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Â ñòàòüå ïðåäëîæåíà òåõíèêà íàõîæäåíèÿ ñèòóàöèè ñèëü-
íîãî ðàâíîâåñèÿ â äèôôåðåíöèàëüíîé èãðå ñ ïîìîùüþ ñïå-
öèàëüíîé ñêàëÿðèçàöèè âåêòîðíîãî êðèòåðèÿ. Ñôîðìóëèðîâà-
íû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ñèëüíîãî ðàâíîâåñèÿ.
Ïðèâåäåí ïðèìåð íåñèììåòðè÷íîé èãðû äâóõ ëèö, â êîòîðîì
ñèòóàöèÿ ñèëüíîãî ðàâíîâåñèÿ íàéäåíà â ÿâíîì âèäå.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíàÿ èãðà, ðàâíîâåñèå ïî Íýøó, ñèëü-
íîå ðàâíîâåñèå.

1. Ââåäåíèå
Â íàñòîÿùåå âðåìÿ èçâåñòíî íåñêîëüêî êîíöåïöèé ñèëüíîãî ðàâ-

íîâåñèÿ [3, 7, 9]. Ïðè ýòîì â êàæäîì ñëó÷àå ïîä ñèëüíûì ðàâíîâåñè-
åì ïîíèìàåòñÿ ñèòóàöèÿ, â îïðåäåëåííîì ñìûñëå óñòîé÷èâàÿ îòíîñè-
òåëüíî êîàëèöèîííûõ îòêëîíåíèé èãðîêîâ. Ýòîò ïðèíöèï îïòèìàëü-
íîñòè èññëåäîâàí â øèðîêèõ êëàññàõ èãð â íîðìàëüíîé è ðàçâåðíóòîé
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ôîðìàõ (ñì. íàïðèìåð [3, 4, 9]). Îñíîâíûì íåäîñòàòêîì êîíöåïöèè
ñèëüíîãî ðàâíîâåñèÿ ÿâëÿåòñÿ òî, ÷òî îíî ñóùåñòâóåò äîñòàòî÷íî ðåä-
êî.

Ïðè èññëåäîâàíèè äèôôåðåíöèàëüíûõ èãð ÷àñòî èñïîëüçóåòñÿ ïðèí-
öèï îïòèìàëüíîñòè Áåëëìàíà [1, 2, 5, 6, 9]. Â ýòîì ñëó÷àå çàäà÷à îïðå-
äåëåíèÿ îïòèìàëüíîãî çíà÷åíèÿ èíòåãðàëüíîãî ôóíêöèîíàëà ñâîäèò-
ñÿ ê ðåøåíèþ ýêñòðåìàëüíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ. Ñ
ïîìîùüþ òàêîé òåõíèêè â ðÿäå ñëó÷àåâ óäàåòñÿ íàéòè ðàâíîâåñèå ïî
Íýøó è ïàðåòî-îïòèìàëüíîå ðåøåíèå [2, 10]. Ïðè ýòîì â èññëåäóåìîé
ìîäåëè íåîáõîäèìî äîïîëíèòåëüíî ó÷èòûâàòü óñëîâèÿ ñóùåñòâîâà-
íèÿ è åäèíñòâåííîñòè ðåøåíèÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíå-
íèé, îïèñûâàþùåé äèíàìèêó èãðû, ãëàäêîñòü ôóíêöèè Áåëëìàíà, à
òàêæå ôóíêöèé ìãíîâåííîãî è òåðìèíàëüíîãî âûèãðûøåé èãðîêîâ.

Â äàííîé ðàáîòå ïðåäëàãàåòñÿ ñëåäóþùàÿ òåõíèêà íàõîæäåíèÿ
ñèëüíîãî ðàâíîâåñèÿ â äèôôåðåíöèàëüíîé èãðå. Äëÿ êàæäîé êîà-
ëèöèè ñ ïîìîùüþ ñïåöèàëüíîé ñâåðòêè îñóùåñòâëÿåòñÿ ïåðåõîä ê
ýêñòðåìàëüíîé çàäà÷å ñî ñêàëÿðíûì êðèòåðèåì, çàâèñÿùèì îò íà-
áîðà ïàðàìåòðîâ. Ôîðìóëèðóþòñÿ äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâà-
íèÿ ñèëüíîãî ðàâíîâåñèÿ â äèôôåðåíöèàëüíîé èãðå â âèäå óñëîâèé
íà ïàðàìåòðû ñâåðòêè. Èñïîëüçîâàíèå òåîðåìû ïðîäåìîíñòðèðîâàíî
íà ïðèìåðå ëèíåéíî-êâàäðàòè÷íîé íåñèììåòðè÷íîé èãðû äâóõ ëèö.
Äëÿ ýòîé èãðû ñèëüíîå ðàâíîâåñèå óäàëîñü ïîñòðîèòü â ÿâíîì âèäå
íà îñíîâå ðåøåíèÿ óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿä-
êà ñïåöèàëüíîãî âèäà.

2. Îïðåäåëåíèå ñèëüíîãî ðàâíîâåñèÿ
Îïðåäåëèì äèôôåðåíöèàëüíóþ èãðó Γ(x0, T − t0) èç íà÷àëüíîãî

ñîñòîÿíèÿ x0 è êîíå÷íîé ïðîäîëæèòåëüíîñòè T − t0. Çäåñü t0 ≥ 0,
T ≥ t0 � ìîìåíòû íà÷àëà è îêîí÷àíèÿ èãðû ñîîòâåòñòâåííî [2, 5,
8]. Ìíîæåñòâî èãðîêîâ â èãðå Γ(x0, T − t0) îáîçíà÷èì ÷åðåç N =

{1, . . . , i, . . . n}.
Ïðåäïîëîæèì, ÷òî äèíàìèêà èçìåíåíèÿ ñîñòîÿíèÿ èãðû Γ(x0, T−

t0) èìååò âèä:
ẋ(t) = f [t, x(t), u1(t), . . . , un(t)] , x(t0) = x0, (2.1)

ãäå x(t) ∈ R, x0 � èçâåñòíîå íà÷àëüíîå ñîñòîÿíèå èãðû, ui(t) � óïðàâ-
ëåíèå èãðîêà i ∈ N â ìîìåíò âðåìåíè t. Çäåñü ui(t) ∈ Ui ⊂ R,

∏
i∈N

Ui =
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UN ⊂ Rn. Ïðåäïîëîæèì, ÷òî ôóíêöèÿ f [t, x(t), u1(t), . . . , un(t)] �
íåïðåðûâíî äèôôåðåíöèðóåìàÿ íà [t0, T ]×R× UN .

Äëÿ êàæäîãî èãðîêà i ∈ N ðàññìîòðèì èíòåãðàëüíûé ôóíêöèî-
íàë ñ òåðìèíàëüíûì âûèãðûøåì âèäà:

Ji(x0, u1(·), u2(·), . . . un(·)) =

=

T∫

t0

gi [t, x(t), u1(t), u2(t), . . . un(t)] dt + qi [x(T )] ,

ãäå ui(·) ïðåäñòàâëÿåò ñîáîé íåïðåðûâíóþ ôóíêöèþ ui(t), t ∈ [t0, T ].
Áóäåì ïðåäïîëàãàòü, ÷òî ôóíêöèè gi [t, x(t), u1(t), . . . un(t)] è qi [x(T )]

ÿâëÿþòñÿ äèôôåðåíöèðóåìûìè â îáëàñòè îïðåäåëåíèÿ. Ïðåäïîëàãà-
åòñÿ, ÷òî èãðîê i ∈ N ñòðåìèòñÿ ìàêñèìèçèðîâàòü çíà÷åíèå ôóíêöè-
îíàëà Ji(x0, u1(·), . . . , ui(·), . . . un(·)) ïî ui(·).

Ïóñòü S ⊆ N � ïðîèçâîëüíàÿ êîàëèöèÿ â èãðå Γ(x0). Îáîçíà÷èì
÷åðåç uS(·) = {ui(·)}i∈S ñòðàòåãèþ êîàëèöèè S. Ñòðàòåãèþ äîïîëíè-
òåëüíîé êîàëèöèè N\S áóäåì îáîçíà÷àòü ÷åðåç uN\S(·) èëè u−S(·).

Îïðåäåëåíèå 2.1. Ñèòóàöèÿ u∗N(·) = (u∗1(·), u∗2(·), . . . , u∗n(·)) íàçû-
âàåòñÿ ñèëüíûì ðàâíîâåñèåì â øèðîêîì ñìûñëå â èãðå Γ(x0, T − t0),
åñëè ∀M ⊆ N , ∀uM(·) íå âûïîëíåíî:

∀i ∈ M

Ji(x0, uM(·), u∗−M(·)) =

T∫

t0

gi

[
t, x[M ](t), uM(t), u∗−M(t)

]
dt+qi

[
x[M ](T )

] ≥

≥
T∫

t0

gi

[
t, x∗(t), u∗M(t), u∗−M(t)

]
dt + qi [x

∗(T )] = Ji(x0, u
∗
M(t), u∗−M(t))

è ∃i0 ∈ M , òàêîé ÷òî:

Ji0(x0, uM(·), u∗−M(·))=

T∫

t0

gi0

[
t, x[M ](t), uM(t), u∗−M(t)

]
dt+qi0

[
x[M ](T )

]
>

>

T∫

t0

gi0

[
t, x∗(t), u∗M(t), u∗−M(t)

]
dt+qi0 [x∗(T )]=Ji0(x0, u

∗
M(·), u∗−M(·)),
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ãäå
ẋ[M ](t) = f

[
t, x[M ](t), uM(t), u∗−M(t)

]
, x[M ](t0) = x0,

ẋ∗(t) = f [t, x∗(t), u∗1(t), . . . , u
∗
n(t)] , x∗(t0) = x0.

Ìíîæåñòâî âñåõ ñèòóàöèé ñèëüíîãî ðàâíîâåñèÿ â ñìûñëå îïðåäå-
ëåíèÿ 2.1 â èãðå Γ(x0, T − t0) áóäåì îáîçíà÷àòü SME (Γ(x0, T − t0)).

Ðàññìîòðèì âåêòîðû

λ[n,i] =
(
λ

[n,i]
1 , . . . , λ

[n,i]
i , . . . , λ[n,i]

n

)
∈ En,

ãäå λ
[n,i]
j = 0 ïðè j 6= i è λ

[n,i]
i = 1.

Ëåììà 2.1. Äëÿ òîãî ÷òîáû ñèòóàöèÿ

u∗N(·) = (u∗1(·), u∗2(·), . . . , u∗n(·)) ∈ SME (Γ(x0, T − t0)) ,

ò.å. áûëà ñèëüíûì ðàâíîâåñèåì â ñìûñëå îïðåäåëåíèÿ 2.1 äîñòàòî÷-
íî, ÷òîáû äëÿ ëþáîé êîàëèöèé S ⊆ N ñóùåñòâîâàë òàêîé íîìåð
iS0 ∈ S, ÷òî äëÿ ëþáîé ñòðàòåãèè uS(·) 6= u∗S(·) ýòîé êîàëèöèè âû-
ïîëíÿëîñü íåðàâåíñòâî:

n∑
i=1

λ
[n,iS0 ]
i Ji(x0, u

∗
S(·), u∗−S(·)) >

n∑
i=1

λ
[n,iS0 ]
i Ji(x0, uS(·), u∗−S(·)). (2.2)

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì ïðîòèâíîå, ò.å. óñëîâèÿ ëåììû âû-
ïîëíåíû, íî ñèòóàöèÿ u∗N(·) = (u∗1(·), u∗2(·), . . . , u∗n(·)) íå ÿâëÿåòñÿ ñèëü-
íûì ðàâíîâåñèåì â ñìûñëå SME (Γ(x0, T − t0)). Òîãäà ñóùåñòâóåò êî-
àëèöèÿ M è ñòðàòåãèÿ uM(·), äëÿ êîòîðûõ âûïîëíåíî:

{
Ji(x0, uM(·), u∗−M(·)) ≥ Ji(x0, u

∗
M(·), u∗−M(·)), ∀i ∈ M ;

∃i0 ∈ M : Ji0(x0, uM(·), u∗−M(·)) > Ji0(x0, u
∗
M(·), u∗−M(·)). (2.3)

Ñîãëàñíî óñëîâèÿì ëåììû, íåðàâåíñòâî (2.2) âûïîëíåíî äëÿ ëþáîé
êîàëèöèè, â òîì ÷èñëå è äëÿ êîàëèöèè M . Ñëåäîâàòåëüíî, ñóùåñòâóåò
òàêîé íîìåð iM0 ∈ M , äëÿ êîòîðîãî ñïðàâåäëèâî íåðàâåíñòâî äëÿ
∀uM(·) 6= u∗M(·):

n∑
i=1

λ
[n,iM0 ]
i Ji(x0, u

∗
M(·), u∗−M(·)) >

n∑
i=1

λ
[n,iM0 ]
i Ji(x0, uM(·), u∗−M(·)). (2.4)
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Ïî îïðåäåëåíèþ âåêòîðà λ[n,iM0 ] èç íåðàâåíñòâà (2.4) ñëåäóåò:

JiM0
(x0, u

∗
M(·), u∗−M(·)) > JiM0

(x0, uM(·), u∗−M(·)). (2.5)

Ïîñêîëüêó iM0 ∈ M , òî íåðàâåíñòâà (2.3) è (2.5) íåñîâìåñòíû. Ñëåäî-
âàòåëüíî, ïðåäïîëîæåíèå íåâåðíî, ÷òî äîêàçûâàåò óòâåðæäåíèå ëåì-
ìû.

Çàìå÷àíèå 2.1. ×èñëî èãðîêîâ n � êîíå÷íîå. Ïîýòîìó ñóùåñòâîâà-
íèå íîìåðà iS0 èç òåîðåìû 2.1 ìîæíî óñòàíîâèòü ïðîñòûì ïåðåáîðîì
âåêòîðîâ λ[n,i], i = 1, 2, . . . n äëÿ êàæäîé êîàëèöèè S ⊆ N . Ïðè ýòîì
ñòðîãîå íåðàâåíñòâî áóäåò èìåòü ìåñòî, åñëè óäàñòñÿ ïîêàçàòü, ÷òî
íàáîð ñòðàòåãèé u∗N(·) = (u∗1(·), u∗2(·), . . . , u∗n(·)) ÿâëÿåòñÿ åäèíñòâåí-
íûì, äîñòàâëÿþùèì ìàêñèìóì ôóíêöèîíàëó JiS0

(x0, u
∗
N(·)), iS0 ∈ S.

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

gS [t, x(t), uN(t)] =
∑
i∈S

gi [t, x(t), uN(t)] ,

qS [x(t)] =
∑
i∈S

qi [x(t)] .

Èñïîëüçóÿ êîíöåïöèþ ðåøåíèÿ, ïðåäëîæåííóþ Ë.À. Ïåòðîñÿíîì [9],
ñôîðìóëèðóåì äðóãîå îïðåäåëåíèå ñèëüíîãî ðàâíîâåñèÿ äëÿ äèôôå-
ðåíöèàëüíîé èãðû.

Îïðåäåëåíèå 2.2. Ñèòóàöèþ u∗N(·) = (u∗1(·), u∗2(·), . . . , u∗n(·)) áóäåì
íàçûâàòü ñèëüíûì ðàâíîâåñèåì â óçêîì ñìûñëå â äèôôåðåíöèàëüíîé
èãðå Γ(x0, T − t0), åñëè ñëåäóþùèå íåðàâåíñòâà âûïîëíåíû äëÿ âñåõ
êîàëèöèé S ⊆ N è ñòðàòåãèé uS(·):

JS(x0, u
∗
N(·))=

T∫

t0

gS [t, x∗(t), u∗1(t), . . . , u
∗
i (t), . . . , u

∗
n(t)] dt+qS [x∗(T )]≥

≥
T∫

t0

gS

[
t, x[S](t), u∗1(t), . . . , ui(t), . . . , u

∗
n(t)

]
dt + qS

[
x[S](T )

]
=

= JS(x0, uS(·), u∗−S(·)),
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ãäå S = {i}, i ∈ N ;

JS(x0, u
∗
N(·)) =

=

T∫

t0

gS

[
t, x∗(t), u∗1(t), . . . , u

∗
i (t), . . . , u

∗
j(t), . . . , u

∗
n(t)

]
dt + qS [x∗(T )] ≥

≥
T∫

t0

gS

[
t, x[S](t), u∗1(t), . . . , ui(t), . . . , uj(t), . . . , u

∗
n(t)

]
dt+ qS

[
x[S](T )

]
=

= JS(x0, uS(·), u∗−S(·)),
ãäå S = {i, j}, i 6= j, i, j ∈ N ;

· · ·

JS(x0, u
∗
N(·))=

T∫

t0

gS [t, x∗(t), u∗1(t), u
∗
2(t), . . . , u

∗
n(t)] dt+qS [x∗(T )]≥

≥
T∫

t0

gS

[
t, x[S](t), u1(t), u2(t), . . . , un(t)

]
dt + qS

[
x[S](T )

]
=

= JS

[
x0, uS(·), u∗−S(·)] ,

ãäå S = N ,

ẋ[S](t) = f
[
t, x[S](t), uS(t), u∗−S(t)

]
, x[S](t0) = x0,

ẋ∗(t) = f [t, x∗(t), u∗1(t), . . . , u
∗
n(t)] , x∗(t0) = x0.

Äàëåå äëÿ íåðàâåíñòâ èç îïðåäåëåíèÿ 2.2 áóäåì èñïîëüçîâàòü áî-
ëåå êîðîòêóþ çàïèñü:

JS [x0, u
∗(·)] ≥ JS

[
x0, uS(·), u∗−S(·)] ,

ẋ[S](t) = f
[
t, x[S](t), uS(t), u∗−S(t)

]
, x[S](t0) = x0,

ẋ∗(t) = f [t, x∗(t), u∗(t)] , x∗(t0) = x0,

∀ S ⊂ N, S 6= ∅, ∀uS(·).
Ìíîæåñòâî âñåõ ñèòóàöèé ñèëüíîãî ðàâíîâåñèÿ â ñìûñëå îïðåäåëåíèÿ
2.2 â èãðå Γ(x0, T − t0) áóäåì îáîçíà÷àòü SPE (Γ(x0, T − t0)).
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Ëåììà 2.2.

SPE (Γ(x0, T − t0)) ⊂ SME (Γ(x0, T − t0)) .

Äîêàçàòåëüñòâî. Ïðîâåäåì äîêàçàòåëüñòâî îò ïðîòèâíîãî. Ïðåäïî-
ëîæèì, ÷òî ñèòóàöèÿ u∗N(·) = (u∗1(·), u∗2(·), . . . , u∗n(·)) â èãðå Γ(x0, T−t0)

ÿâëÿåòñÿ ñèëüíûì ðàâíîâåñèåì â ñìûñëå îïðåäåëåíèÿ 2.2, íî ýòà ñè-
òóàöèÿ íå ÿâëÿåòñÿ ñèëüíûì ðàâíîâåñèåì â ñìûñëå îïðåäåëåíèÿ 2.1.
Òîãäà ñóùåñòâóåò êîàëèöèÿ M ⊆ N è òàêàÿ ñòðàòåãèÿ u∗∗M(·) êîàëè-
öèè M , äëÿ êîòîðûõ âûïîëíÿåòñÿ:

{
Ji(x0, u

∗∗
M(·), u∗−M(·)) ≥ Ji(x0, u

∗
M(·), u∗−M(·)), ∀i ∈ M ;

∃i0 ∈ M : Ji0(x0, u
∗∗
M(·), u∗−M(·)) > Ji0(x0, u

∗
M(·), u∗−M(·)).

Ðàññìîòðèì ñóììó âûèãðûøåé èãðîêîâ êîàëèöèè M :
∑
i∈M

Ji(x0, u
∗
M(·), u∗−M(·)) <

∑
i∈M

Ji(x0, u
∗∗
M(·), u∗−M(·)).

Ïîýòîìó ñèòóàöèÿ u∗N(·) = (u∗1(·), u∗2(·), . . . , u∗n(·)) íå ÿâëÿåòñÿ ñèëü-
íûì ðàâíîâåñèåì â èãðå Γ(x0, T − t0) â ñìûñëå îïðåäåëåíèÿ 2.2. Ïðî-
òèâîðå÷èå è äîêàçûâàåò ñïðàâåäëèâîñòü óòâåðæäåíèÿ ëåììû.

Äîêàæåì ñëåäóþùóþ òåîðåìó, èñïîëüçóÿ òåõíèêó äèíàìè÷åñêîãî
ïðîãðàììèðîâàíèÿ.

Òåîðåìà 2.1. Åñëè â èãðå Γ(x0, T − t0) äëÿ êàæäîé êîàëèöèè S ⊆ N ,
S 6= ∅, ñóùåñòâóåò íîìåð iS0 ∈ S è íåïðåðûâíî-äèôôåðåíöèðóåìîå
íà [0, T ] × R ðåøåíèå ñèñòåìû ýêñòðåìàëüíûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ

V
[S]
t (t, x) + max

uS

{
f

[
t, x, uS(t), φ∗−S(t, x)

]
V [S]

x (t, x)+

+
n∑

i=1

λ
[n,iS0 ]
i gi

[
t, x, uS(t), φ∗−S(t, x)

]
}

=

= V
[S]
t (t, x) + f

[
t, x, φ∗S(t, x), φ∗−S(t, x)

]
V [S]

x (t, x)+ (2.6)

+
n∑

i=1

λ
[n,iS0 ]
i gi

[
t, x, φ∗S(t, x), φ∗−S(t, x)

]
= 0,
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V [S](T, x[S](T )) =
n∑

i=1

λ
[n,iS0 ]
i qi

[
x[S](T )

]
,

ãäå äëÿ âñåõ S ⊆ N ìàêñèìóì â ëåâîé ÷àñòè (2.6) äîñòèãàåòñÿ íà
åäèíñòâåííîì íàáîðå

φ∗S(t, x) = {φ∗i (t, x) ∈ Ui, i ∈ S} ,

φ∗N(t, x) = (φ∗S(t, x), φ∗−S(t, x)),

ãäå φ∗i (t, x) ∈ Ui, i ∈ N � íåïðåðûâíûå íà [t0, T ] × R ôóíêöèè, òî-
ãäà íàáîð {u∗i (t) = φ∗i (t, x) ∈ Ui, i ∈ N, t ∈ [t0, T ]} ÿâëÿåòñÿ ñèëüíûì
ðàâíîâåñèåì â èãðå Γ(x0, T − t0).

Äîêàçàòåëüñòâî. à) Ïðåäïîëîæèì, ÷òî óñëîâèÿ òåîðåìû 2.1 âûïîë-
íåíû äëÿ ìàêñèìàëüíîé êîàëèöèè N . Òîãäà ñóùåñòâóåò íîìåð iN0 ∈ N

è åäèíñòâåííûé âåêòîð φ∗N(t, x) òàêèå, ÷òî:

φ∗N(t, x) = arg max
uN

{
f [t, x, uN(t)] V [N ]

x (t, x) +
n∑

i=1

λ
[n,iN0 ]
i gi [t, x, uN(t)]

}
.

Ïðåäïîëîæèì, ÷òî êîàëèöèÿ N âûáðàëà îòëè÷íóþ îò φ∗N(t, x) ïðî-
èçâîëüíóþ ñòðàòåãèþ uN(·) ∈ UN , ðåàëèçóþùóþ òðàåêòîðèþ x(t).
Ïîñêîëüêó âåêòîð φ∗N(t, x) � åäèíñòâåííûé, èìååò ìåñòî ñòðîãîå íåðà-
âåíñòâî:

V
[N ]
t (t, x) + f [t, x, uN(t)] V [N ]

x (t, x) +
n∑

i=1

λ
[n,iN0 ]
i gi [t, x, uN(t)] < 0 (2.7)

ẋ(t) = f [t, x(t), uN(t)] , x(t0) = x0.

Ïðè ýòîì:

V
[N ]
t (t, x) + f [t, x, φ∗N(t, x)] V [N ]

x (t, x) +
n∑

i=1

λ
[n,iN0 ]
i gi [t, x, φ∗N(t, x)] = 0

(2.8)
ẋ∗(t) = f [t, x∗, φ∗N(t, x∗)] , x∗(t0) = x0
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Ðàññìîòðèì èíòåãðàëû âûðàæåíèé (2.7)-(2.8):

T∫

t0

(
n∑

i=1

λ
[n,iN0 ]
i gi [t, x, uN(t)]

)
dt + V [N ](T, x(T ))− V [N ](t0, x(t0)) < 0

T∫

t0

(
n∑

i=1

λ
[n,iN0 ]
i gi [t, x, φ∗N(t, x)]

)
dt+V [N ](T, x∗(T ))−V [N ](t0, x

∗(t0)) = 0,

ñëåäîâàòåëüíî,

T∫

t0

(
n∑

i=1

λ
[n,iN0 ]
i gi [t, x, φ∗N(t, x)]

)
dt + V [N ](T, x∗(T ))− V [N ](t0, x

∗(t0)) >

>

T∫

t0

(
n∑

i=1

λ
[n,iN0 ]
i gi [t, x, uN(t)]

)
dt + V [N ](T, x(T ))− V [N ](t0, x(t0)).

Ïîñêîëüêó

V [N ](T, x∗(T )) =
n∑

i=1

λ
[n,iN0 ]
i qi [x

∗(T )] ,

V [N ](T, x(T )) =
n∑

i=1

λ
[n,iN0 ]
i qi [x(T )] ,

V [N ](t0, x(t0)) = V [N ](t0, x
∗(t0)) = V [N ](t0, x0),

èìååì:

n∑
i=1


λ

[n,iN0 ]
i





T∫

t0

gi [t, x, φ∗N(t, x)] dt + qi [x
∗(T )]






 >

>

n∑
i=1


λ

[n,iN0 ]
i





T∫

t0

gi [t, x, uN(t)] dt + qi [x(T )]






 .

Îêîí÷àòåëüíî ïîëó÷àåì:
n∑

i=1

λ
[n,iN0 ]
i Ji [x0, u

∗(·)] >

n∑
i=1

λ
[n,iN0 ]
i Ji [x0, uN(·)] (2.9)
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á) Ïðåäïîëîæèì, ÷òî óñëîâèÿ òåîðåìû 2.1 âûïîëíåíû äëÿ ïðîèç-
âîëüíîé êîàëèöèè S ⊂ N , S 6= N . Òîãäà ñóùåñòâóåò íîìåð iS0 ∈ S è
åäèíñòâåííûé âåêòîð φ∗S(t, x) òàêèå, ÷òî:

φ∗S(t, x) = arg max
uS

{
f

[
t, x, uS(t), φ∗−S(t, x)

]
V [S]

x (t, x)+

+
n∑

i=1

λ
[n,iS0 ]
i gi

[
t, x, uS(t), φ∗−S(t, x)

]
}

,

ãäå âèä ôóíêöèé, âõîäÿùèõ â ñòðàòåãèþ φ∗−S(t, x), óñòàíîâëåí â ï. à).
Ïðåäïîëîæèì, ÷òî êîàëèöèÿ S âûáðàëà îòëè÷íóþ îò φ∗S(t, x) ïðî-

èçâîëüíóþ ñòðàòåãèþ uS(·) ∈ US, ðåàëèçóþùóþ òðàåêòîðèþ x[S](t):

ẋ[S](t) = f
[
t, x[S](t), uS(t), φ∗−S(t, x)

]
, x[S](t0) = x0.

Ïîñêîëüêó âåêòîð φ∗S(t, x) � åäèíñòâåííûé, òî èìååò ìåñòî ñòðîãîå
íåðàâåíñòâî:

V
[S]
t (t, x[S]) + f

[
t, x[S], uS(t), φ∗−S(t, x)

]
V [S]

x (t, x[S])+ (2.10)

+
n∑

i=1

λ
[n,iS0 ]
i gi

[
t, x[S], uS(t), φ∗−S(t, x)

]
< 0

Ïðè ýòîì:
V

[S]
t (t, x∗) + f [t, x∗, φ∗N(t, x)] V [S]

x (t, x∗)+ (2.11)

+
n∑

i=1

λ
[n,iS0 ]
i gi [t, x

∗, φ∗N(t, x)] = 0,

ẋ∗(t) = f [t, x∗, φ∗N(t, x)] , x∗(t0) = x0

Ðàññìîòðèì èíòåãðàëû âûðàæåíèé (2.10)-(2.11):

T∫

t0

(
n∑

i=1

λ
[n,iS0 ]
i gi

[
t, x[S], uS(t), φ∗−S(t, x)

]
)

dt+

+V [S](T, x[S](T ))− V [S](t0, x
[S](t0)) < 0,

T∫

t0

(
n∑

i=1

λ
[n,iS0 ]
i gi [t, x

∗, φ∗N(t, x)]

)
dt+
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+V [S](T, x∗(T ))− V [S](t0, x
∗(t0)) = 0.

Ñëåäîâàòåëüíî,
T∫

t0

(
n∑

i=1

λ
[n,iS0 ]
i gi [t, x

∗, φ∗N(t, x)]

)
dt+

+V [S](T, x∗(T ))− V [S](t0, x
∗(t0)) >

>

T∫

t0

(
n∑

i=1

λ
[n,iS0 ]
i gi

[
t, x[S], uS(t), φ∗−S(t, x)

]
)

dt+

+V [S](T, x[S](T ))− V [S](t0, x
[S](t0)).

Ïîñêîëüêó

V [S](T, x∗(T )) =
n∑

i=1

λ
[n,iS0 ]
i qi [x

∗(T )] ,

V [S](T, x[S](T )) =
n∑

i=1

λ
[n,iS0 ]
i qi

[
x[S](T )

]
,

V [S](t0, x
[S](t0)) = V [S](t0, x

∗(t0)) = V [S](t0, x0),

èìååì:
n∑

i=1


λ

[n,iS0 ]
i





T∫

t0

gi [t, x
∗, φ∗N(t, x)] dt + qi [x

∗(T )]






 >

>

n∑
i=1


λ

[n,iS0 ]
i





T∫

t0

gi

[
t, x[S], uS(t), φ∗−S(t, x)

]
dt + qi

[
x[S](T )

]





 .

Îêîí÷àòåëüíî ïîëó÷àåì:
n∑

i=1

λ
[n,iS0 ]
i Ji [x0, u

∗(·)] >

n∑
i=1

λ
[n,iS0 ]
i Ji

[
x0, uS(·), φ∗−S(t, x)

]
. (2.12)

Èç íåðàâåíñòâ (2.9) è (2.12) ñëåäóåò, ÷òî äëÿ ëþáîé êîàëèöèé S ⊆ N ,
S 6= ∅, ñóùåñòâóåò íîìåð iS0 ∈ S òàêîé, ÷òî äëÿ ëþáîé ñòðàòåãèè
uS(·) 6= u∗S(·) êîàëèöèè S âûïîëíÿåòñÿ íåðàâåíñòâî:

n∑
i=1

λ
[n,iS0 ]
i Ji(x0, u

∗
S(·), u∗−S(·)) >

n∑
i=1

λ
[n,iS0 ]
i Ji(x0, uS(·), u∗−S(·)).
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Ñëåäîâàòåëüíî, ïî ëåììå 2.1 ñèòóàöèÿ u∗N(·) ÿâëÿåòñÿ ñèëüíûì ðàâ-
íîâåñèåì èç SPE (Γ(x0, T − t0)).

3. Ïðèìåð
Ïðîèëëþñòðèðóåì ïðèìåíåíèå òåîðåìû íà ïðèìåðå, ïðåäâàðè-

òåëüíî èññëåäîâàâ ñâîéñòâà óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ñëå-
äóþùåãî âèäà:

∂V (t, x)

∂t
+η1

(
∂V (t, x)

∂x

)2

+η2
∂V (t, x)

∂x
x+aebt ∂V (t, x)

∂x
+r(t) = 0 (3.1)

V (T, x) = η3x,

ãäå a, b, η1, η2, η3 � çàäàííûå ïàðàìåòðû, b 6= η2, r(t) � íåïðåðûâíî-
äèôôåðåíöèðóåìàÿ ôóíêöèÿ íà îòðåçêå [t0, T ].

Ëåììà 3.1. Óðàâíåíèå (3.1) èìååò íà îòðåçêå [t0, T ] åäèíñòâåííîå
ðåøåíèå V (t, x), ïðè÷åì ∂V (t,x)

∂x
íå çàâèñèò îò a, b, η1, r(t) è èìååò

âèä:
∂V (t, x)

∂x
= η3e

η2(T−t)

Äîêàçàòåëüñòâî. Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

∂V (t, x)

∂t
= p,

∂V (t, x)

∂x
= q. (3.2)

Çàïèøåì óðàâíåíèå (3.1) ñ ó÷åòîì (3.2) â âèäå:

p + η1q
2 + η2xq + aebtq + r(t) = F (t, x, p, q) = 0, (3.3)

ãäå
F 2

p + F 2
q = 1 + (2η1q + η2x + aebt)2 6= 0.

Çàäàäèì ãðàíè÷íîå óñëîâèå V (T, x) = η3x â ïàðàìåòðè÷åñêîì âèäå:

t0(τ) = T, x0(τ) = τ, V0(τ) = η3τ, p0(τ), q0(τ). (3.4)

Â ðåçóëüòàòå îïðåäåëåíà çàäà÷à Êîøè (3.3)-(3.4), ãäå p0(τ) è q0(τ)

ñâÿçàíû óñëîâèÿìè:
{

F [t0(τ), x0(τ), p0(τ), q0(τ)] = 0,
dV0

dτ
= p0

dt0
dτ

+ q0
dx0

dτ
.

(3.5)
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Èç (3.5) èìååì:
{

p0(τ) + η1q
2
0(τ) + η2τq0(τ) + aebT q0(τ) + r(T ) = 0,

η3 = q0(τ),

ñëåäîâàòåëüíî, q0(τ) = η3, p0(τ) = −aebT η3 − r(T )− η1η
2
3 − η2η3τ .

Çàäà÷à ñ ãðàíè÷íûìè óñëîâèÿìè (3.3)-(3.5) èìååò åäèíñòâåííîå
ðåøåíèå, åñëè èç äàííûõ ãðàíè÷íûõ óñëîâèé ñëåäóåò:

Fp
dx

dτ
− Fq

dt

dτ
6= 0. (3.6)

Ïðîâåðèì âûïîëíåíèå óñëîâèé (3.6):

1− (
2η1q0 + η2τ + aebT

) · 0 = 1 6= 0.

Óñëîâèå (3.6) âûïîëíåíî, ñëåäîâàòåëüíî, çàäà÷à (3.3)-(3.5) èìååò åäèí-
ñòâåííîå ðåøåíèå.

Ðàññìîòðèì òåïåðü ñèñòåìó õàðàêòåðèñòè÷åñêèõ óðàâíåíèé:
dt

dt
= Fp = 1,

dx

dt
= Fq = 2η1q + η2x + aebt (3.7)

dV

dt
= pFp + qFq = p + 2η1q

2 + η2qx + aebtq (3.8)

dp

dt
= −(pFV + Ft) = −abebtq − r′(t) (3.9)

dq

dt
= −(qFV + Fx) = −η2q

ñ óñëîâèÿìè:

t0(τ) = T, x0(τ) = τ, V0(τ) = η3τ,

p0(τ) = −aebT η3 − r(T )− η1η
2
3 − η2η3τ, q0(τ) = η3.

Òîãäà,
q = η3e

η2(T−t). (3.10)
Ïîäñòàâëÿÿ (3.10) â (3.7), ïîëó÷èì îáûêíîâåííîå äèôôåðåíöèàëüíîå
óðàâíåíèå:

dx

dt
= η2x + 2η1η3e

η2(T−t) + aebt, x0(τ) = τ,
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êîòîðîå èìååò åäèíñòâåííîå ðåøåíèå:

x = e−η2(T−t)τ +
η1η3

η2

(
e−η2(T−t) − eη2(T−t)

)
+

a

b− η2

(
ebt − ebT e−η2(T−t)

)
.

(3.11)
Ïîäñòàâèâ (3.10) â (3.9), ïîëó÷èì îáûêíîâåííîå äèôôåðåíöèàëüíîå
óðàâíåíèå:

dp

dt
= −abebtη3e

η2(T−t) − r′(t) = −r′(t)− abη3e
bteη2(T−t),

p0(τ) = −aebT η3 − r(T )− η1η
2
3 − η2η3τ,

êîòîðîå èìååò åäèíñòâåííîå ðåøåíèå:

p = −r(t)− aη3

b− η2

(
bebteη2(T−t) − η2e

bT
)− η1η

2
3 − η2η3τ. (3.12)

Ïîäñòàâëÿÿ (3.10), (3.11), (3.12) â (3.8) è ïðèâåäÿ ïîäîáíûå ÷ëåíû,
èìååì ñëåäóþùåå óðàâíåíèå:

dV

dt
= −r(t) + η1η

2
3e

2η2(T−t), V0(τ) = η3τ.

Îòêóäà,
dV =

(
η1η

2
3e

2η2(T−t) − r(t)
)
dt, V0(τ) = η3τ,

V = η3τ +

t∫

T

(
η1η

2
3e

2η2(T−ξ) − r(ξ)
)
dξ.

Ïîñêîëüêó t ∈ [t0, T ], èìååì:

V = η3τ −
T∫

t

(
η1η

2
3e

2η2(T−ξ) − r(ξ)
)
dξ,

V = η3τ −
(
−η1η

2
3

2η2

e2η2(T−ξ)

∣∣∣∣
T

t

)
+

T∫

t

r(ξ)dξ,

V = η3τ − η1η
2
3

2η2

(
e2η2(T−t) − 1

)
+

T∫

t

r(ξ)dξ. (3.13)
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Ðàññìîòðèì ñèñòåìó, ñîñòàâëåííóþ èç óðàâíåíèé (3.11) è (3.13):




x = e−η2(T−t)τ + η1η3

η2

(
e−η2(T−t) − eη2(T−t)

)
+ a

b−η2

(
ebt − ebT e−η2(T−t)

)
,

V = η3τ − η1η2
3

2η2

(
e2η2(T−t) − 1

)
+

T∫
t

r(ξ)dξ.

Èñêëþ÷èì èç ñèñòåìû ïàðàìåòð τ . Äëÿ ýòîãî âûðàçèì τ èç ïåðâîãî
óðàâíåíèÿ:

τ = eη2(T−t)x− η1η3

η2

(
1− e2η2(T−t)

)− a

b− η2

(
ebteη2(T−t) − ebT

)
.

Ïîëó÷åííîå âûðàæåíèå ïîäñòàâèì âî âòîðîå óðàâíåíèå ñèñòåìû, ïî-
ëó÷èì

V = η3e
η2(T−t)x +

η1η
2
3

2η2

(
e2η2(T−t) − 1

)− (3.14)

− aη3

b− η2

(
ebteη2(T−t) − ebT

)
+

T∫

t

r(ξ)dξ.

Ïîäñòàíîâêîé (3.14) â (3.1) íåïîñðåäñòâåííî ïðîâåðÿåì, ÷òî (3.1) ïðå-
âðàùàåòñÿ â òîæäåñòâî.

Èç (3.14) ñëåäóåò, ÷òî

Vx = η3e
η2(T−t).

Ïðèìåð 3.1. Ðàññìîòðèì èãðó Γ(x0, T − t0), ãäå N = {1, 2}, n = 2,
äèíàìèêà (3.1) èìååò âèä:

ẋ(t) = ax + b1u1 + b2u2, x(t0) = x0. (3.15)

Ïóñòü öåëüþ èãðîêà 1 ÿâëÿåòñÿ ìàêñèìèçàöèÿ ôóíêöèîíàëà:

J{1} [x0, u1, u2] =

T∫

t0

[
−u2

1 − u2
2 + u1x + u2x− x2

2
+ r[1](t)

]
dt + x(T ),

(3.16)
à öåëüþ èãðîêà 2 � ìàêñèìèçàöèÿ ôóíêöèîíàëà:

J{2} [x0, u1, u2] =

T∫

t0

[
−2u2

1 − u2
2 + 2u1x + u2x− 3

4
x2 + r[2](t)

]
dt + x(T ),

(3.17)
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ãäå r[1](t), r[2](t) � íåïðåðûâíûå ôóíêöèè.
Ïîêàæåì, ÷òî â èãðå (3.16)-(3.17) ñóùåñòâóåò ñèëüíîå ðàâíîâåñèå

â ñìûñëå îïðåäåëåíèÿ 2.1. Ñîãëàñíî òåîðåìå 2.1, äëÿ ýòîãî äîñòà-
òî÷íî äëÿ êàæäîé êîàëèöèè S ⊆ N , S 6= ∅, íàéòè íîìåð iS0 ∈ S

è íåïðåðûâíî-äèôôåðåíöèðóåìóþ ôóíêöèþ V [S](t, x) òàêèå, ÷òîáû
ìàêñèìàëüíîå çíà÷åíèå ëåâîé ÷àñòè óðàâíåíèÿ (2.6) äîñòèãàëîñü íà
åäèíñòâåííîì íàáîðå φ∗N(t, x).

Ðàññìîòðèì êîàëèöèþ S = {1, 2} = N è âåêòîð

λ[n,iN0 ] =
(
λ

[n,iN0 ]
1 , λ

[n,iN0 ]
2

)
.

Óðàâíåíèå (2.6) ïðèíèìàåò âèä:

V
[N ]
t (t, x) + max

u1u2

{
(ax + b1u1 + b2u2) V [N ]

x (t, x)+

+λ
[n,iN0 ]
1

(
−u2

1 − u2
2 + u1x + u2x− x2

2
+ r[1](t)

)
+

+λ
[n,iN0 ]
2

(
−2u2

1 − u2
2 + 2u1x + u2x− 3

4
x2 + r[2](t)

)}
= 0,

V [N ](T, x[N ](T )) =
n∑

i=1

λ
[n,iN0 ]
i x[N ](T ),

èëè
V

[N ]
t (t, x) + max

u1u2

{
(ax + b1u1 + b2u2) V [N ]

x (t, x)−

−
(
λ

[n,iN0 ]
1 + 2λ

[n,iN0 ]
2

)
u2

1 −
(
λ

[n,iN0 ]
1 + λ

[n,iN0 ]
2

)
u2

2+

+
(
λ

[n,iN0 ]
1 + 2λ

[n,iN0 ]
2

)
xu1 +

(
λ

[n,iN0 ]
1 + λ

[n,iN0 ]
2

)
xu2− (3.18)

−
(

x2

2
λ

[n,iN0 ]
1 +

3x2

4
λ

[n,iN0 ]
2

)
+

(
r[1](t)λ

[n,iN0 ]
1 + r[2](t)λ

[n,iN0 ]
2

)}
= 0,

V [N ](T, x[N ](T )) =
(
λ

[n,iN0 ]
1 + λ

[n,iN0 ]
2

)
x[N ](T ).

Îïðåäåëèì ìàêñèìóì ôóíêöèè â ôèãóðíûõ ñêîáêàõ. Çíà÷åíèÿ óïðàâ-
ëåíèé, íà êîòîðûõ äîñòèãàåòñÿ ìàêñèìóì â ëåâîé ÷àñòè óðàâíåíèÿ
(3.18), ïîëó÷àåì èç óñëîâèé ïåðâîãî ïîðÿäêà:

b1V
[N ]
x (t, x)− 2

(
λ

[n,iN0 ]
1 + 2λ

[n,iN0 ]
2

)
φ∗1(t, x) +

(
λ

[n,iN0 ]
1 + 2λ

[n,iN0 ]
2

)
x = 0,
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b2V
[N ]
x (t, x)− 2

(
λ

[n,iN0 ]
1 + λ

[n,iN0 ]
2

)
φ∗2(t, x) +

(
λ

[n,iN0 ]
1 + 2λ

[n,iN0 ]
2

)
x = 0.

Îòêóäà,
φ∗1(t, x) = b1

2

(
λ
[n,iN0 ]

1 +2λ
[n,iN0 ]

2

)V
[N ]
x (t, x) + x

2

φ∗2(t, x) = b2

2

(
λ
[n,iN0 ]

1 +λ
[n,iN0 ]

2

)V
[N ]
x (t, x) + x

2

. (3.19)

Óñëîâèÿ âòîðîãî ïîðÿäêà çàâèñÿò òîëüêî îò ïàðàìåòðîâ ñâåðòêè:

−2
(
λ

[n,iN0 ]
1 + 2λ

[n,iN0 ]
2

)
< 0

è ∣∣∣∣∣∣
−2

(
λ

[n,iN0 ]
1 + 2λ

[n,iN0 ]
2

)
0

0 −2
(
λ

[n,iN0 ]
1 + λ

[n,iN0 ]
2

)
∣∣∣∣∣∣
= (3.20)

= 4
(
λ

[n,iN0 ]
1 + 2λ

[n,iN0 ]
2

)(
λ

[n,iN0 ]
1 + λ

[n,iN0 ]
2

)
> 0.

Ñëåäîâàòåëüíî, ïðè âûïîëíåíèè óñëîâèé (3.20), íàáîð ôóíêöèé (3.19)
áóäåò åäèíñòâåííûì, íà êîòîðîì äîñòèãàåòñÿ ìàêñèìóì ëåâîé ÷àñòè
óðàâíåíèÿ (3.18).

Ïîäñòàâëÿÿ (3.19) â (3.18), èìååì:

V
[N ]
t (t, x) +

{
ax +

b1x

2
+

b2x

2

}
V [N ]

x (t, x)+

+





b2
1

2
(
λ

[n,iN0 ]
1 + 2λ

[n,iN0 ]
2

) +
b2
2

2
(
λ

[n,iN0 ]
1 + λ

[n,iN0 ]
2

)




(
V [N ]

x (t, x)
)2−

−
(
λ

[n,iN0 ]
1 + 2λ

[n,iN0 ]
2

)

 b1

2
(
λ

[n,iN0 ]
1 + 2λ

[n,iN0 ]
2

)V [N ]
x (t, x) +

x

2




2

−

−
(
λ

[n,iN0 ]
1 + λ

[n,iN0 ]
2

)

 b2

2
(
λ

[n,iN0 ]
1 + λ

[n,iN0 ]
2

)V [N ]
x (t, x) +

x

2




2

+

+
(
λ

[n,iN0 ]
1 + 2λ

[n,iN0 ]
2

)

 b1

2
(
λ

[n,iN0 ]
1 + 2λ

[n,iN0 ]
2

)V [N ]
x (t, x) +

x

2


 x+
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+
(
λ

[n,iN0 ]
1 + λ

[n,iN0 ]
2

)

 b2

2
(
λ

[n,iN0 ]
1 + λ

[n,iN0 ]
2

)V [N ]
x (t, x) +

x

2


 x−

−
(

x2

2
λ

[n,iN0 ]
1 +

3x2

4
λ

[n,iN0 ]
2

)
+ (3.21)

+
(
r[1](t)λ

[n,iN0 ]
1 + r[2](t)λ

[n,iN0 ]
2

)}
= 0,

V [N ](T, x[N ](T )) =
(
λ

[n,iN0 ]
1 + λ

[n,iN0 ]
2

)
x[N ](T ).

Ðàñêðûâàÿ ñêîáêè â (3.21) è óïðîùàÿ, èìååì:

V
[N ]
t (t, x) +

{
a +

b1

2
+

b2

2

}
xV [N ]

x (t, x)+

+





b2
1

4
(
λ

[n,iN0 ]
1 + 2λ

[n,iN0 ]
2

) +
b2
2

4
(
λ

[n,iN0 ]
1 + λ

[n,iN0 ]
2

)




(
V [N ]

x (t, x)
)2

+ (3.22)

+
(
r[1](t)λ

[n,iN0 ]
1 + r[2](t)λ

[n,iN0 ]
2

)}
= 0,

V [N ](T, x[N ](T )) =
(
λ

[n,iN0 ]
1 + λ

[n,iN0 ]
2

)
x[N ](T ).

Ïî ëåììå 3.1 óðàâíåíèå (3.22) èìååò åäèíñòâåííîå ðåøåíèå, ïðè÷åì

V [N ]
x (t, x) =

(
λ

[n,iN0 ]
1 + λ

[n,iN0 ]
2

)
e{a+

b1
2

+
b2
2 }(T−t). (3.23)

Ñ ó÷åòîì (3.23) èç (3.19) ñëåäóåò, ÷òî

φ∗1(t, x) =
b1

(
λ
[n,iN0 ]

1 +λ
[n,iN0 ]

2

)

2

(
λ
[n,iN0 ]

1 +2λ
[n,iN0 ]

2

)e{a+
b1
2

+
b2
2 }(T−t) + x

2

φ∗2(t, x) = b2
2
e{a+

b1
2

+
b2
2 }(T−t) + x

2

. (3.24)

Ïðè ýòîì äèíàìèêà (3.15) ïðèíèìàåò âèä:

ẋ(t) =

(
a +

b1

2
+

b2

2

)
x +





b2
1

(
λ

[n,iN0 ]
1 + λ

[n,iN0 ]
2

)

2
(
λ

[n,iN0 ]
1 + 2λ

[n,iN0 ]
2

) +
b2
2

2



 e{a+

b1
2

+
b2
2 }(T−t),

(3.25)
x(t0) = x0.
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Ðàññìîòðèì êîàëèöèþ S = {1} è âåêòîð

λ[n,iS0 ] =
(
λ

[n,iS0 ]
1 , λ

[n,iS0 ]
2

)
,

ïðè óñëîâèè, ÷òî èãðîê 2 âûáðàë ñòðàòåãèþ φ∗2(t, x). Óðàâíåíèå (2.6)
ïðèíèìàåò âèä:

V
[S]
t (t, x) + max

u1

{[
ax + b1u1 +

b2
2

2
e(a+

b1
2

+
b2
2 )(T−t) +

b2x

2

]
V [S]

x (t, x)+

+λ
[n,iS0 ]
1

(
−u2

1 −
(

b2

2
e(a+

b1
2

+
b2
2 )(T−t) +

x

2

)2

+ (3.26)

+u1x +

(
b2

2
e(a+

b1
2

+
b2
2 )(T−t) +

x

2

)
x− x2

2
+ r[1](t)

)
+

+λ
[n,iS0 ]
2

(
−2u2

1 −
(

b2

2
e(a+

b1
2

+
b2
2 )(T−t) +

x

2

)2

+

+2u1x +

(
b2

2
e(a+

b1
2

+
b2
2 )(T−t) +

x

2

)
x− 3

4
x2 + r[2](t)

)}
= 0

V [S](T, x(T )) =
(
λ

[n,iS0 ]
1 + λ

[n,iS0 ]
2

)
x(T ).

Èç îïðåäåëåíèÿ âåêòîðà λ[n,iS0 ] ñëåäóåò, ÷òî λ
[n,iS0 ]
2 = 0. Ïîýòîìó óðàâ-

íåíèå (3.26) ïðèíèìàåò âèä:

V
[S]
t (t, x) + max

u1

{[
ax + b1u1 +

b2
2

2
e(a+

b1
2

+
b2
2 )(T−t) +

b2x

2

]
V [S]

x (t, x) +

+λ
[n,iS0 ]
1

(
−u2

1 −
(

b2

2
e(a+

b1
2

+
b2
2 )(T−t) +

x

2

)2

+ (3.27)

+ u1x +

(
b2

2
e(a+

b1
2

+
b2
2 )(T−t) +

x

2

)
x− x2

2
+ r[1](t)

)}
= 0

V [S](T, x(T )) = λ
[n,iS0 ]
1 x(T )

Óñëîâèå ïåðâîãî ïîðÿäêà äëÿ ôóíêöèè â ôèãóðíûõ ñêîáêàõ ïðèíè-
ìàåò âèä:

b1V
[S]
x (t, x)− 2λ

[n,iS0 ]
1 φ∗∗1 (t, x) + λ

[n,iS0 ]
1 x = 0.
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Îòêóäà,
φ∗∗1 (t, x) =

b1

2λ
[n,iS0 ]
1

V [S]
x (t, x) +

x

2
. (3.28)

Óñëîâèå âòîðîãî ïîðÿäêà çàâèñèò òîëüêî îò ïàðàìåòðîâ ñâåðòêè:

−2λ
[n,iS0 ]
1 < 0, (3.29)

ïîýòîìó ïðè âûïîëíåíèè óñëîâèÿ (3.29) ñòðàòåãèÿ (3.28) áóäåò åäèí-
ñòâåííîé, íà êîòîðîé äîñòèãàåòñÿ ìàêñèìóì ëåâîé ÷àñòè óðàâíåíèÿ
(3.27).

Ïîäñòàâèâ (3.28) â (3.27) è óïðîñòèâ, ïîëó÷èì:

V
[S]
t (t, x) +

b2
1

4λ
[n,iS0 ]
1

(
V [S]

x (t, x)
)2

+

(
a +

b1

2
+

b2

2

)
xV [S]

x (t, x)+

+
b2
2

2
e(a+

b1
2

+
b2
2 )(T−t)V [S]

x (t, x)− (3.30)

−λ
[n,iS0 ]
1 b2

2

2
e2(a+

b1
2

+
b2
2 )(T−t) + λ

[n,iS0 ]
1 r[1](t) = 0,

V [S](T, x(T )) = λ
[n,iS0 ]
1 x(T ).

Ïî ëåììå 3.1 óðàâíåíèå (3.30) èìååò åäèíñòâåííîå ðåøåíèå, ïðè÷åì

V [S]
x (t, x) = λ

[n,iS0 ]
1 e{a+

b1
2

+
b2
2 }(T−t). (3.31)

Ñ ó÷åòîì (3.31) èç (3.28) ñëåäóåò:

φ∗∗1 (t, x) =
b1

2
e{a+

b1
2

+
b2
2 }(T−t) +

x

2
. (3.32)

Ïðè ýòîì äèíàìèêà (3.15) ïðèíèìàåò ñëåäóþùèé âèä:

ẋ(t) =

(
a +

b1

2
+

b2

2

)
x +

(
b2
1

2
+

b2
2

2

)
e{a+

b1
2

+
b2
2 }(T−t), (3.33)

x(t0) = x0.

Ðàññìîòðèì êîàëèöèþ S = {2} è âåêòîð

λ[n,iS0 ] =
(
λ

[n,iS0 ]
1 , λ

[n,iS0 ]
2

)
,
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ïðè óñëîâèè, ÷òî èãðîê 1 âûáðàë ñòðàòåãèþ φ∗1(t, x). Ïîâòîðÿÿ ðàñ-
ñóæäåíèÿ, ïðîâåäåííûå ïðè ðàññìîòðåíèè ñëó÷àÿ S = {1}, èìååì:

φ∗∗2 (t, x) =
b2

2
e{a+

b1
2

+
b2
2 }(T−t) +

x

2
. (3.34)

Ïðè ýòîì äèíàìèêà (3.15) ïðèíèìàåò âèä:

ẋ(t) =

(
a +

b1

2
+

b2

2

)
x+ (3.35)

+





b2
1

(
λ

[n,iN0 ]
1 + λ

[n,iN0 ]
2

)

2
(
λ

[n,iN0 ]
1 + 2λ

[n,iN0 ]
2

) +
b2
2

2



 e{a+

b1
2

+
b2
2 }(T−t),

x(t0) = x0.

Â ðåçóëüòàòå ïîëó÷àåì:
Äëÿ S = N , ñîãëàñíî (3.24), (3.25):

φ∗1(t, x) =
b1

(
λ

[n,iN0 ]
1 + λ

[n,iN0 ]
2

)

2
(
λ

[n,iN0 ]
1 + 2λ

[n,iN0 ]
2

)e{a+
b1
2

+
b2
2 }(T−t) +

x

2
,

φ∗2(t, x) =
b2

2
e{a+

b1
2

+
b2
2 }(T−t) +

x

2
,

ẋ(t) =

(
a +

b1

2
+

b2

2

)
x +





b2
1

(
λ

[n,iN0 ]
1 + λ

[n,iN0 ]
2

)

2
(
λ

[n,iN0 ]
1 + 2λ

[n,iN0 ]
2

) +
b2
2

2



 e{a+

b1
2

+
b2
2 }(T−t),

x(t0) = x0.

Äëÿ S = {1}, ñîãëàñíî (3.32), (3.33):

φ∗∗1 (t, x) =
b1

2
e{a+

b1
2

+
b2
2 }(T−t) +

x

2

ẋ(t) =

(
a +

b1

2
+

b2

2

)
x +

(
b2
1

2
+

b2
2

2

)
e{a+

b1
2

+
b2
2 }(T−t),

x(t0) = x0.

Äëÿ S = {2}, ñîãëàñíî (3.34), (3.35):

φ∗∗2 (t, x) =
b2

2
e{a+

b1
2

+
b2
2 }(T−t) +

x

2
,
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ẋ(t) =

(
a +

b1

2
+

b2

2

)
x +





b2
1

(
λ

[n,iN0 ]
1 + λ

[n,iN0 ]
2

)

2
(
λ

[n,iN0 ]
1 + 2λ

[n,iN0 ]
2

) +
b2
2

2



 e{a+

b1
2

+
b2
2 }(T−t),

x(t0) = x0.

Â èãðå âîçìîæíû òðè êîàëèöèè (n = 2). Ïîýòîìó âîçìîæíû 23 = 8

âåêòîðîâ λ[n,iN0 ]. Ïåðåáèðàÿ âñå âàðèàíòû, íàõîäèì ñëåäóþùèé îòâåò.
Äëÿ S = N çíà÷åíèå i

{1,2}
0 = 1, λ[n,i

{1,2}
0 ] = (1, 0), äëÿ S = {1}

çíà÷åíèå i
{1}
0 = 1, λ[n,i

{1}
0 ] = (1, 0), äëÿ S = {2} çíà÷åíèå i

{2}
0 = 2,

λ[n,i
{2}
0 ] = (0, 1). Òîãäà:
à) äëÿ âñåõ ýêñòðåìàëüíûõ óðàâíåíèé âûïîëíÿþòñÿ óñëîâèÿ âòî-

ðîãî ïîðÿäêà,
á)

φ∗1(t, x) = φ∗∗1 (t, x) =
b1

2
e{a+

b1
2

+
b2
2 }(T−t) +

x

2
,

φ∗2(t, x) = φ∗∗2 (t, x) =
b2

2
e{a+

b1
2

+
b2
2 }(T−t) +

x

2
,

â) âûïîëíÿþòñÿ óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè óðàâíå-
íèé (3.25), (3.33), (3.35). Ïðè ýòîì óêàçàííûå óðàâíåíèÿ ïðèíèìàþò
îäèíàêîâûé âèä:

ẋ(t) =

(
a +

b1

2
+

b2

2

)
x +

(
b2
1

2
+

b2
2

2

)
e{a+

b1
2

+
b2
2 }(T−t), (3.36)

x(t0) = x0.

Ñëåäîâàòåëüíî, äëÿ êàæäîé êîàëèöèè S ⊆ N íàøëèñü òàêèå íîìå-
ðà èãðîêîâ i

{1,2}
0 = 1, i

{1}
0 = 1, i

{2}
0 = 2, ÷òî ìàêñèìàëüíîå çíà÷åíèå

ëåâîé ÷àñòè óðàâíåíèé (3.18), (3.27), à òàêæå ýêñòðåìàëüíîãî óðàâíå-
íèÿ, ñîñòàâëåííîãî äëÿ ñëó÷àÿ S = {2}, äîñòèãàåòñÿ íà åäèíñòâåííîì
íàáîðå íåïðåðûâíûõ ôóíêöèé:

φ∗N(t, x) = (φ∗1(t, x), φ∗2(t, x)) =

=

(
b1

2
e{a+

b1
2

+
b2
2 }(T−t) +

x

2
,
b2

2
e{a+

b1
2

+
b2
2 }(T−t) +

x

2

)
.

Òîãäà ïî òåîðåìå 2.1 íàáîð φ∗N(t, x) ∈ SME â èãðå (3.15)-(3.17), ÷òî
è òðåáîâàëîñü íàéòè.
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STRONG EQUILIBRIUM CONSTRUCTION IN A
NONCOOPERATIVE DIFFERENTIAL GAME
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prof. (zenkevich@gsom.pu.ru).
Andrey V. Zyatchin, Graduate School of Management, Department
of Operations Management, St. Petersburg University, assistant
(zyatchin@gsom.pu.ru).

Abstract : A strong equilibrium technique is proposed. It is based on
a special scalarization of multicreteria problem. Su�cient conditions
for strong equilibrium to exist are proved. The result is illustrated on
asymmetric di�erential game with two players, where strong equilibrium
is found in explicit form.
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