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Â ñòàòüå ðàññìàòðèâàåòñÿ îäèí êëàññ áèëèíåéíûõ äâóìåð-
íûõ óïðàâëÿåìûõ ñèñòåì. Äëÿ íèõ èçó÷àåòñÿ âîïðîñ î ðåëåé-
íîñòè îïòèìàëüíîãî ïî áûñòðîäåéñòâèþ óïðàâëåíèÿ. Ýòî ñâîé-
ñòâî îïòèìàëüíûõ óïðàâëåíèé èìååò áîëüøîé èíòåðåñ äëÿ ïðè-
ëîæåíèé. Ðåëåéíûå óïðàâëåíèÿ ëåãêî ðåàëèçóþòñÿ íà ïðàêòè-
êå. Ïîëó÷åíû ýôôåêòèâíûå äîñòàòî÷íûå óñëîâèÿ, ãàðàíòèðó-
þùèå ðåëåéíîñòü îïòèìàëüíîãî ïî áûñòðîäåéñòâèþ óïðàâëå-
íèÿ äëÿ ðàññìàòðèâàåìîãî êëàññà óïðàâëÿåìûõ ñèñòåì. Â êà-
÷åñòâå ïðèìåðà ðàññìîòðåí óïðàâëÿåìûé àíàëîã èçâåñòíîé â
ïîëèòîëîãèè ìîäåëè Ë. Ðè÷àðäñîíà.

Êëþ÷åâûå ñëîâà: îïòèìàëüíîå óïðàâëåíèå, áèëèíåéíûå óïðàâëÿåìûå
ñèñòåìû, ðåëåéíîñòü óïðàâëåíèÿ, ìîäåëü Ë. Ðè÷àðäñîíà.

1. Ââåäåíèå
Ðàññìîòðèì äâóìåðíóþ áèëèíåéíóþ óïðàâëÿåìóþ ñèñòåìó (ñì.,

íàïðèìåð, [1]�[3], [5]) âèäà:

ẋ = A(u)x, (1.1)
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ãäå x ∈ R2, u ∈ R4,

A(u) =

(
u1 u2

u3 u4

)
, (1.2)

ui, i = 1, 2, 3, 4, � êîìïîíåíòû âåêòîðà u ∈ R4.
Îáîçíà÷åíèÿ. Ñèìâîëîì Rk, ãäå k > 1, óñëîâèìñÿ îáîçíà÷àòü

k-ìåðíîå äåéñòâèòåëüíîå àðèôìåòè÷åñêîå ïðîñòðàíñòâî, ýëåìåíòàìè
êîòîðîãî ÿâëÿþòñÿ óïîðÿäî÷åííûå íàáîðû èç k äåéñòâèòåëüíûõ ÷è-
ñåë, çàïèñûâàåìûõ â âèäå ñòîëáöîâ, ñî ñòàíäàðòíûì ñêàëÿðíûì ïðî-
èçâåäåíèåì âåêòîðîâ a, b ∈ Rk âèäà

〈a, b〉 =
k∑

i=1

aibi,

ãäå ai, bi � êîìïîíåíòû âåêòîðîâ a, b, ñîîòâåòñòâåííî. Äëèíà âåêòîðà

a ∈ Rk îïðåäåëÿåòñÿ ôîðìóëîé |a| =

(
k∑

i=1

a2
i

)1/2

. Äëÿ ïðîèçâîëüíîé
ìàòðèöû A ðàçìåðíîñòè 2 × 2 ñ äåéñòâèòåëüíûìè ýëåìåíòàìè îïðå-
äåëèì åå íîðìó ôîðìóëîé

‖A‖ = max
|x|=1

|Ax|,

ãäå x ∈ R2. Îáîçíà÷èì exp(z) = ez ïðè z ∈ R1. ×åðåç I îáîçíà÷èì
ñîâîêóïíîñòü èíäåêñîâ 1, 2, 3, 4. Óñëîâèìñÿ äâå èçìåðèìûå ïî Ëåáåãó
ôóíêöèè ñî çíà÷åíèÿìè â Rk è îïðåäåëåííûå íà íåêîòîðîì îòðåçêå
[a, b] íàçûâàòü ýêâèâàëåíòíûìè, åñëè îíè ñîâïàäàþò íà [a, b] ñ òî÷-
íîñòüþ äî ìíîæåñòâà ëåáåãîâîé ìåðû íóëü, ò. å. îíè ñîâïàäàþò ïî÷òè
âñþäó íà [a, b].

Íà êîìïîíåíòû ui óïðàâëÿþùåãî âåêòîðà u ∈ R4 (ñì. (1.1), (1.2))
íàëîæèì ñëåäóþùèå îãðàíè÷åíèÿ:

ui ∈ [pi, qi], i ∈ I, (1.3)

ãäå äëÿ êîíñòàíò pi, qi âûïîëíåíû íåðàâåíñòâà

pi 6 qi, (1.4)

ïðè÷åì õîòÿ áû äëÿ îäíîãî íîìåðà i0 ∈ I

pi0 < qi0 . (1.5)
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Ìíîæåñòâî âåêòîðîâ u ∈ R4, óäîâëåòâîðÿþùèõ ñîîòíîøåíèÿì (1.3)�
(1.5), îáîçíà÷èì U .

Â R2 ôèêñèðîâàíû íà÷àëüíîå è êîíå÷íîå óñëîâèÿ:

x(0) = x0, x(t1) = m, (1.6)

ãäå x0 6= 0, x0 6= m, t1 > 0. Íà ìíîæåñòâå èçìåðèìûõ ïî Ëåáåãó
óïðàâëåíèé u(t) ∈ U , t > 0, äëÿ óïðàâëÿåìîé ñèñòåìû (1.1) ïðè
êðàåâûõ óñëîâèÿõ (1.6) ðàññìàòðèâàåòñÿ çàäà÷à îïòèìàëüíîãî áûñò-
ðîäåéñòâèÿ (ñì. [1]�[3], [5]).

Óïðàâëÿåìàÿ ñèñòåìà (1.1) èìååò âåñüìà îáùèé âèä. Îòìåòèì, íà-
ïðèìåð, ÷òî â [2] äëÿ óïðàâëÿåìîé ñèñòåìû (4.23) â ïóíêòå 61 âåñüìà
ïîäðîáíî ðàññìàòðèâàåòñÿ çàäà÷à áûñòðîäåéñòâèÿ, ñâÿçàííàÿ ñ òåî-
ðèåé íåîñöèëëÿöèè ðåøåíèé ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé 2-ãî ïîðÿäêà. Óïîìÿíóòóþ óïðàâëÿåìóþ ñèñòåìó (4.23) èç [2]
ìîæíî ñ÷èòàòü ÷àñòíûì ñëó÷àåì óïðàâëÿåìîé ñèñòåìû âèäà (1.1),
(1.2), åñëè ïîëîæèòü

p1 = q1 = 0; p2 = q2 = 1;
p3 = −β′, q3 = −β; p4 = −α′, q4 = −α,

ãäå êîíñòàíòû α, α′, β, β′ îïðåäåëåíû â [2]. Îòìåòèì òàêæå, ÷òî
â ïóíêòå 61 èç [2] äëÿ óïðàâëÿåìîé ñèñòåìû âèäà (4.23) âìåñòî îä-
íîòî÷å÷íîãî òåðìèíàëüíîãî ìíîæåñòâà ðàññìàòðèâàåòñÿ òåðìèíàëü-
íîå ìíîæåñòâî M = {x ∈ R2: x1 = 0, x2 < 0}. Íî ìîæíî ïåðåéòè
ê ñëó÷àþ îäíîòî÷å÷íîãî òåðìèíàëüíîãî ìíîæåñòâà è â ýòîé çàäà÷å
ñ ïîìîùüþ ñëåäóþùåãî ñîîáðàæåíèÿ. Ïóñòü û(t), t ∈ [0, τ ], � äî-
ïóñòèìîå óïðàâëåíèå, îñóùåñòâëÿþùåå îïòèìàëüíîå áûñòðîäåéñòâèå
ñ òåðìèíàëüíûì ìíîæåñòâîì M , à x̂(t), t ∈ [0, τ ], � ñîîòâåòñòâó-
þùåå îïòèìàëüíîå ðåøåíèå ðàññìàòðèâàåìîé óïðàâëÿåìîé ñèñòåìû
(çäåñü τ > 0 � âðåìÿ îïòèìàëüíîãî áûñòðîäåéñòâèÿ). Òîãäà, ïîëà-
ãàÿ m = x̂(τ), ìû ôîðìàëüíî ìîæåì ïåðåéòè ê çàäà÷å îïòèìàëüíîãî
áûñòðîäåéñòâèÿ ñ îäíîòî÷å÷íûì òåðìèíàëüíûì ìíîæåñòâîì.

Îòìåòèì åùå, ÷òî ê óïðàâëÿåìîé ñèñòåìå âèäà (1.1), (1.2) ìîæíî
ïðèâåñòè óïðàâëÿåìóþ ñèñòåìó âèäà

ẋ = B(v)x,
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ãäå äëÿ ýëåìåíòîâ bij(v) ìàòðèöû B(v) ñ v = (v11, v12, v21, v22) âûïîë-
íÿþòñÿ ðàâåíñòâà

bij(v) = cij + vijdij ïðè i = 1, 2, j = 1, 2.

Çäåñü cij, dij � äåéñòâèòåëüíûå êîíñòàíòû, vij � óïðàâëåíèÿ, íà íèõ
íàëîæåíû îãðàíè÷åíèÿ vij ∈ [rij, sij] ⊂ R1, ïðè÷åì rij 6 sij è õîòÿ áû
äëÿ îäíîé ïàðû èíäåêñîâ rijdij 6= sijdij. Îáîçíà÷èì

u1 = c11 + v11d11, u2 = c12 + v12d12,
u3 = c21 + v21d21, u4 = c22 + v22d22.

Ïðè vij ∈ [rij, sij]

u1 ∈ co{c11 + p11d11, c11 + q11d11}, u2 ∈ co{c12 + p12d12, c12 + q12d12},
u3 ∈ co{c21 + p21d21, c21 + q21d21}, u4 ∈ co{c22 + p22d22, c22 + q22d22},

ãäå co îçíà÷àåò îïåðàöèþ îâûïóêëåíèÿ ìíîæåñòâà. È ìû ïðèøëè
ê ñèñòåìå âèäà (1.1).

Â ðàçäåëå 3, êàê ÷àñòíûé ñëó÷àé óïðàâëÿåìîé ñèñòåìû (1.1), ìû
ðàññìîòðèì óïðàâëÿåìûé àíàëîã ìîäåëè Ë. Ðè÷àðäñîíà âîîðóæåíèÿ
äâóõ ãîñóäàðñòâ, èçâåñòíîé â ïîëèòîëîãèè (ñì. [4], [6]).

2. Àíàëèç çàäà÷è
Ïðèñòóïàåì ê àíàëèçó ïîñòàâëåííîé çàäà÷è îïòèìàëüíîãî áûñò-

ðîäåéñòâèÿ. Åñëè ñóùåñòâóåò õîòÿ áû îäíî äîïóñòèìîå óïðàâëåíèå
u = u(t), t > 0, äëÿ êîòîðîãî ðåøåíèå x(t, u(·)) óðàâíåíèÿ (1.1)
ñ íà÷àëüíûì óñëîâèåì x0 ïðè íåêîòîðîì t1 > 0 óäîâëåòâîðÿåò òåð-
ìèíàëüíîìó óñëîâèþ x(t1) = m, òî (ñì., íàïðèìåð, [3]) ñóùåñòâóåò
è îïòèìàëüíîå ïî áûñòðîäåéñòâèþ óïðàâëåíèå ũ(t) ∈ U ñ âðåìåíåì
áûñòðîäåéñòâèÿ τ > 0. Îáîçíà÷èì ∆ = [0, τ ]. Â ñèëó ïðèíöèïà ìàêñè-
ìóìà Ïîíòðÿãèíà (ñì. [1]�[3], [5]) äëÿ îïòèìàëüíîãî óïðàâëåíèÿ ũ(t),
t ∈ ∆, ñóùåñòâóåò òàêîå íåòðèâèàëüíîå ðåøåíèå ψ̃(t) ñîïðÿæåííîé
ñèñòåìû

ψ̇1 = −ũ1(t)ψ1 − ũ3(t)ψ2

ψ̇2 = −ũ2(t)ψ1 − ũ4(t)ψ2,
(2.1)

÷òî ïî÷òè âñþäó íà ∆ âûïîëíÿåòñÿ ñëåäóþùåå óñëîâèå ìàêñèìóìà:

max
u∈U

〈A(u)x̃(t), ψ̃(t)〉 = 〈A(ũ(t))x̃(t), ψ̃(t)〉, (2.2)
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ãäå x̃(t) = x(t, ũ(·)). Èç îïðåäåëåíèÿ ìíîæåñòâà U è ñîîòíîøåíèÿ
ìàêñèìóìà (2.2) ïî÷òè âñþäó íà ∆ âûòåêàþò ñëåäóþùèå ñîîòíîøå-
íèÿ ìàêñèìóìà:

max
u1∈[p1, q1]

(u1x̃1(t)ψ̃1(t)) = ũ1(t)x̃1(t)ψ̃1(t), (2.3)

max
u2∈[p2, q2]

(u2x̃2(t)ψ̃1(t)) = ũ2(t)x̃2(t)ψ̃1(t), (2.4)

max
u3∈[p3, q3]

(u3x̃1(t)ψ̃2(t)) = ũ3(t)x̃1(t)ψ̃2(t), (2.5)

max
u4∈[p4, q4]

(u4x̃2(t)ψ̃2(t)) = ũ4(t)x̃2(t)ψ̃2(t)). (2.6)

Çàìåòèì, ÷òî, åñëè ïðè äàííîì i ∈ I âûïîëíÿåòñÿ ðàâåíñòâî
pi = qi, òî ũi(t) ≡ pi ïðè t ∈ ∆. Ïîýòîìó íàì èíòåðåñíû ëèøü òå
íîìåðà i ∈ I, äëÿ êîòîðûõ pi < qi. Îòìåòèì òàêæå ñëåäóþùåå îá-
ñòîÿòåëüñòâî: åñëè îïòèìàëüíîå óïðàâëåíèå ũ(t) íà ∆ èçìåíèòü íà
ìíîæåñòâå ëåáåãîâîé ìåðû íóëü, òî ýòî íîâîå óïðàâëåíèå áóäåò ýê-
âèâàëåíòíûì ũ(t) íà ∆ è îñòàíåòñÿ îïòèìàëüíûì. Ýòîò ôàêò âàæåí
äëÿ ïðèëîæåíèé. Îí ïîçâîëÿåò äîâîëüíî ÷àñòî ¾óïðîñòèòü¿ âèä îï-
òèìàëüíîãî óïðàâëåíèÿ çà ñ÷åò èçìåíåíèÿ èñõîäíîãî ũ(t) íà ìíîæå-
ñòâå ëåáåãîâîé ìåðû íóëü èç ∆.

Äëÿ äàëüíåéøåãî áóäåò ïîëåçíà ñëåäóþùàÿ ëåììà.

Ëåììà 2.1. Ïóñòü 0 /∈ [p2, q2], ãäå p2 6 q2. Òîãäà ñóùåñòâóåò
ñòîëü áîëüøîå öåëîå ÷èñëî θ1 > 0, ÷òî äëÿ ïðîèçâîëüíîãî èçìåðèìî-
ãî óïðàâëåíèÿ u(t) = U , t ∈ ∆, äëÿ ïåðâîé êîìïîíåíòû x1(t, u(·)) ðå-
øåíèÿ x(t, u(·)) óðàâíåíèÿ (1.1) ñ íà÷àëüíûì óñëîâèåì x(0) = x0 6= 0

÷èñëî íóëåé íà ∆ íå ïðåâîñõîäèò θ1. Åñëè äîáàâî÷íî âûïîëíÿåòñÿ
óñëîâèå ñîãëàñîâàíèÿ: ïðè p2 > 0 âûïîëíÿåòñÿ íåðàâåíñòâî p3 > 0,
à ïðè q2 < 0 âûïîëíÿåòñÿ íåðàâåíñòâî q3 6 0, òî ìîæíî ïîëîæèòü
θ1 = 1.

Äîêàçàòåëüñòâî. Ôèêñèðóåì èçìåðèìîå óïðàâëåíèå u(t) ∈ U , t ∈ ∆,
è çàéìåìñÿ èçó÷åíèåì ðàñïðåäåëåíèÿ íóëåé ôóíêöèè x1(t) = x1(t, u(·))
íà ∆. Ïóñòü x1(α) = 0, ãäå α ∈ [0, τ). Òàê êàê x0 6= 0, òî ðåøåíèå
óðàâíåíèÿ (1.1) x(t) = x(t, u(·)) 6= 0 ïðè t ∈ ∆ è ñëåäîâàòåëüíî
x2(α) 6= 0. Èç ñêàçàííîãî è èç ñîîòíîøåíèé (1.1), (1.2) âûòåêàåò ñ ïî-
ìîùüþ èçâåñòíîé ôîðìóëû Êîøè, ÷òî ïðè t ∈ [α, τ ]
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x1(t) =

t∫

α

f(t, s)u2(s)x2(s) ds, (2.7)

f(t, s) = exp

( t∫

s

u1(r) dr

)
, (2.8)

ãäå èíòåãðàëû ïîíèìàþòñÿ â ñìûñëå Ëåáåãà.
Äëÿ äàëüíåéøåãî áóäåò ïîëåçåí ñëåäóþùèé ôàêò: ïðè u ∈ U íîð-

ìà ìàòðèöû A(u) (ñì. (1.2)) îãðàíè÷åíà ñâåðõó íåêîòîðîé äîñòàòî÷íî
áîëüøîé êîíñòàíòîé β > 0, ò. å.

‖A(u)‖ 6 β ∀u ∈ U. (2.9)

Íàïðèìåð, ìîæíî ïîëîæèòü

β =
4∑

i=1

max(|pi|, |qi|).

Èç (2.9) ñ ïîìîùüþ èçâåñòíûõ ôàêòîâ (ñì. ãë. IV, � 4 [7]) ïîëó÷àåì
ïðè t ∈ ∆ íåðàâåíñòâà

e−βt|x0| 6 |x(t)| 6 eβt|x0|. (2.10)

Èç ðàâåíñòâà x1(α) = 0 è ñîîòíîøåíèé (2.10) âûòåêàåò íåðàâåíñòâî

|x2(α)| > e−βτ |x0|. (2.11)

Èç ñîîòíîøåíèé (1.1), (2.9)�(2.11) ñëåäóåò, ÷òî ïðè t ∈ [α, γ(α)) âû-
ïîëíÿåòñÿ íåðàâåíñòâî |x2(t)| > 0, ãäå

γ(α) = min

{
τ , α +

e−2βτ

β

}
. (2.12)

Òàê êàê ïî ïðåäïîëîæåíèþ ëåììû 0 /∈ [p2, q2], òî â ñèëó ñêàçàííî-
ãî è ôîðìóë (2.7), (2.8) ïîëó÷àåì, ÷òî ïðè t ∈ (α, γ(α)) |x1(t)| > 0.
Èç ïðèâåäåííîãî àíàëèçà âûòåêàåò, ÷òî ôóíêöèÿ x1(t) èìååò îãðàíè-
÷åííîå ÷èñëî íóëåé íà ∆ è èõ ÷èñëî íåçàâèñèìî îò âûáîðà èçìåðèìî-
ãî óïðàâëåíèÿ u(t) ∈ U , t ∈ ∆, ìîæåò áûòü îöåíåíî ñâåðõó âåëè÷èíîé
(ñì. (2.12))

θ1 = [βτe2βτ ] + 1,
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ãäå [z] îçíà÷àåò öåëóþ ÷àñòü ÷èñëà z > 0.
Òåïåðü èçó÷èì, ÷òî äîáàâî÷íî äàåò íàì óñëîâèå ñîãëàñîâàíèÿ (ñì.

ôîðìóëèðîâêó ëåììû). Ïîêà ðàññìîòðèì ñëó÷àé, êîãäà p2 > 0, p3 >
0.

Ïóñòü, êàê âûøå, x1(α) = 0, ãäå α ∈ [0, τ). Îáîçíà÷èì ÷åðåç α1

íàèìåíüøèé íóëü ôóíêöèè x1(t) íà [0, τ ] (îí, î÷åâèäíî, ñóùåñòâóåò).
Äîïóñòèì, ÷òî íà (α1, τ ] ñóùåñòâóåò äðóãîé íóëü α3 ôóíêöèè x1(t).
Â ñèëó âûøåñêàçàííîãî íà [α1, τ ] ñóùåñòâóåò ìèíèìàëüíûé ýëåìåíò
α4 â ìíîæåñòâå òàêèõ òî÷åê α3, ïðè÷åì α4 ∈ (α1, τ ]. Åñëè x2(α1) > 0,
òî x2(t) > 0 ïðè t ∈ [α1, α1+δ], ãäå δ > 0 äîñòàòî÷íî ìàë�î è α1+δ 6 τ .
Â ýòîé ñèòóàöèè èç ôîðìóëû (2.7) ïðè α = α1 ïîëó÷àåì, ÷òî x1(t) >

0 ïðè t ∈ (α1, α4). Äàëåå, ñ ïîìîùüþ èçâåñòíîé ôîðìóëû Êîøè,
ïðèìåíÿåìîé êî âòîðîìó óðàâíåíèþ èç (1.1), ïîëó÷àåì ïðè t ∈ [α1, τ ]

ñëåäóþùåå ñîîòíîøåíèå:

x2(t) = g(t, x1)x2(α1) +

t∫

α1

g(t, s)u3(s)x1(s) ds, (2.13)

ãäå

g(t, s) = exp

( t∫

s

u4(r) dr

)
. (2.14)

Îòñþäà è èç íåðàâåíñòâà p3 > 0 âûòåêàåò, ÷òî x2(t) > 0 ïðè t ∈
(α1, α4]. Ïðèìåíÿÿ ôîðìóëó (2.7) ïðè α = α1, òåïåðü íåòðóäíî ïîêà-
çàòü, ÷òî x1(α4) > 0, è ìû ïðèõîäèì ê ïðîòèâîðå÷èþ ñ îïðåäåëåíèåì
âåëè÷èíû α4. Òàêèì îáðàçîì, ïðàâåå α1 íà (α1, τ ] ó ôóíêöèè x1(t)

íóëåé íåò. Åñëè x2(α1) < 0, òî x2(t) < 0 ïðè t ∈ [α1, α1 + δ], ãäå
δ > 0 äîñòàòî÷íî ìàë�î è α1 +δ 6 τ . Â ýòîé ñèòóàöèè ñ ïîìîùüþ ôîð-
ìóë (2.13), (2.14) îáîñíîâûâàåòñÿ (ïî àíàëîãèè ñ âûøåñêàçàííûì),
÷òî x2(t) < 0 ïðè t ∈ (α1, α4]. Ïðèìåíÿÿ ôîðìóëó (2.7) ïðè α = α1,
ïîëó÷àåì, ÷òî x1(α4) < 0. Òàêèì îáðàçîì, è â ýòîé ñèòóàöèè ïðàâåå
α1 íà (α1, τ ] ó ôóíêöèè x1(t) íóëåé íåò. Èç ñêàçàííîãî ïîëó÷àåì, ÷òî
ïðè p2 > 0, p3 > 0 ìîæíî ïîëîæèòü θ1 = 1. Ñëó÷àé q2 < 0, q3 6 0

ðàññìàòðèâàåòñÿ àíàëîãè÷íî ñ î÷åâèäíûìè èçìåíåíèÿìè. È â ýòîì
ñëó÷àå ìîæíî ïîëîæèòü θ1 = 1.

Àíàëîãè÷íî Ëåììå 2.1 ñ î÷åâèäíûìè èçìåíåíèÿìè äîêàçûâàåòñÿ
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Ëåììà 2.2. Ïóñòü 0 /∈ [p3, q3], ãäå p3 6 q3. Òîãäà ñóùåñòâóåò
ñòîëü áîëüøîå öåëîå ÷èñëî θ2 > 0, ÷òî äëÿ ïðîèçâîëüíîãî èçìåðèìî-
ãî óïðàâëåíèÿ u(t) ∈ U , t ∈ ∆, äëÿ âòîðîé êîìïîíåíòû x2(t, u(·)) ðå-
øåíèÿ x(t, u(·)) óðàâíåíèÿ (1.1) ñ íà÷àëüíûì óñëîâèåì x(0) = x0 6= 0

÷èñëî íóëåé íà ∆ íå ïðåâîñõîäèò θ2. Åñëè äîáàâî÷íî âûïîëíÿåòñÿ
óñëîâèå ñîãëàñîâàíèÿ: ïðè p3 > 0 âûïîëíÿåòñÿ íåðàâåíñòâî p2 > 0,
à ïðè q3 < 0 âûïîëíÿåòñÿ íåðàâåíñòâî q2 6 0, òî ìîæíî ïîëîæèòü
θ2 = 1.

Ðàññìîòðèì äàëåå ïðè t ∈ ∆ ñëåäóþùóþ ñèñòåìó äèôôåðåíöè-
àëüíûõ óðàâíåíèé (ñð. ñ (2.1)):

ψ̇1 = −u1(t)ψ1 − u3(t)ψ2

ψ̇2 = −u2(t)ψ1 − u4(t)ψ2,
(2.15)

ãäå ui(t) ∈ [pi, qi] � ïðîèçâîëüíàÿ èçìåðèìàÿ ôóíêöèÿ íà ∆. Ïî àíà-
ëîãèè ñ Ëåììîé 2.1 äîêàçûâàåòñÿ ñëåäóþùàÿ

Ëåììà 2.3. Ïóñòü 0 /∈ [−q3, −p3] (ò. å. 0 /∈ [p3, q3]), ãäå p3 6 q3. Òî-
ãäà ñóùåñòâóåò ñòîëü áîëüøîå öåëîå ÷èñëî θ3 > 0, íåçàâèñÿùåå îò
íà÷àëüíîãî âåêòîðà ψ(0) = ψ0 6= 0, ÷òî äëÿ ïðîèçâîëüíîãî èçìåðè-
ìîãî óïðàâëåíèÿ u(t) ∈ U , t ∈ ∆, äëÿ ïåðâîé êîìïîíåíòû ψ1(t, u(·))
ðåøåíèå ψ(t, u(·)) ñèñòåìû óðàâíåíèé (2.15) ñ íà÷àëüíûì óñëîâèåì
ψ(0) = ψ0 6= 0 ÷èñëî íóëåé íà ∆ íå ïðåâîñõîäèò θ3. Åñëè äîáàâî÷íî
âûïîëíÿåòñÿ óñëîâèå ñîãëàñîâàíèÿ: ïðè q3 < 0 âûïîëíÿåòñÿ íåðà-
âåíñòâî q2 6 0, à ïðè p3 > 0 âûïîëíÿåòñÿ íåðàâåíñòâî p2 > 0, òî
ìîæíî ïîëîæèòü θ3 = 1.

Ïî àíàëîãèè ñ Ëåììîé 2.2 äîêàçûâàåòñÿ

Ëåììà 2.4. Ïóñòü 0 /∈ [−q2, −p2] (ò. å. 0 /∈ [p2, q2]). Òîãäà ñóùå-
ñòâóåò ñòîëü áîëüøîå öåëîå ÷èñëî θ4 > 0, ÷òî äëÿ ïðîèçâîëüíîãî
èçìåðèìîãî óïðàâëåíèÿ u(t) ∈ U , t ∈ ∆, äëÿ âòîðîé êîìïîíåíòû
ψ2(t, u(·)) ðåøåíèÿ ψ(t, u(·)) óðàâíåíèÿ (2.15) ñ ïðîèçâîëüíûì íà-
÷àëüíûì óñëîâèåì ψ(0) = ψ0 6= 0 ÷èñëî íóëåé íà ∆ íå ïðåâîñõîäèò
θ4. Åñëè äîáàâî÷íî âûïîëíÿåòñÿ óñëîâèå ñîãëàñîâàíèÿ: ïðè q2 < 0

âûïîëíÿåòñÿ íåðàâåíñòâî q3 6 0, à ïðè p2 > 0 âûïîëíÿåòñÿ íåðà-
âåíñòâî p3 > 0, òî ìîæíî ïîëîæèòü θ4 = 1.

Ïðè èñïîëüçîâàíèè ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà â èçó÷àå-
ìîé íàìè îïòèìèçàöèîííîé çàäà÷å (ñì. ñîîòíîøåíèÿ (2.2)�(2.6)) ïî-
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ëåçíî îçàáîòèòüñÿ äîñòàòî÷íûìè óñëîâèÿìè, êîòîðûå ãàðàíòèðóþò,
÷òî ôóíêöèè x̃1(t)ψ̃1(t), x̃2(t)ψ̃1(t), x̃1(t)ψ̃2(t), x̃2(t)ψ̃2(t) èìåþò íà ∆

ëèøü êîíå÷íîå ÷èñëî íóëåé. Ïðè âûïîëíåíèè òàêèõ óñëîâèé, èçìå-
íÿÿ, åñëè íàäî, êîìïîíåíòû îïòèìàëüíîãî óïðàâëåíèÿ ũi(t), i ∈ I, íà
ìíîæåñòâàõ ëåáåãîâîé ìåðû íóëü èç ∆ (ïðè ýòîì ðåøåíèå x̃(t) íå ìå-
íÿåòñÿ), ïîëó÷èì ýêâèâàëåíòíûå êóñî÷íî-ïîñòîÿííûå ôóíêöèè, ïðè-
íèìàþùèå ëèøü êðàéíèå çíà÷åíèÿ pi, qi, i ∈ I ñ êîíå÷íûì ÷èñëîì
òî÷åê ðàçðûâà. Òàêîãî ðîäà èíôîðìàöèÿ î÷åíü ïîëåçíà äëÿ ïðèëî-
æåíèé.

Èñïîëüçóÿ Ëåììû 2.1�2.4 íåòðóäíî äîêàçàòü ñëåäóþùóþ ëåììó.

Ëåììà 2.5. à) Åñëè 0 /∈ [p2, q2], 0 /∈ [p3, q3], òî ôóíêöèÿ x̃1(t)ψ̃1(t)

èìååò íà ∆ íå áîëåå θ1 + θ3 íóëåé.
b) Åñëè 0 /∈ [p3, q3], òî ôóíêöèÿ x̃2(t)ψ̃1(t) èìååò íà ∆ íå áîëåå θ2+θ3

íóëåé.
c) Åñëè 0 /∈ [p2, q2], òî ôóíêöèÿ x̃1(t)ψ̃2(t) èìååò íà ∆ íå áîëåå θ1+θ4

íóëåé.
d) Åñëè 0 /∈ [p2, q2], 0 /∈ [p3, q3], òî ôóíêöèÿ x̃2(t)ψ̃2(t) èìååò íà ∆

íå áîëåå θ2 + θ4 íóëåé.

Èç ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà (ñì. ñîîòíîøåíèÿ (2.2)�(2.6))
è Ëåììû 2.5 âûòåêàåò ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 2.1. a) Ïðè âûïîëíåíèè óñëîâèé: 0 /∈ [p2, q2], 0 /∈ [p3, q3]

ôóíêöèÿ ũ1(t) íà ∆ ýêâèâàëåíòíà êóñî÷íî-ïîñòîÿííîé ôóíêöèè, ïðè-
íèìàþùåé ëèøü êðàéíèå çíà÷åíèÿ p1, q1 è èìåþùåé íà ∆ íå áîëåå
÷åì θ1 + θ3 òî÷åê ðàçðûâà.
b) Ïðè âûïîëíåíèè óñëîâèÿ 0 /∈ [p3, q3] ôóíêöèÿ ũ2(t) íà ∆ ýêâèâà-
ëåíòíà êóñî÷íî-ïîñòîÿííîé ôóíêöèè, ïðèíèìàþùåé ëèøü êðàéíèå
çíà÷åíèÿ p2, q2 è èìåþùåé íà ∆ íå áîëåå ÷åì θ2 + θ3 òî÷åê ðàçðûâà.
c) Ïðè âûïîëíåíèè óñëîâèÿ 0 /∈ [p2, q2] ôóíêöèÿ ũ3(t) íà ∆ ýêâèâà-
ëåíòíà êóñî÷íî-ïîñòîÿííîé ôóíêöèè, ïðèíèìàþùåé ëèøü êðàéíèå
çíà÷åíèÿ p3, q3 è èìåþùåé íà ∆ íå áîëåå ÷åì θ1 + θ4 òî÷åê ðàçðûâà.
d) Ïðè âûïîëíåíèè óñëîâèé 0 /∈ [p2, q2], 0 /∈ [p3, q3] ôóíêöèÿ ũ4(t) íà
∆ ýêâèâàëåíòíà êóñî÷íî-ïîñòîÿííîé ôóíêöèè, ïðèíèìàþùåé ëèøü
êðàéíèå çíà÷åíèÿ p4, q4 è èìåþùåé íà ∆ íå áîëåå ÷åì θ2 + θ4 òî÷åê
ðàçðûâà.
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Çàìå÷àíèå 2.1. Åñëè äëÿ íåêîòîðîãî íîìåðà i ∈ I âûïîëíÿåòñÿ ðà-
âåíñòâî pi = qi, òî êðàéíèå çíà÷åíèÿ äëÿ óïðàâëåíèÿ ui ñëèâàþòñÿ â
îäíó òî÷êó è ũi(t) ≡ pi ïðè t ∈ ∆.

Èñïîëüçóÿ Òåîðåìó 2.1 è Ëåììû 2.1�2.5, ìîæíî äîêàçàòü ñëåäó-
þùóþ òåîðåìó, óòî÷íÿþùóþ Òåîðåìó 2.1.

Òåîðåìà 2.2. 1) Ïóñòü ëèáî p2 > 0 è p3 > 0, ëèáî q2 < 0 è q3 < 0,
òîãäà ìîæíî ïîëîæèòü θ1 = 1, θ3 = 1, θ1 + θ3 = 2.
2) Ïóñòü ëèáî p2 > 0 è p3 > 0, ëèáî q2 6 0 è q3 < 0, òîãäà ìîæíî
ïîëîæèòü θ2 = 1, θ3 = 1, θ2 + θ3 = 2.
3) Ïóñòü ëèáî p2 > 0 è p3 > 0, ëèáî q2 < 0 è q3 6 0, òîãäà ìîæíî
ïîëîæèòü θ2 = 1, θ4 = 1, θ2 + θ4 = 2.
4) Ïóñòü ëèáî p2 > 0 è p3 > 0, ëèáî q2 < 0 è q3 < 0, òîãäà ìîæíî
ïîëîæèòü θ2 = 1, θ4 = 1, θ2 + θ4 = 2.

Çàìå÷àíèå 2.2. À) Ïðè âûïîëíåíèè óñëîâèé ïóíêòà 1) Òåîðåìû 2.2
â ïóíêòå à) Òåîðåìû 2.1 ìîæíî ïîëîæèòü θ1 + θ3 = 2. Â) Ïðè âû-
ïîëíåíèè óñëîâèé ïóíêòà 2) Òåîðåìû 2.2 â ïóíêòå â) Òåîðåìû 2.1
ìîæíî ïîëîæèòü θ2 + θ3 = 2. Ñ) Ïðè âûïîëíåíèè óñëîâèé ïóíêòà 3)
Òåîðåìû 2.2 â ïóíêòå ñ) Òåîðåìû 2.1 ìîæíî ïîëîæèòü θ1 + θ4 = 2. D)
Ïðè âûïîëíåíèè óñëîâèé ïóíêòà 4) Òåîðåìû 2.2 â ïóíêòå d) Òåîðåìû
2.1 ìîæíî ïîëîæèòü θ2 + θ4 = 2.

Çàìå÷àíèå 2.3. Ïðè âûïîëíåíèè óñëîâèé: ëèáî p2 > 0 è p3 > 0, ëèáî
q2 < 0 è q3 < 0 ìîæíî ïîëîæèòü θi = 1, ãäå i ∈ I, è â ñèëó Çàìå÷àíèÿ
2.2 ëþáàÿ èç ôóíêöèé ũi(t), i ∈ I, îêàçûâàåòñÿ ýêâèâàëåíòíîé íà ∆

êóñî÷íî-ïîñòîÿííîé ôóíêöèè, ïðèíèìàþùåé êðàéíèå çíà÷åíèÿ pi, qi,
ãäå i ∈ I, è èìåþùåé íå áîëåå 2-õ òî÷åê ðàçðûâà.

3. Ïðèìåð
Â êà÷åñòâå ïðèìåðà ïðèìåíåíèÿ ïîëó÷åííûõ ðåçóëüòàòîâ ðàññìîò-

ðèì óïðàâëÿåìûé àíàëîã ìîäåëè Ë. Ðè÷àðäñîíà âîîðóæåíèé äâóõ ãî-
ñóäàðñòâ (ñì., íàïðèìåð, [6]). ×òîáû áûëà áîëåå ïîíÿòíà ôèçè÷åñêàÿ
ñóòü ýòîãî óïðàâëÿåìîãî àíàëîãà, ðàññìîòðèì ñíà÷àëà íåóïðàâëÿå-
ìûé íåñòàöèîíàðíûé àíàëîã ìîäåëè Ë. Ðè÷àðäñîíà âèäà

ẋ1 = a(t)x2 − bx1

ẋ2 = c(t)x1 − dx2,
(3.1)
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ãäå x1(t) > 0 � çàòðàòû íà âîîðóæåíèå, ñäåëàííûå ïåðâûì ãîñóäàð-
ñòâîì ê òåêóùåìó ìîìåíòó t > 0, âûðàæåííûå â äåíüãàõ, x2(t) > 0

� çàòðàòû íà âîîðóæåíèÿ, ñäåëàííûå âòîðûì ãîñóäàðñòâîì ê òåêó-
ùåìó ìîìåíòó t > 0, âûðàæåííûå â äåíüãàõ, a(t) è c(t) � èçìåðèìûå
ïî Ëåáåãó ïîëîæèòåëüíûå ôóíêöèè ïðè t > 0, b, d � ïîëîæèòåëü-
íûå êîíñòàíòû. ×ëåíû −bx1, −dx2 â (3.1) ìîäåëèðóþò óñòàðåâàíèå
è èçíîñ âîîðóæåíèé 1-ãî è 2-ãî ãîñóäàðñòâ, ñîîòâåòñòâåííî. ×ëåíû
a(t)x2, c(t)x1 ìîäåëèðóþò ñêîðîñòè âêëàäîâ â ñâîå âîîðóæåíèå 1-ãî
è 2-ãî ãîñóäàðñòâ, ñîîòâåòñòâåííî. Ýòè ÷ëåíû ïðîïîðöèîíàëüíû ñîîò-
âåòñòâåííî ðàñõîäàì íà âîîðóæåíèå äðóãîãî ãîñóäàðñòâà. Ñîáñòâåí-
íî, â ýòîì è ñîñòîèò îñíîâíàÿ èäåÿ ìîäåëè Ë. Ðè÷àðäñîíà, ïîäòâåð-
æäåííàÿ ñòàòèñòè÷åñêèìè äàííûìè (ñì. [6]). Êîýôôèöèåíòû b, d íå
çàâèñÿò îò ïîëèòèêè ãîñóäàðñòâ. Êîýôôèöèåíòû æå a(t), c(t) çàâèñÿò
ñîîòâåòñòâåííî îò ïîëèòèê 1-ãî è 2-ãî ãîñóäàðñòâ. Ìû îñòàíîâèìñÿ íà
ñëó÷àå, êîãäà ïîëèòèêè îáîèõ ãîñóäàðñòâ èìåþò ñîþçíûé õàðàêòåð
è îíè ñîãëàñîâàííî äîáèâàþòñÿ îïðåäåëåííîé öåëè. Â òàêîé ñèòóàöèè
ðàçóìíî ïîëîæèòü

a(t) = u2(t) ∈ [p2, q2], c(t) = u3(t) ∈ [p3, q3], (3.2)

ãäå 0 < p2 < q2, 0 < p3 < q3, ïðè÷åì ôóíêöèè u2(t), u3(t), t > 0,
èçìåðèìû ïî Ëåáåãó. Ìû ïðèøëè ê áèëèíåéíîé óïðàâëÿåìîé ñèñòåìå
âèäà

ẋ1 = −bx1 + u2x2

ẋ2 = u3x1 − dx2,
(3.3)

ãäå íà u2, u3 íàëîæåíû îãðàíè÷åíèÿ (3.2). Ïîëîæèì òàêæå u1 = −b,
[p1, q1] = {−b}, u4 = −d, [p4, q4] = {−d} è ïîëó÷èì óïðàâëÿåìóþ
ñèñòåìó âèäà (1.1), (1.2).

Äëÿ óïðàâëÿåìîé ñèñòåìû (3.3) ñ óêàçàííûìè îãðàíè÷åíèÿìè íà
óïðàâëÿþùèé âåêòîð u ∈ R4 ðàññìîòðèì çàäà÷ó îïòèìàëüíîãî áûñò-
ðîäåéñòâèÿ (ñì. ðàçäåë 1) ñ êðàåâûìè óñëîâèÿìè

x(0) = x0, x(t1) = m,

ãäå x0 6= 0, x0 6= m è êîìïîíåíòû âåêòîðîâ x0, m íåîòðèöàòåëüíû,
â êëàññå èçìåðèìûõ ôóíêöèé u(t) ∈ U , t > 0.

Äëÿ ýòîé çàäà÷è îïòèìàëüíîãî áûñòðîäåéñòâèÿ âàæíîé ÿâëÿåòñÿ
ñëåäóþùàÿ ëåììà.
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Ëåììà 3.1. Ïðè ïðîèçâîëüíîì íà÷àëüíîì âåêòîðå x0 ñ íåîòðèöà-
òåëüíûìè êîìïîíåíòàìè x01, x02 è ïðîèçâîëüíîì èçìåðèìîì óïðàâ-
ëåíèè u(t) ∈ U , t > 0, äëÿ êîìïîíåíò ñîîòâåòñòâóþùåãî ðåøåíèÿ
x1(t, u(·)), x2(t, u(·)) ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé (3.3)
ïðè t > 0 âûïîëíÿþòñÿ íåðàâåíñòâà

x1(t, u(·)) > 0, x2(t, u(·)) > 0. (3.4)

Åñëè äîáàâî÷íî x0 6= 0, òî ïðè t > 0 âûïîëíÿþòñÿ íåðàâåíñòâà

x1(t, u(·)) > 0, x2(t, u(·)) > 0. (3.5)

Äîêàçàòåëüñòâî. Îáîçíà÷èì x1(t) = x1(t, u(·)), x2(t) = x2(t, u(·)).
Òîãäà ñ ïîìîùüþ èçâåñòíîé ôîðìóëû Êîøè èç (3.3) ïîëó÷àåì ïðè

t > 0 ñëåäóþùèå èíòåãðàëüíûå óðàâíåíèÿ:

x1(t) = f1(t, 0)x01 +
t∫

0

f1(t, s)u2(s)x2(s) ds

x2(t) = g1(t, 0)x02 +
t∫

0

g1(t, s)u3(s)x1(s) ds,
(3.6)

ãäå èíòåãðàëû ïîíèìàþòñÿ â ñìûñëå Ëåáåãà è (ñð. ñ (2.8), (2.14))

f1(t, s) = exp(−b(t− s)), g1(t, s) = exp(−d(t− s)). (3.7)

Ïðèìåíÿÿ ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé ê ñèñòåìå èíòå-
ãðàëüíûõ óðàâíåíèé (3.6), (3.7) è èñïîëüçóÿ íåðàâåíñòâà x01 > 0,
x02 > 0, p2 > 0, p3 > 0, íåòðóäíî îáîñíîâàòü èñêîìûå íåðàâåíñòâà
(3.4).

Åñëè äîáàâî÷íî x0 6= 0, òî ïî êðàéíåé ìåðå îäíà èç âåëè÷èí x01,
x02 áîëüøå íóëÿ. Ïóñòü, íàïðèìåð, x01 > 0. Òîãäà èç ñîîòíîøåíèé
(3.4), (3.6), (3.7) ïîëó÷àåì, ÷òî x1(t, u(·)) > 0 ïðè t > 0. Ó÷èòû-
âàÿ ýòî îáñòîÿòåëüñòâî, èç (3.6), (3.7) òåïåðü íåòðóäíî ïîëó÷èòü, ÷òî
x2(t, u(·)) > 0 ïðè t > 0. Àíàëîãè÷íî ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà
x02 > 0. Èç ñêàçàííîãî âûòåêàþò íåðàâåíñòâà (3.5) ïðè t > 0.

Èç Ëåììû 3.1 ñëåäóåò, ÷òî â ðàññìàòðèâàåìîé â ýòîì ïóíêòå çà-
äà÷å îïòèìàëüíîãî áûñòðîäåéñòâèÿ ôàçîâûå îãðàíè÷åíèÿ x1 > 0,
x2 > 0, èìåþùèå ïîíÿòíûé ôèçè÷åñêèé ñìûñë, âûïîëíÿþòñÿ ïðè
x01 > 0, x02 > 0 è p2 > 0, p3 > 0 àâòîìàòè÷åñêè.
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Ïåðåõîäèì ê èçó÷åíèþ êîìïîíåíò ũ2(t), ũ3(t) îïòèìàëüíîãî óïðàâ-
ëåíèÿ ũ(t) íà ∆. Â ñâÿçè ñ ñîîòíîøåíèÿìè ìàêñèìóìà (2.4), (2.5) ïî-
ëåçíî èçó÷èòü ðàñïðåäåëåíèå íóëåé ôóíêöèé x̃2(t)ψ̃1(t), x̃1(t)ψ̃2(t) íà
∆. Èç Ëåììû 3.1 è óñëîâèé x0 6= 0, x01 > 0, x02 > 0 âûòåêàåò, ÷òî
x̃2(t) > 0 ïðè t ∈ (0, τ ]. Èç Ëåììû 2.3 è óñëîâèé p2 > 0, p3 > 0 âûòåêà-
åò, ÷òî ôóíêöèÿ ψ̃1(t) íà ∆ èìååò íå áîëåå îäíîãî íóëÿ. Èç ñêàçàííîãî
ïîëó÷àåì, ÷òî ôóíêöèÿ x̃2(t)ψ̃1(t) èìååò ïðè t ∈ (0, τ ] íå áîëåå îäíî-
ãî íóëÿ. Îòñþäà è â ñèëó ñîîòíîøåíèÿ ìàêñèìóìà (2.4) ñëåäóåò, ÷òî
ôóíêöèÿ ũ2(t) ýêâèâàëåíòíà íà ∆ êóñî÷íî-ïîñòîÿííîé ôóíêöèè, èìå-
þùåé íà ∆ íå áîëåå îäíîé òî÷êè ðàçðûâà è ïðèíèìàþùåé çíà÷åíèÿ
èç ìíîæåñòâà {p2, q2}.

Àíàëîãè÷íûå ðàññóæäåíèÿ ìîæíî ïðîâåñòè è äëÿ ôóíêöèè ũ3(t)

è îáîñíîâàòü, ÷òî ôóíêöèÿ ũ3(t) ýêâèâàëåíòíà íà ∆ êóñî÷íî-ïîñòîÿí-
íîé ôóíêöèè, èìåþùåé íà ∆ íå áîëåå îäíîé òî÷êè ðàçðûâà è ïðè-
íèìàþùåé çíà÷åíèÿ èç ìíîæåñòâà {p3, q3}.
4. Çàêëþ÷åíèå

Â ýòîé ñòàòüå äëÿ çàäà÷è îïòèìàëüíîãî áûñòðîäåéñòâèÿ äëÿ îä-
íîãî êëàññà äâóìåðíûõ óïðàâëÿåìûõ ñèñòåì áûëè ïîëó÷åíû ýôôåê-
òèâíûå äîñòàòî÷íûå óñëîâèÿ, ãàðàíòèðóþùèå ýêâèâàëåíòíîñòü îï-
òèìàëüíîãî óïðàâëåíèÿ ũ(t) íà îòðåçêå ∆ êóñî÷íî-ïîñòîÿííîìó îï-
òèìàëüíîìó æå óïðàâëåíèþ û(t) ñ êîíå÷íûì ÷èñëîì òî÷åê ðàçðûâà
è ïðèíèìàþùåìó çíà÷åíèÿ â ìíîæåñòâå âåðøèí âûïóêëîãî ìíîãî-
ãðàííèêà U . Òàêîãî ðîäà ñâîéñòâî îïòèìàëüíîãî óïðàâëåíèÿ íàçû-
âàþò èíîãäà ñâîéñòâîì ðåëåéíîñòè. Îíî èçó÷àëîñü äëÿ ðàçëè÷íûõ
óïðàâëÿåìûõ ñèñòåì â ðàáîòàõ Ñ.À. Âàõðàìååâà (ñì., íàïðèìåð, [8]).
Îòìåòèì òàêæå, ÷òî ðåçóëüòàòû ïóíêòà 3 ðàçâèâàþò èññëåäîâàíèÿ
ïóíêòà 2 èç [4].
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ABOUT THE TIME-OPTIMAL PROBLEM FOR ONE
CLASS OF TWO-DIMENSIONAL BILINEAR
CONTROLLED SYSTEMS

Mikhail S. Nikolskii, Moscow State University, Moscow, Dr.Sc., Prof.
(mni@mi.ras.ru).

Abstract : In the paper one class of bilinear two-dimensional controlled
systems is considered. For these systems the bang-bang property of time-
optimal control is studied. The bang-bang property is very interesting for
applications, because bang-bang controls are very suitable for realization
in practice. In the paper some e�cient conditions for bang-bang property
of time-optimal controls are received. In the capacity as example, it was
considered some controlled analog of the L. Richardson model which is
well-known in political science.

Keywords : optimal control, bilinear controlled systems, bang-bang property
of control, model of L. Richardson.


