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ñ ðàâíûìè âîçìîæíîñòÿìè ó÷àñòíèêîâ ïîëó÷åíû äîñòàòî÷íûå
óñëîâèÿ ïîèìêè ãðóïïîé ïðåñëåäîâàòåëåé îäíîãî óáåãàþùåãî
â ïðåäïîëîæåíèè, ÷òî ôóíäàìåíòàëüíàÿ ìàòðèöà ñèñòåìû
ẋ = A(t)x ÿâëÿåòñÿ ðåêóððåíòíîé.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíàÿ èãðà, ãðóïïîâîå ïðåñëåäîâàíèå,
çàäà÷à ïîèìêè, ðåêóððåíòíàÿ ôóíêöèÿ.

1. Ââåäåíèå
Â ðàáîòå ðàññìàòðèâàåòñÿ ëèíåéíàÿ íåñòàöèîíàðíàÿ çàäà÷à [5,10]

ïðåñëåäîâàíèÿ ãðóïïîé ïðåñëåäîâàòåëåé îäíîãî óáåãàþùåãî ñ ðàâíû-
ìè äèíàìè÷åñêèìè è èíåðöèîííûìè âîçìîæíîñòÿìè âñåõ ó÷àñòíèêîâ
â ïðåäïîëîæåíèè, ÷òî ôóíäàìåíòàëüíàÿ ìàòðèöà ñèñòåìû ÿâëÿåò-
ñÿ ðåêóððåíòîé è åå ïåðâàÿ ïðîèçâîäíàÿ ðàâíîìåðíî îãðàíè÷åíà íà
[t0,∞). Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè çàäà÷è ïðåñëå-
äîâàíèÿ. Â ðàáîòå [3] ðàññìàòðèâàëàñü íåñòàöèîíàðíàÿ çàäà÷à ãðóï-
ïîâîãî ïðåñëåäîâàíèÿ, ïðè óñëîâèè, ÷òî ôóíäàìåíòàëüíàÿ ìàòðèöà
ÿâëÿåòñÿ ïî÷òè ïåðèîäè÷åñêîé. Ðåçóëüòàòû ïðèìûêàþò ê èññëåäîâà-
íèÿì [1,2,4,8].
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2. Ãðóïïîâîå ïðåñëåäîâàíèå â ëèíåéíûõ ðåêóððåíòíûõ
äèôôåðåíöèàëüíûõ èãðàõ

Â ïðîñòðàíñòâå Rk(k ≥ 2) ðàññìàòðèâàåòñÿ äèôôåðåíöèàëüíàÿ
èãðà n + 1 ëèö: n ïðåñëåäîâàòåëåé P1, . . . , Pn è óáåãàþùèé E.

Çàêîí äâèæåíèÿ êàæäîãî èç ïðåñëåäîâàòåëåé Pi èìååò âèä

ẋi = A(t)xi + ui, ui ∈ V . (2.1)

Çàêîí äâèæåíèÿ óáåãàþùåãî E èìååò âèä

ẏ = A(t)y + v, v ∈ V . (2.2)

Çäåñü è äàëåå xi, y, ui, v ∈ Rk, i ∈ I = {1, 2, . . . , n}, A(t) � íåïðåðûâ-
íàÿ íà [t0,∞) êâàäðàòíàÿ ìàòðèöà ïîðÿäêà k, V � ñòðîãî âûïóêëûé
êîìïàêò Rk ñ ãëàäêîé ãðàíèöåé. Ïðè t = t0 çàäàíû íà÷àëüíûå óñëî-
âèÿ

xi(t0) = x0
i , y(t0) = y0 , (2.3)

ïðè÷åì x0
i 6= y0 äëÿ âñåõ i.

Âìåñòî ñèñòåì (2.1), (2.2), (2.3) ðàññìîòðèì ñèñòåìó ñ íà÷àëüíûìè
óñëîâèÿìè

żi = A(t)zi + ui − v, ui, v ∈ V, zi(t0) = z0
i = x0

i − y0 . (2.4)

Îòìåòèì, ÷òî z0
i 6= 0.

Îïðåäåëåíèå 2.1. Áóäåì ãîâîðèòü, ÷òî çàäàíà êâàçèñòðàòåãèÿ Ui

ïðåñëåäîâàòåëÿ Pi, åñëè îïðåäåëåíî îòîáðàæåíèå Ui(t, z
0, vt(·)), ñòà-

âÿùåå â ñîîòâåòñòâèå íà÷àëüíîìó ñîñòîÿíèþ z0 = (z0
1 , . . . , z

0
n), ìî-

ìåíòó t è ïðîèçâîëüíîé ïðåäûñòîðèè óïðàâëåíèÿ vt(·) óáåãàþùåãî
E èçìåðèìóþ ôóíêöèþ ui(t) = Ui(t, z

0, vt(·)) ñî çíà÷åíèÿìè â V .
Ïðè ýòîì ïðåäïîëàãàåòñÿ, ÷òî äîëæíî áûòü âûïîëíåíî óñëîâèå

¾ôèçè÷åñêîé îñóùåñòâèìîñòè¿, òî åñòü åñëè v1, v2 � äâà äîïóñòèìûõ
óïðàâëåíèÿ óáåãàþùåãî E, ïðè÷åì v1(t) = v2(t) äëÿ ïî÷òè âñåõ t, òî
ñîîòâåòñòâóþùèå èì ïðè îòîáðàæåíèè Ui(t, z

0, vt(·)) ôóíêöèè u1, u2

òàêæå ðàâíû ïî÷òè âñþäó ïðè t ≥ 0.
Îáîçíà÷èì äàííóþ èãðó ÷åðåç Γ.
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Îïðåäåëåíèå 2.2. Â èãðå Γ ïðîèñõîäèò ïîèìêà, åñëè ñóùåñòâóåò
ìîìåíò T0 = T (z0), êâàçèñòðàòåãèè U1, . . . ,Un ïðåñëåäîâàòåëåé
P1, . . . , Pn, òàêèå, ÷òî äëÿ ëþáîé èçìåðèìîé ôóíêöèè v(·), v(t) ∈ V ,
t ∈ [0, T0] íàéäóòñÿ íîìåð q ∈ {1, . . . , n} è ìîìåíò τ ≤ T0 òàêèå,
÷òî zq(τ) = 0.

Îïðåäåëåíèå 2.3. ([8]). Ôóíêöèÿ f : R1 → Rn íàçûâàåòñÿ ðåêóð-
ðåíòíîé, åñëè äëÿ ëþáîãî ε > 0 ñóùåñòâóåò T (ε) > 0 òàêîå, ÷òî
äëÿ ëþáûõ t, a ∈ R1 ñóùåñòâóåò τ(t) ∈ [a, a + T (ε)], äëÿ êîòîðûõ
âûïîëíåíî íåðàâåíñòâî

|f(t + τ(t))− f(t)| < ε .

Åñëè ìîæíî âûáðàòü τ(t) íå çàâèñÿùèì îò t äëÿ âñåõ t, òî ôóíê-
öèÿ f(t) íàçûâàåòñÿ ïî÷òè ïåðèîäè÷åñêîé.

Îïðåäåëåíèå 2.4. Ôóíêöèÿ f : R1 → Rn íàçûâàåòñÿ ðåêóððåíòíîé
íà [t0,∞), åñëè ñóùåñòâóåò ðåêóððåíòíàÿ ôóíêöèÿ F : R1 → Rn

òàêàÿ, ÷òî f(t) = F (t) äëÿ âñåõ t ∈ [t0,∞).

Ëåììà 2.1. Ïóñòü 0 ∈ Intco{z0
1 , . . . , z

0
n}. Òîãäà ñóùåñòâóåò ε > 0

òàêîå, ÷òî âûïîëíåíû ñëåäóþùèå óñëîâèÿ:
1. 0 /∈ D2ε(z

0
i ) äëÿ âñåõ i, ãäå Dr(a) = {z : ‖z − a‖ ≤ r};

2. äëÿ ëþáûõ h1 ∈ D2ε(z
0
1), . . . , hn ∈ D2ε(z

0
n) âûïîëíåíî

0 ∈ Intco{h1, . . . , hn}.

Â äàëüíåéøåì ñ÷èòàåì, ÷òî ε > 0 âûáðàíî â ñîîòâåòñòâèè ñ óñëî-
âèÿìè ëåììû 2.1.

Îáîçíà÷èì ÷åðåç Φ(t) ôóíäàìåíòàëüíóþ ìàòðèöó ñèñòåìû

ω̇ = A(t)ω,

ïðè÷åì Φ(t0) ñîâïàäàåò ñ åäèíè÷íîé ìàòðèöåé.
Îïðåäåëèì ôóíêöèè

λ(v, h) = sup{λ : λ ≥ 0, −λh ∈ V − v} ïðè h 6= 0,

Ji(t) =

t∫

t0

λ(v(s), Φ(s)z0
i ) ds .
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Ëåììà 2.2. Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

1. ìàòðèöà Φ(t) ðåêóððåíòíà íà [t0,∞), à åå ïåðâàÿ ïðîèçâîäíàÿ
ðàâíîìåðíî îãðàíè÷åíà íà [t0,∞);

2. 0 ∈ Intco{z0
1 , . . . , z

0
n}.

Òîãäà ñóùåñòâóåò T > t0 òàêîå, ÷òî äëÿ ëþáîãî äîïóñòèìîãî óïðàâ-
ëåíèÿ v(·) ñóùåñòâóåò α ∈ I òàêîå, ÷òî Jα(T ) ≥ 1.

Äîêàçàòåëüñòâî. Îïðåäåëèì äâà ìíîæåñòâà

Ω = {t ≥ t0 : Φ(t)z0
i ∈ D2ε(z

0
i ) äëÿ âñåõ i},

Q = {q ∈ I : Φ(t)z0
q ∈ D2ε(z

0
q ) äëÿ âñåõ t ≥ t0}.

µ(G) � ìåðà Ëåáåãà ìíîæåñòâà G ⊂ R1. Âîçìîæíû äâà ñëó÷àÿ:

1. Q = I. Òîãäà µ(Ω) = ∞.

2. Q 6= I. Áóäåì ñ÷èòàòü, ÷òî Q = ∅, òî åñòü çíà÷åíèå êàæäîé
èç ôóíêöèé Φ(t)z0

i â íåêîòîðûé ìîìåíò íå ïðèíàäëåæèò øàðó
D2ε(z

0
i ). Äîêàæåì, ÷òî è â ýòîì ñëó÷àå µ(Ω) = ∞.

Òàê êàê ôóíêöèè Φ(t)z0
i ÿâëÿþòñÿ ðåêóððåíòíûìè, òî ïî ε ñóùå-

ñòâóåò T (ε) > 0 òàêîå, ÷òî äëÿ ëþáîãî j ñóùåñòâóåò τj(t0) ∈
[t0 + T (ε)j; t0 + T (ε)j + T (ε)], äëÿ êîòîðûõ âûïîëíåíî íåðàâåíñòâî

‖Φ(t0 + τj(t0))zi − Φ(t0)z
0
i ‖ < ε

äëÿ âñåõ i.
Ïóñòü

Ωj = {t : t ∈ [τj(t0), τj+1(t0)), Φ(t0 + t)z0
i ∈ D2ε(z

0
i ) äëÿ âñåõ i},

dist(D1, D2) = inf
d1∈D1,d2∈D2

‖d1 − d2‖.

Ïî óñëîâèþ ôóíêöèè Φ̇(t)z0
i ðàâíîìåðíî îãðàíè÷åíû, òî åñòü íàé-

äåòñÿ òàêîå ïîëîæèòåëüíîå ÷èñëî M , ÷òî

max
t∈[t0,∞)

‖Φ̇(t)z0
i ‖ ≤ M äëÿ âñåõ i.



Ãðóïïîâîå ïðåñëåäîâàíèå 85

Èç òåîðåìû î ñðåäíåì ([7]) èìååì, ÷òî äëÿ ëþáûõ t2 > t1 > t0

‖Φ(t2)z
0
i − Φ(t1)z

0
i )‖ ≤ sup

t∈[t1,t2]

‖Φ̇(t)z0
i ‖ · |t2 − t1| ≤ M |t2 − t1| .

Ïîýòîìó, åñëè ‖Φ(t2)z
0
i − Φ(t1)z

0
i )‖ ≥ L, òî ñïðàâåäëèâî íåðàâåíñòâî

t2 ≥ t1 + L
M
.

Òàê êàê

dist(∂Dε(z
0
i ), ∂D2ε(z

0
i )) = ε, Φ(t0 + τj(t0))z

0
i ∈ IntDε(z

0
i )

äëÿ âñåõ i, j, òî [τj(t0), τj(t0) + ε
M

] ⊂ Ωj äëÿ âñåõ j.
Ñëåäîâàòåëüíî, µ(Ω) ≥ µ(

∞⋃
j=0

Ωj) = ∞.

Â ñèëó ëåììû 2.1 è òåîðåìû Ïøåíè÷íîãî ([7]) äëÿ ëþáîãî

d = (h1, h2, . . . , hn) ∈ D = D2ε(z
0
1)×D2ε(z

0
2)× · · ·D2ε(z

0
n)

ñïðàâåäëèâî íåðàâåíñòâî

ρ(d) = min
v∈V

max
i∈I

λ(v, hi) > 0 .

Äîêàæåì, ÷òî ôóíêöèÿ ρ íåïðåðûâíà íà D, òî åñòü äëÿ ëþáîãî
ε > 0 ñóùåñòâóåò δ > 0 òàêîå, ÷òî äëÿ âñåõ d, óäîâëåòâîðÿþùèõ
íåðàâåíñòâó |d− d∗| < δ âûïîëíåíî |ρ(d)− ρ(d∗)| < ε.
Ðàññìîòðèì ðàçíîñòü

|ρ(d)− ρ(d∗)| = |min
v∈V

max
i∈I

λ(v, hi)−min
v∈V

max
i∈I

λ(v, h∗i )| ≤

≤ max
v∈V

|max
i∈I

λ(v, hi)−max
i∈I

λ(v, h∗i )| ≤

≤ max
v∈V

max
i∈I

|λ(v, hi)− λ(v, h∗i )|.

Ïî ëåììå 1.3.13 ([10]) ôóíêöèÿ λ íåïðåðûâíà, ïîýòîìó äëÿ ëþáîãî
ε > 0 ñóùåñòâóåò δ > 0 òàêîå, ÷òî äëÿ âñåõ hi, óäîâëåòâîðÿþùèõ
íåðàâåíñòâó |hi− h∗i | < δ âûïîëíåíî |λ(v, hi)− λ(v, h∗i )| < ε. Ñëåäîâà-
òåëüíî, ôóíêöèÿ ρ íåïðåðûâíà íà D.

Òàê êàê D êîìïàêò, òî ïîëó÷èì

r = min
d∈D

min
v∈V

max
i∈I

λ(v, hi) = min
d∈D

ρ(d) > 0 .
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Òàêèì îáðàçîì, âåëè÷èíà

δ = min
t∈Ω

min
v∈V

max
i∈I

λ(v, Φ(t)z0
i ) ≥ min

d∈D
min
v∈V

max
i∈I

λ(v, hi) = r > 0 .

Äàëåå

max
i∈I

Ji(t) = max
i∈I

t∫

t0

λ(v(s), Φ(s)z0
i ) ds ≥ max

i∈I

∫

[t0,t]∩Ω

λ(v(s), Φ(s)z0
i ) ds ≥

≥ 1

n

∫

[t0,t]∩Ω

∑
i∈I

λ(v(s), Φ(s)z0
i ) ds ≥ 1

n

∫

[t0,t]∩Ω

δ ds =
δ

n
µ([t0, t] ∩ Ω) .

Îòìåòèì, ÷òî lim
t→∞

µ([t0, t] ∩ Ω) = ∞, òàê êàê µ(Ω) = ∞. Òîãäà äëÿ
ìîìåíòà T , îïðåäåëÿåìîãî èç óñëîâèÿ

δ

n
µ([t0, T ] ∩ Ω) ≥ 1 ,

è íåêîòîðîãî α ∈ I âûïîëíåíî Jα(T ) ≥ 1.

Ïóñòü

T (z0) = min{t ≥ 0 : inf
v(·)

min
h∈D

max
i∈I

Ji(t, hi) ≥ 1} .

Â ñèëó ëåììû 2.2 T (z0) < ∞.

Òåîðåìà 2.1. Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

1. ìàòðèöà Φ(t) ðåêóððåíòíà íà [t0,∞), à åå ïåðâàÿ ïðîèçâîäíàÿ
ðàâíîìåðíî îãðàíè÷åíà íà [t0,∞);

2. 0 ∈ Intco{z0
1 , . . . , z

0
n}.

Òîãäà â èãðå Γ ïðîèñõîäèò ïîèìêà.

Äîêàçàòåëüñòâî. Ïî ôîðìóëå Êîøè ðåøåíèå çàäà÷è (2.4) ïðè ëþ-
áûõ äîïóñòèìûõ óïðàâëåíèÿõ èìååò âèä

zi(t) = Φ(t)

(
z0

i +
t∫

t0

Φ−1(s)(ui(s)− v(s)) ds

)
äëÿ âñåõ t ≥ t0.
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Ïóñòü v(τ), t0 ≤ τ ≤ T0 = T (z0) � ïðîèçâîëüíîå äîïóñòèìîå
óïðàâëåíèå óáåãàþùåãî E è t1 > t0 � íàèìåíüøèé êîðåíü ôóíêöèè
âèäà

F (t) = 1−max
i∈I

t∫

t0

λ(v(s), Φ(s)z0
i ) ds .

Îòìåòèì, ÷òî â ñèëó îïðåäåëåíèÿ T0 ìîìåíò t1 ñóùåñòâóåò è t1 ≤ T0.
Çàäàåì óïðàâëåíèå ïðåñëåäîâàòåëåé Pi ñëåäóþùèì îáðàçîì:

ui(t) = v(t)− λ(v(t), Φ(t)z0
i )Φ(t)z0

i äëÿ âñåõ t ∈ [t0, T0].

Ñ÷èòàåì, ÷òî λ(v(t), Φ(t)z0
i ) = 0 äëÿ âñåõ t ∈ [t1, T0]. Òîãäà, ñ ó÷åòîì

ôîðìóëû Êîøè,

zi(t1) = Φ(t1)z
0
i


1−

t1∫

t0

λ(v(s), Φ(s)z0
i ) ds


 .

Â ñèëó îïðåäåëåíèÿ t1, äëÿ íåêîòîðîãî α ∈ I âûðàæåíèå â ñêîáêàõ
îáðàùàåòñÿ â íîëü, ïîýòîìó zα(t1) = 0.

Òàê êàê âñÿêàÿ ïî÷òè ïåðèîäè÷åñêàÿ ôóíêöèÿ ÿâëÿåòñÿ ðåêóð-
ðåíòíîé, òî ñïðàâåäëèâî

Ñëåäñòâèå 2.1. ([3]). Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

1. ìàòðèöà Φ(t) ïî÷òè ïåðèîäè÷åñêàÿ íà [t0,∞), à åå ïåðâàÿ ïðî-
èçâîäíàÿ ðàâíîìåðíî îãðàíè÷åíà íà [t0,∞);

2. 0 ∈ Intco{z0
1 , . . . , z

0
n}.

Òîãäà â èãðå Γ ïðîèñõîäèò ïîèìêà.

Ïðèìåð 2.1. Ïóñòü A(t) = ω(t)E, ãäå

ω(t) =

{
0, åñëè t ∈ [0, 2π] ,

sin t, åñëè t /∈ [0, 2π] .

Äîêàæåì, ÷òî ôóíêöèÿ ω(t) ðåêóððåíòíà. Äëÿ ëþáîãî ε > 0 âîçüìåì
T (ε) = 4π. Ðàññìîòðèì äâà ñëó÷àÿ:
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1. t /∈ [0, 2π]. Òîãäà äëÿ ëþáîãî a ∈ R1 ñóùåñòâóåò k ∈ N òàêîå,
÷òî τ(t) = 2kπ ∈ [a, a + 4π], äëÿ êîòîðûõ âûïîëíåíî

|ω(t + τ(t))− ω(t)| = | sin(t + 2kπ)− sin(t)| = 0 < ε ,

2. t ∈ [0, 2π]. Òîãäà äëÿ ëþáîãî a ∈ R1 âûáåðåì k ∈ N òàêîå, ÷òî
kπ ∈ [a, a+4π], à kπ +π /∈ [a, a+4π] è ñóùåñòâóåò τ(t) = kπ− t,
τ(t) ∈ [a, a + 4π], äëÿ êîòîðûõ âûïîëíåíî

|ω(t + τ(t))− ω(t)| = |ω(kπ))− ω(t)| = 0 < ε .

Ïóñòü t0 = 0. Òîãäà ôóíäàìåíòàëüíàÿ ìàòðèöà ñèñòåìû
ẋ = A(t)x, Φ(0) = E èìååò âèä Φ(t) = g(t)E, ãäå

g(t) =

{
1, åñëè t ∈ [0, 2π] ,

e− cos t+1, åñëè t ∈ (2π,∞) .

Ôóíêöèÿ g ÿâëÿåòñÿ ðåêóððåíòíîé íà [0,∞) è ïîýòîìó ôóíêöèÿ
Φ(t) ðåêóððåíòíà.

Äîêàæåì, ÷òî ôóíêöèÿ g íå ÿâëÿåòñÿ ïî÷òè ïåðèîäè÷åñêîé. Ïðåä-
ïîëîæèì, ÷òî ôóíêöèÿ g ïî÷òè ïåðèîäè÷åñêàÿ. Òîãäà ïî ε = 1

2
íàé-

äåòñÿ T > 0 òàêîå, ÷òî â ëþáîì ïðîìåæóòêå [a, a + T ] ñóùåñòâóåò
õîòÿ áû îäíî ÷èñëî τ , ïðè êîòîðîì

|g(t + τ)− g(t)| < 1
2
äëÿ âñåõ t.

Ïóñòü τ ∈ [2π, 2π + T ]. Òîãäà, â ÷àñòíîñòè, äëÿ âñåõ t ∈ [0, 2π] ñïðà-
âåäëèâî íåðàâåíñòâî

g(t + τ) <
3

2
.

Ñ äðóãîé ñòîðîíû, t + τ ∈ [τ, 2π + τ ] è ïîýòîìó ñóùåñòâóåò t0 òàêîå,
÷òî

g(t0 + τ) = e2 >
3

2
.

Ïîëó÷èëè ïðîòèâîðå÷èå. Ñëåäîâàòåëüíî, ôóíêöèÿ g íå ÿâëÿåòñÿ ïî-
÷òè ïåðèîäè÷åñêîé.

Ïðåäëîæåíèå 2.1. Ïóñòü A(t) = ω(t)E è 0 ∈ Intco{z0
1 , . . . , z

0
n}. Òî-

ãäà â èãðå ïðîèñõîäèò ïîèìêà.
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ONE OBJECTIVE OF GROUP PURSUIT LINEAR
RECURRENT DIFFERENTIAL GAMES.

Nadezhda A. Solovyova, Faculty of Mathematics Udmurt State
University, Izhevsk, post-graduate student (solov_na@mail.ru).

Abstract : The article considers the objective of group pursuit in linear
recurrent di�erential games. There are su�cient conditions gained for
non-standard con�ict situation with equal possibilities in order to capture
one runaway by group pursuers provided that fundamental matrix of
ẋ = A(t)x system is recurrent.

Keywords : di�erential game, group pursuit, the objective of capturing,
recurrent function.


