà òåîðåìà, èç êîòîðîé ñëåäóåò, ÷òî äëÿ ëþáîãî ε > 0 ñóùåñòâóåò
ε-ðàâíîâåñèå ïî Íýøó, ïðè÷åì âûèãðûøè èãðîêîâ â ýòîì ðàâíîâåñèè
â òî÷íîñòè ðàâíû Sh(s0, t0) = (Sh1(s0, t0), Sh2(s0, t0), . . . , Shn(s0, t0)).
Ýòî îçíà÷àåò, ÷òî âåêòîð Øåïëè (êîîïåðàòèâíîå ðåøåíèå) ñòðàòåãè-
÷åñêè ïîääåðæàí íåêîòîðûì ñïåöèàëüíî ïîñòðîåííûì ε-ðàâíîâåñèåì
ïî Íýøó â èãðå Γ(s0, t0).

5.4. Óñëîâèå ßíãà äëÿ óñòîé÷èâîãî êîîïåðàòèâíîãî ðåøåíèÿ
Êîìïîíåíòû ïîñòðîåííîãî êîîïåðàòèâíîãî ðåøåíèÿ â êàæäîé ïîä-

ûãðå Γ(sI(t), t) óäîâëåòâîðÿþò óñëîâèÿì èíäèâèäóàëüíîé è êîëëåê-
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òèâíîé ðàöèîíàëüíîñòè. Êðîìå òîãî, âåêòîð Øåïëè ÿâëÿåòñÿ äèíà-
ìè÷åñêè è ñòðàòåãè÷åñêè óñòîé÷èâûì. Òåì íå ìåíåå, ýòî íå ãàðàí-
òèðóåò òîãî, ÷òî îòäåëüíûå èãðîêè èëè ãðóïïû èãðîêîâ íå áóäóò
ïðåäïðèíèìàòü èððàöèîíàëüíûõ äåéñòâèé, ñëåäñòâèåì êîòîðûõ ìî-
æåò ñòàòü îòêàç îñòàëüíûõ èãðîêîâ îò ïðîäîëæåíèÿ êîîïåðàòèâíî-
ãî ñîãëàøåíèÿ. Òàêóþ ñèòóàöèþ áóäåì íàçûâàòü èððàöèîíàëüíûì
ïîâåäåíèåì. Ïîýòîìó æåëàòåëüíîå ñâîéñòâî óñòîé÷èâîãî ñîãëàøåíèÿ
çàêëþ÷àåòñÿ â òîì, ÷òî äàæå â ñëó÷àå îòêàçà îò êîîïåðàòèâíîãî ñî-
ãëàøåíèÿ â ëþáîé ìîìåíò t ≥ t0, êàæäûé èãðîê îæèäàåò ïîëó÷èòü
âûèãðûø íå ìåíüøå, ÷åì åñëè áû îí äåéñòâîâàë èíäèâèäóàëüíî. Òà-
êîå ñâîéñòâî óñòîé÷èâîñòè êîîïåðàòèâíîãî ðåøåíèÿ áóäåì íàçûâàòü
óñòîé÷èâîñòüþ ïðîòèâ èððàöèîíàëüíîãî ïîâåäåíèÿ. Ôîðìàëüíî óêà-
çàííîå ñâîéñòâî ïåðâûå áûëî ñôîðìóëèðîâàíî Ä.Â.Ê. ßíãîì â ðàáîòå
[12] â âèäå óñëîâèÿ (óñëîâèå ßíãà):

Vi(x0, t0) ≤ Vi(x
I(t), t) +

t∫

t0

βi(τ)dτ, t ≥ t0, i ∈ I,

ãäå Vi(x, t) � ýòî âûèãðûø èãðîêà i â ðàâíîâåñèè ïî Íýøó â èãðå,
íà÷èíàþùåéñÿ â ìîìåíò t èç ñîñòîÿíèÿ x, βi(t) � ïðîöåäóðà ðàñïðå-
äåëåíèÿ. Â íàøåì ñëó÷àå óñëîâèå Ä.Â.Ê. ßíãà ïðèíèìàåò âèä:

Vi(s0, t0) ≤ e−ρ(t−t0)Vi(s
I(t), t)+

t∫

t0

e−ρ(τ−t0)βi(τ)dτ, t ≥ t0, i ∈ I. (5.4)

Òîãäà ïðîöåäóðà ðàñïðåäåëåíèÿ äåëåæà βi(t), çàäàííàÿ ôîðìóëîé
(5.3), ìîæåò áûòü ïåðåïèñàíà â âèäå:

βi(t) = −πis
I(t) + Fi,

à îïòèìàëüíàÿ òðàåêòîðèÿ (3.10) ïðèìåò âèä:

SI(t) = (s0 −G)e−δ(t−t0) + G,

ãäå G =
α

δ
QI . Âû÷èñëèì ñíà÷àëà èíòåãðàë â ïðàâîé ÷àñòè íåðàâåí-
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ñòâà (5.4):
t∫

t0

e−ρ(τ−t0)βi(τ)dτ =

t∫

t0

e−ρ(τ−t0)(−πi((s0−G)e−δ(τ−t0) +G)+Fi)dτ =

=

(
e−ρ(τ−t0)

(πi(s0 −G)

ρ + δ
e−δ(τ−t0) +

πiG

ρ
− Fi

ρ

))∣∣∣∣
t

t0

=

= e−ρ(t−t0)
(
−Ai(s0−D2)e

−δ(t−t0)+
πiG

ρ
−Fi

ρ

)
+Ai(s0−G)− πiG

ρ
+

Fi

ρ
.

Òîãäà ëåâàÿ ÷àñòü ôîðìóëû (5.4) ïðèìåò âèä:
t∫

t0

e−ρ(τ−t0)βi(τ)dτ + e−ρ(t−t0)Vi(s
I(t), t) =

= e−ρ(t−t0)

(
−δ

ρ
AiG + Bi − Fi

ρ

)
+Ai(s0 −G)− πi

ρ
G +

Fi

ρ
.

Ïðàâàÿ ÷àñòü ôîðìóëû (5.4) ðàâíà:

Vi(s0, t0) = Ais0 + Bi.

Ðàññìîòðèì òåïåðü ðàçíîñòü ëåâîé è ïðàâîé ÷àñòè. Äëÿ äîêàçàòåëü-
ñòâà íåðàâåíñòâà (5.4) íåîáõîäèìî äîêàçàòü, ÷òî

(
1− e−ρ(t−t0)

) (
δ

ρ
AiG−Bi +

Fi

ρ

)
≥ 0. (5.5)

Ïîíÿòíî, ÷òî 1 − e−ρ(t−t0) > 0 ïðè ëþáîì t > t0 è e−ρ(t−t0) − 1 = 0

ïðè t = t0. Ïîýòîìó óñëîâèå ßíãà âûïîëíåíî â íà÷àëüíûé ìîìåíò
âðåìåíè t0. Îáîçíà÷èì ÷åðåç

θ =
δ

ρ
AiG−Bi +

Fi

ρ
.

Åñëè êîíñòàíòà θ ≥ 0, òî óñëîâèå (5.5) âûïîëíåíî ïðè ëþáîì t ≥ t0,
åñëè æå θ < 0, òî óñëîâèå âåðíî òîëüêî â íà÷àëüíûé ìîìåíò âðåìå-
íè. Ïîêàæåì, ÷òî ñóùåñòâóåò ìîìåíò âðåìåíè T > t0, ïðè êîòîðîì
óñëîâèå ßíãà âûïîëíåíî. Åñëè ýòî âåðíî, òî θ ≥ 0.

Ïîñêîëüêó β(t) � äèíàìè÷åñêè óñòîé÷èâàÿ ÏÐÄ, òî óñëîâèå (5.4)
ìîæíî ïåðåïèñàòü, èñïîëüçóÿ ôîðìóëó (5.2), â âèäå:

Shi(s0, t0)− Vi(s0, t0) + e−ρ(t−t0)(Vi(s
I(t), t)− Shi(s

I(t), t)) ≥ 0. (5.6)
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Ïîñêîëüêó Vi(s
I(t), t) è Shi(s

I(t), t) � îãðàíè÷åííûå ôóíêöèè, à e−ρ(t−t0)

� áåñêîíå÷íî ìàëà ïðè t →∞, âåðíî ÷òî

lim
t→∞

e−ρ(t−t0)(Vi(s
I(t), t)− Shi(s

I(t), t)) = 0,

à ïîýòîìó, ïåðåõîäÿ ê ïðåäåëó ïðè t →∞ â íåðàâåíñòâå (5.6), ïîëó-
÷àåì, ÷òî

Shi(s0, t0) ≥ Vi(s0, t0).

Ýòî âåðíîå ðàâåíñòâî, âñëåäñòâèå èíäèâèäóàëüíîé ðàöèîíàëüíîñòè.
Îáîçíà÷èì ÷åðåç ε = Shi(s0, t0)− Vi(s0, t0). Ïî îïðåäåëåíèþ ïðåäåëà,
ñóùåñòâóåò òàêîå T > 0, ÷òî ïðè ëþáîì t > T âûïîëíåíî íåðàâåíñòâî

∣∣e−ρ(t−t0)(Vi(s
I(t), t)− Shi(s

I(t), t))
∣∣ < ε.

Òåì ñàìûì ìû äîêàçàëè, ÷òî θ ≥ 0, è íåðàâåíñòâî (5.5) âåðíî ïðè
ëþáîì t ≥ 0, ÷òî è òðåáîâàëîñü äîêàçàòü.

6. ×èñëîâîé ïðèìåð âû÷èñëåíèÿ óñòîé÷èâîãî âåêòîðà Øåï-
ëè

Âñå âû÷èñëåíèÿ ïðîèçâîäèëèñü â ïðîãðàììíîì ïàêåòå MAPLE 10.

6.1. Ïàðàìåòðû ìîäåëè
Â êà÷åñòâå ïðèìåðà ðàññìîòðèì ìîäåëü ýêîëîãè÷åñêîãî ïðîèçâîä-

ñòâà òðåõ ïðåäïðèÿòèé (èãðîêîâ). Ïóñòü ïàðàìåòðû ìîäåëè ñëåäóþ-
ùèå:
t0 = 0 � íà÷àëüíûé ìîìåíò ñîãëàøåíèÿ,
s0 = 0 � íà÷àëüíûé îáúåì çàãðÿçíåíèÿ,
p(t) = 4000− 10(q1(t) + q2(t) + q3(t)) � ôóíêöèÿ öåíû,
c = 3 � óäåëüíûå ïðîèçâîäñòâåííûå èçäåðæêè,
ρ = 0.07 � ïðîöåíòíàÿ ñòàâêà,
α = 12 � óäåëüíûé îáúåì âûáðîñîâ,
δ = 0.4 � äîëÿ ïðèðîäíîãî ïîãëîùåíèÿ çàãðÿçíåíèÿ,
γ = 0.055 � êîýôôèöèåíò, õàðàêòåðèçóþùèé âåëè÷èíó çàòðàò íà ïðè-
ðîäîîõðàííûå ìåðîïðèÿòèÿ,
ē1 = 1180, ē2 = 1170, ē3 = 1167 � ïðåäåëüíî äîïóñòèìûå âûáðîñû,
π1 = 6, π2 = 6.4, π3 = 6.25 � êîýôôèöèåíòû, îòðàæàþùèå âîçìîæ-
íîñòè èãðîêîâ êîìïåíñèðîâàòü ýêîëîãè÷åñêèé óùåðá.



86 Í.À. Çåíêåâè÷, Í.Â. Êîçëîâñêàÿ

Èç ôîðìóë (2.2) è (2.3) ñëåäóåò, ÷òî ìàêñèìàëüíî âîçìîæíûå ìãíî-
âåííûå îáúåìû ïðîèçâîäñòâà èãðîêîâ ñëåäóþùèå:

qmax
1 = 98.33, qmax

2 = 97.5, qmax
3 = 97.25.

6.2. Ðåçóëüòàòû ðàñ÷åòîâ óñòîé÷èâîãî âåêòîðà Øåïëè

6.2.1 Ðàâíîâåñíûå îáúåìû ïðîèçâîäñòâà

Ðàâíîâåñíûå ïî Íýøó îáú¼ìû ïðîèçâîäñòâà ðàâíû:

qN
1 = 95.75, qN

2 = 94.02, qN
3 = 96.81,

ïðè ýòîì ñîîòâåòñòâóþùèå îáúåìû âûáðîñîâ èìåþò çíà÷åíèÿ:

eN
1 = 1149.05, eN

2 = 1128.22, eN
3 = 1161.73.

Èç ïîëó÷åííûõ çíà÷åíèé âèäíî, ÷òî â ðàâíîâåñèè ïî Íýøó îáúåìû
ïðîèçâîäñòâà èãðîêîâ î÷åíü áëèçêè ê ìàêñèìàëüíî âîçìîæíûì, à
ñîîòâåòñòâóþùèå âûáðîñû î÷åíü áëèçêè ê ÏÄÂ.

Êîîïåðàòèâíûå îáúåìû ïðîèçâîäñòâà ðàâíû:

qI
1 = 53.39, qI

2 = 52.55, qI
3 = 52.3,

ïðè ýòîì ñîîòâåòñòâóþùèå êîîïåðàòèâíûå îáúåìû âûáðîñîâ ïðèíè-
ìàþò çíà÷åíèÿ:

eI
1 = 640.64, eI

2 = 630.64, eI
3 = 627.64.

Çàìåòèì, ÷òî êîîïåðàòèâíûå îáúåìû ïðîèçâîäñòâà ïî÷òè â äâà ðàçà
íèæå ìàêñèìóìà, ïðè ýòîì êîîïåðàòèâíàÿ öåíà ñóùåñòâåííî âûøå
öåíû, ðåàëèçóåìîé â ðàâíîâåñèè ïî Íýøó:

pN(t) = 1134.16,

pI(t) = 2417.58.
(6.1)

Âû÷èñëèì òàêæå ñòðàòåãèè èãðîêîâ â ñëó÷àå ôîðìèðîâàíèÿ êîàëè-
öèé èç äâóõ èãðîêîâ:

q1,2
1 = 60.79, q1,2

2 = 59.96

q1,3
1 = 61.94, q1,3

3 = 60.85

q2,3
2 = 60.76, q2,3

3 = 60.51.
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6.2.2 Õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ

Ïî ôîðìóëàì (3.7) âû÷èñëÿåì êîýôôèöèåíòû õàðàêòåðèñòè÷åñêîé
ôóíêöèè êîîïåðàòèâíîé èãðû:

A1 = −12.77, A2 =− 13.61, A3 = −13.3,

B1 = 26.147, B2 =21923.7 B3 = 26326.3,

B1,2 = 86280.33, B1,3 = 91511.86, B2,3 = 87029, 71,

B = BI =217350.63.

Êîîïåðàòèâíàÿ òðàåêòîðèÿ èìååò âèä:
sI(t) = 4747.27− 4747.27e−0.2t, t ≥ 0.

Ðàâíîâåñíàÿ ïî Íýøó òðàåêòîðèÿ:
sN(t) = 8597.51− 8597.51e−0.2t, t ≥ 0.

Ïðèâåäåì ãðàôèêè èçìåíåíèÿ äèíàìèêè çàãðÿçíåíèÿ â îáîèõ ñëó÷à-
ÿõ (ðèñ. 1).

Ðèñóíîê 1. Äèíàìèêà çàãðÿçíåíèÿ

6.2.3 Ðåøåíèÿ ìîäåëè: ñðàâíèòåëüíûé àíàëèç

Ïðèáûëè èãðîêîâ â ðàâíîâåñèè ïî Íýøó â ìîìåíò t ≥ 0 ðàâíû ñîîò-
âåòñòâåííî:

V ({1}, sN(t), t) =263777.4 + 109755.5e−0.2t,

V ({2}, sN(t), t) =196123.22 + 117072.5e−0.2t,

V ({3}, sN(t), t) =261761.8 + 114328.66e−0.2t.
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Îáùèé êîîïåðàòèâíûé âûèãðûø â ìîìåíò t ≥ 0 ñîñòàâëÿåò:

V (I, sI , t) = 2916301.18 + 188707.8045e−0.2t. (6.2)

Â êà÷åñòâå ïðèíöèïà äåëåæà ïðè êîîïåðàöèè áûë âûáðàí óñòîé÷è-
âûé äèíàìè÷åñêèé âåêòîð Øåïëè. Êîîïåðàòèâíûå ïðèáûëè èãðîêîâ
â ýòîì ñëó÷àå â ìîìåíò âðåìåíè t ≥ 0 èìåþò âèä ñîîòâåòñòâåííî:

Sh1(s
I(t), t) =992916.94 + 60603.51e−0.2t,

Sh2(s
I(t), t) =926692.83 + 64643.66e−0.2t,

Sh3(s
I(t), t) =997023.3 + 63128.66e−0.2t.

Íà ðèñ. 2 èçîáðàæåíû ãðàôèêè ôóíêöèé ïðèáûëè âñåõ òðåõ èãðîêîâ.
Âèäíî, ÷òî V ({1}, s, t) è V ({3}, s, t) ïåðåñåêàþòñÿ, ýòî ïðîèñõîäèò â
ìîìåíò âðåìåíè t = 4.1. Íà ðèñ. 3 ïîêàçàíû ãðàôèêè ôóíêöèé ïðè-
áûëè â êîîïåðàòèâíîì ñëó÷àå. Íà ðèñ. 4 ïðèâåäåíû ãðàôèêè, ñðàâ-
íèâàþùèå ðàâíîâåñíóþ ïî Íýøó è êîîïåðàòèâíóþ ïðèáûëü.

Ìãíîâåííûå âûèãðûøè èãðîêîâ äî ïåðåðàñïðåäåëåíèÿ îáùåé ïðè-
áûëè ðàâíû:

β̂1(t) =70080.7 + 28533.83e−0.2t,

β̂2(t) =66812.56 + 30436.09e−0.2t,

β̂3(t) =67115.06 + 29722.74e−0.2t.

Ïðîöåäóðà ðàñïðåäåëåíèÿ äåëåæà, ñîîòâåòñòâóþùàÿ âåêòîðóØåïëè,
èìååò âèä:

β1(t) =69454 + 28533.83e−0.2t,

β2(t) =64814.97 + 30436.09e−0.2t,

β3(t) =69739.36 + 29722.74e−0.2t.

Íà ðèñ. 5 èçîáðàæåíû ãðàôèêè ôóíêöèé βi(t) è β̂i(t), i = 1, 2, 3,
êîòîðûå îòðàæàþò ïåðåðàñïðåäåëåíèå êîîïåðàòèâíîãî âûèãðûøà ìåæ-
äó èãðîêàìè.
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Ðèñóíîê 2. Ïðèáûëè
èãðîêîâ â ñëó÷àå
êîíêóðåíöèè

Ðèñóíîê 3. Ïðèáûëè
èãðîêîâ ïðè êîîïåðàöèè

Ðèñóíîê 4. Ñðàâíåíèå êîîïåðàòèâíûõ è êîíêóðåíòíûõ ïðèáûëåé
ôèðì
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Ðèñóíîê 5. Ñðàâíåíèå ìãíîâåííûõ ïðèáûëåé ôèðì ïðè êîîïåðàöèè
äî ïåðåðàñïðåäåëåíèÿ è ïîñëå.
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Abstract : A game-theoretic model of territorial environmental production
is studied. The process is modeled as cooperative di�erential game. The
stable mechanism of distribution of the common cooperative bene�t
among players is proposed. We proved that the cooperative total stock
of accumulated pollution is strictly less then the pollution under Nash
equilibrium for the whole duration of the game. The perfect Nash
equilibrium is found. We design a stable Shapley value as a cooperative
solution, which is time-consistent. The Shapley value is also strategic
stable and satis�es the irrational-behavior-proofness condition. The
numerical example is given.

Keywords : di�erential game, cooperative game, dynamic programming,
Hamilton-Jacobi-Bellman equation, Shapley value, Nash equilibrium, per-
fect equilibrium, stability of cooperative solution, time-consistency, stra-
tegic stability, irrational-behavior-proofness condition.


