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Â ðàáîòå ïðåäëàãàåòñÿ óïðîùåííàÿ îïòèìèçàöèîííàÿ ìî-
äåëü óïðàâëåíèÿ ýêîíîìè÷åñêèì ðîñòîì è êà÷åñòâîì îêðóæàþ-
ùåé ñðåäû ñòðàíû. Çàäà÷à ïîèñêà îïòèìàëüíîé ñòðàòåãèè ðàç-
âèòèÿ ðåøàåòñÿ àíàëèòè÷åñêè. Âûÿâëÿþòñÿ êà÷åñòâåííî ðàç-
íûå òðàåêòîðèè ðàçâèòèÿ, ïðåäëàãàåòñÿ êîíöåïöèÿ óñòîé÷èâî-
ãî ðàçâèòèÿ â ðàìêàõ ðàññìàòðèâàåìîé ìîäåëè. Ìîäåëü êàëèá-
ðóåòñÿ äëÿ Ðîññèè.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, îïòèìàëüíîå óïðàâ-
ëåíèå, ýêîíîìè÷åñêèé ðîñò, óñòîé÷èâîå ðàçâèòèå.

1. Ìîäåëü
Ïóñòü Y (t) � íàöèîíàëüíûé ÂÂÏ, K(t) � çàïàñ êàïèòàëà, C(t) �

óðîâåíü ïîòðåáëåíèÿ, E(t) � êà÷åñòâî îêðóæàþùåé ñðåäû â ìîìåíò
âðåìåíè t ≥ 0. Ïóñòü òàêæå c(t) ∈ [0, 1] � ÷àñòü ÂÂÏ, íàïðàâëÿåìàÿ
íà ïîòðåáëåíèå, ò.å.

C(t) = c(t)Y (t) (t ≥ 0) (1.1)

c©2011 Å.À. Ðîâåíñêàÿ
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â ëþáîé ìîìåíò âðåìåíè t ≥ 0. Èçìåðèìàÿ ôóíêöèÿ c(·) âûñòóïàåò
â êà÷åñòâå óïðàâëåíèÿ â ðàññìàòðèâàåìîé ìîäåëè.

Ñâÿçü êàïèòàëà è ÂÂÏ îñóùåñòâëÿåòñÿ ÷åðåç ïðîèçâîäñòâåííóþ
ôóíêöèþ, â êà÷åñòâå êîòîðîé â ýòîé ðàáîòå áóäåì èñïîëüçîâàòü ïðî-
èçâîäñòâåííóþ ôóíêöèþ ¾ÀÊ¿-òèïà [3], ò.å. ïîëîæèì

Y (t) = AK(t) (t ≥ 0), (1.2)

ãäå A > δ � ïðîèçâîäèòåëüíîñòü êàïèòàëà.
Çàïàñ êàïèòàëà ïðèðàñòàåò ñîãëàñíî [3]

K̇(t) = Y (t)− C(t)− δK(t), K(0) = K0, (1.3)

ãäå δ > 0 � êîýôôèöèåíò àìîðòèçàöèè êàïèòàëà, K0 > 0 � íà÷àëüíîå
çíà÷åíèå êàïèòàëà. Ñ ó÷åòîì (1.1) è (1.2) óðàâíåíèå (1.3) ñòàíîâèòñÿ

K̇(t) = (A(1− c(t))− δ) K(t), K(0) = K0. (1.4)

Çàìåòèì, ÷òî ïðè ëþáîì óïðàâëåíèè c(·) : c(t) ∈ [0, 1] (c ∈ [0, 1])
èìååò ìåñòî K(t) ≥ 0 äëÿ ëþáîãî t ≥ 0.

Áóäåì ñ÷èòàòü, ÷òî êà÷åñòâî îêðóæàþùåé ñðåäû E(t) â ìîìåíò
âðåìåíè âðåìåíè t ≥ 0 îáðàòíî ïðîïîðöèîíàëüíî îáúåìó ïðîèçâîä-
ñòâà ñ ýëàñòè÷íîñòüþ γ > 0:

E(t) = B0Y
−γ(t) (t ≥ 0), (1.5)

ãäå B0 > 0 � êà÷åñòâî îêðóæàþùåé ñðåäû íà åäèíèöó ÂÂÏ. Ñ ó÷åòîì
âèäà ïðîèçâîäñòâåííîé ôóíêöèè (1.2), ôîðìóëà (1.5) äëÿ êà÷åñòâà
îêðóæàþùåé ñðåäû ïðèíèìàåò âèä

E(t) = B0A
−γK−γ(t) = BK−γ(t) (t ≥ 0). (1.6)

Áóäåì ñ÷èòàòü, ÷òî óïðàâëåíèå ýêîíîìè÷åñêèì ðàçâèòèåì â ðàñ-
ñìàòðèâàåìîé ìîäåëè îñóùåñòâëÿåòñÿ ÷åðåç âûáîð èçìåðèìîé ôóíê-
öèè äîëè ïîòðåáëåíèÿ c(·) òàêèì îáðàçîì, ÷òîáû ìàêñèìèçèðîâàòü
öåëåâóþ ôóíêöèþ, ó÷èòûâàþùóþ êàê ñîâîêóïíîå ïîòðåáëåíèå, òàê
è êà÷åñòâî îêðóæàþùåé ñðåäû. Äëÿ èõ îäíîâðåìåííîé ìàêñèìèçàöèè
èñïîëüçóåì ìãíîâåííóþ öåëåâóþ ôóíêöèþ c 7→ u(c) : [0, 1] 7→ [0,∞)
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â âèäå âçâåøåííîé ñóììû ëîãàðèôìè÷åñêèõ ôóíêöèé ïîëåçíîñòè ñ
âåñàìè w è 1− w (w ∈ [0, 1]):

u(c,K) = w ln(cY ) + (1− w) ln E = u0 + w ln c + a ln K, (1.7)

ãäå u0 = w ln A + (1 − w) ln B � ñëàãàåìîå, íå çàâèñÿùåå îò c è K

è ïîòîìó íå âëèÿþùåå íà îïòèìèçàöèþ ôóíêöèþ ïîëåçíîñòè, a =

w − γ(1− w). Áóäåì ïðåäïîëàãàòü, ÷òî a > 0, ò.å.

w >
γ

γ + 1
. (1.8)

Òàêèì îáðàçîì, ñ ó÷åòîì (1.4), (1.6) è (1.7) ïîëó÷èì ñëåäóþùóþ
çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ:

J =

∫ ∞

0

e−rt(u0 + w ln c(t) + a ln K(t))dt → max
c(·)

,

K̇(t) = (A(1− c(t))− δ) K(t), K(0) = K0,

c(t) ∈ [0, 1]. (1.9)

Çäåñü r > 0 � äèñêîíòèðóþùèé ìíîæèòåëü.

2. Íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè
Â äàííîì ðàçäåëå ïðèâîäÿòñÿ íåîáõîäèìûå óñëîâèÿ îïòèìàëüíî-

ñòè â òåðìèíàõ êîíñòðóêöèé ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà [2].
Ïóñòü λ(·) � ñîïðÿæåííàÿ ïåðåìåííàÿ. Ôóíêöèÿ Ãàìèëüòîíà�Ïîíòðÿ-
ãèíà èìååò âèä

H(K, λ, c) = w ln c + a ln K + (A(1− c)− δ)λK.

Ãàìèëüòîíèàí äîñòèãàåò ñâîåãî ãëîáàëüíîãî ìàêñèìóìà ïðè
∂H

∂c
= 0 ⇒ c =

w

AλK
;

óñëîâíûé ìàêñèìóì çàäàåòñÿ ïî

c =





0, ïðè x < 0,
w

AλK
, ïðè x ≥ w

A
,

1, ïðè x ∈
[
0,

w

A

]
,

(2.1)
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ãäå ôóíêöèÿ ïåðåêëþ÷åíèÿ x = λK.

Ñîïðÿæåííîå óðàâíåíèå èìååò âèä

λ̇(t) = −(A− r − δ)λ(t)− a

K(t)
+ Ac(t)λ(t). (2.2)

Îòìåòèì, ÷òî ïîñêîëüêó çàäà÷à (1.9) ñôîðìóëèðîâàíà íà áåñêîíå÷-
íîì ïîëóèíòåðâàëå âðåìåíè, òî ñòàíäàðòíîå óñëîâèå òðàíñâåðñàëüíî-
ñòè íà ïðàâîì êîíöå âîîáùå ãîâîðÿ íå âûïîëíÿåòñÿ [1]. Ñóùåñòâóþò
ñïåöèàëüíûå âàðèàíòû ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà, â êîòîðûõ,
ïðè äîïîëíèòåëüíûõ óñëîâèÿõ, óñëîâèå òðàíñâåðñàëüíîñòè îêàçûâà-
åòñÿ âûïîëíåííûì. Îäíàêî ïðîâåðêà ýòèõ äîïîëíèòåëüíûõ óñëîâèé â
ðÿäå çàäà÷ îêàçûâàåòñÿ òåõíè÷åñêè äîâîëüíî ñëîæíîé çàäà÷åé. Äëÿ
àíàëèçà çàäà÷è (1.9) ìû îòêàçûâàåìñÿ îò óñëîâèÿ òðàíñâåðñàëüíî-
ñòè, òî åñòü èñïîëüçóåì íåïîëíûé íàáîð íåîáõîäèìûõ óñëîâèé îïòè-
ìàëüíîñòè. Òåì íå ìåíåå, â ñèëó ñòðóêòóðû çàäà÷è, îêàçûâàåòñÿ âîç-
ìîæíûì âûäåëåíèå åäèíñòâåííîãî óïðàâëÿåìîãî ïðîöåññà, óäîâëå-
òâîðÿþùåãî ýòèì óñëîâèÿì, îòñþäà (ïîñêîëüêó ðåøåíèå ñóùåñòâóåò)
âûòåêàåò îïòèìàëüíîñòü íàéäåííîãî òàêèì ñïîñîáîì ðåøåíèÿ. Â ñëå-
äóþùåì ðàçäåëå ïðèâåäåíû âñå ïîñòðîåíèÿ.

3. Îïòèìàëüíûå ïîòðåáëåíèå è êàïèòàë
Â äàííîì ðàçäåëå ïðîàíàëèçèðóåì äèíàìèêó ôóíêöèè ïåðåêëþ-

÷åíèÿ x êàê ôóíêöèè âðåìåíè t (t ≥ 0). Èìååì x(t) = λ(t)K(t),

äèôôåðåíöèðóÿ, ñ ó÷åòîì (1.4), (2.2), ïîëó÷àåì

λ̇(t)K(t) + λ(t)K̇(t) = −(A− r − δ)λ(t)K(t)− a + Ac(t)λ(t)K(t) +

(A(1− c(t))− δ) λ(t)K(t)

= rλ(t)K(t)− a,

îêîí÷àòåëüíî,

ẋ(t) = rx(t)− a. (3.1)

Çàìåòèì, ÷òî íà÷àëüíîå óñëîâèå x(0) = λ(0)K0 íå èçâåñòíî. Ðåøàÿ
çàäà÷ó Êîøè äëÿ óðàâíåíèÿ (3.1) ñ íåèçâåñòíûì íà÷àëüíûì óñëîâè-
åì, ïîëó÷àåì

x(t) =
(
x(0)− a

r

)
ert +

a

r
. (3.2)
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Î÷åâèäíî, â çàâèñèìîñòè îò çíàêà ìíîæèòåëÿ x(0)− a

r
ïåðåä ýêñ-

ïîíåíòîé ôóíêöèÿ t 7→ x(t) (t ≥ 0) ìîæåò áûòü ëèáî óáûâàþùåé, òàê
÷òî x(t) → −∞ ïðè t → ∞ (ïðè x(0) <

a

r
), ëèáî âîçðàñòàþùåé òàê

÷òî x(t) → ∞ ïðè t → ∞ (ïðè x(0) <
a

r
), ëèáî êîíñòàíòîé, òàê ÷òî

x(t) = x(0) ïðè âñåõ t ≥ 0 (ïðè x(0) =
a

r
).

Äëÿ äàëüíåéøåãî àíàëèçà ïðåäïîëîæèì, ÷òî

w >
γA

γA + A− r
. (3.3)

Çàìåòèì, ÷òî èç (3.3) ñëåäóåò, ÷òî
w

A
<

a

r
.

Òàêæå èç ýêîíîìè÷åñêèõ ñîîáðàæåíèé ïðåäïîëîæèì, ÷òî

A > r + δ. (3.4)

Òîãäà, î÷åâèäíî, (3.3) ÿâëÿåòñÿ óñèëåíèåì (1.8).

Òàêèì îáðàçîì, çàêëþ÷àåì, ÷òî âîçìîæíû ñëåäóþùèå ñëó÷àè.
(i): x(0) >

a

r
. Â ýòîì ñëó÷àå x(t) ≥ x(0) >

a

r
äëÿ âñåõ t ≥ 0.

Çíà÷èò, ñîãëàñíî (2.1) äëÿ âñåõ t ≥ 0 âåðíî

c(t) =
w

Aλ(t)K(t)
.

Ñ ó÷åòîì λ(t)K(t) = x(t) (3.2), ïîëó÷àåì

c(t) =
w

A

1(
x(0)− a

r

)
ert +

a

r

. (3.5)

Äëÿ ïîëó÷åíèÿ ÿâíîãî âûðàæåíèÿ äëÿ òðàåêòîðèè ïîäñòàâëÿåì óïðàâ-
ëåíèå â ôîðìå (3.5) â (1.4), ïîëó÷àåì

K̇(t) =

(
A− δ − w

x(t)

)
K(t), K(0) = K0.

Ðåøàÿ çàäà÷ó Êîøè, ïîëó÷àåì

K(t) = K0e
(A−δ)te−w

∫ t
0

1
x(s)

ds,
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îêîí÷àòåëüíî

K(t) = K0e
(A−δ)t


 x(0)

x(0)− a

r
(1− e−rt)



−w

a

. (3.6)

(ii): x(0) =
a

r
. Â ýòîì ñëó÷àå x(t) = x(0) =

a

r
äëÿ âñåõ t ≥ 0.

Çíà÷èò, ñîãëàñíî (2.1) äëÿ âñåõ t ≥ 0 âåðíî

c(t) =
w

Aλ(t)K(t)
.

Ñ ó÷åòîì λ(t)K(t) = x(t) = x(0) =
a

r
(3.2), ïîëó÷àåì

c(t) =
w

Ax(0)
=

wr

Aa
. (3.7)

Äëÿ ïîëó÷åíèÿ ÿâíîãî âûðàæåíèÿ äëÿ òðàåêòîðèè ïîäñòàâëÿåì óïðàâ-
ëåíèå â ôîðìå (3.7) â (1.4), ïîëó÷àåì

K̇(t) =
(
A− δ − wr

a

)
K(t), K(0) = K0.

Ðåøàÿ çàäà÷ó Êîøè, ïîëó÷àåì

K(t) = K0e

(
A−δ−

wr

a

)
t

. (3.8)

(iii): w

A
< x(0) <

a

r
. Â ýòîì ñëó÷àå x(·) ìîíîòîííî óáûâàåò äëÿ

âñåõ t ≥ 0 è íåîãðàíè÷åíà ïðè t → ∞. Çíà÷èò, ñóùåñòâóþò t1 ≥ 0 è
t2 > t1 :

x(t) >
w

A
ïðè t ∈ [0, t1),

x(t1) =
w

A
è 0 < x(t) <

w

A
ïðè t ∈ (t1, t2),

x(t2) = 0, x(t) < 0 ïðè t ∈ (t2,∞)
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(îòìåòèì, ÷òî t1 è t2 ìîãóò áûòü íàéäåíû â ÿâíîì âèäå ñ ïîìîùüþ
(3.2)). Îòñþäà ñîãëàñíî (2.1) èìååì

c(t) =





w

Aλ(t)K(t)
, ïðè t ∈ [0, t1],

1, ïðè t ∈ (t1, t2],

0, ïðè t ∈ (t2,∞).

Ñ ó÷åòîì λ(t)K(t) = x(t) (3.2), ïîëó÷àåì, ÷òî ïðè t ∈ [0, t1] óïðàâ-
ëåíèå èìååò âèä (3.5), òðàåêòîðèÿ èìååò âèä (3.6). Ïðè t ∈ (t1, t2],
ïîäñòàâëÿÿ c(t) = 1 â (1.4), ïîëó÷àåì

K̇(t) = −δK(t), K(t1) = K1,

ãäå èç (3.6) èìååì

K1 = K(t1) = K0e
(A−δ)t1


 x(0)

x(0)− a

r
(1− e−rt1)




1
a

.

Ðåøàÿ çàäà÷ó Êîøè, ïîëó÷àåì

K(t) = K1e
−δ(t−t1).

Ïðè t ∈ (t2,∞), ïîäñòàâëÿÿ c(t) = 0 â (1.4), ïîëó÷àåì

K̇(t) = (A− δ)K(t), K(t2) = K2,

ãäå èç (3.9) èìååì

K2 = K(t2) = K1e
−δ(t2−t1).

Ðåøàÿ çàäà÷ó Êîøè, ïîëó÷àåì

K(t) = K2e
(A−δ)(t−t2).

Ñóììèðóÿ ïîëó÷åííûå ðåçóëüòàòû, çàïèøåì

c(t) =





w

A

1(
x(0)− a

r

)
ert +

a

r

, ïðè t ∈ [0, t1],

1, ïðè t ∈ (t1, t2],

0, ïðè t ∈ (t2,∞);
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K(t) =





K0e
(A−δ)t


 x(0)

x(0)− a

r
(1− e−rt)



−w

a

, ïðè t ∈ [0, t1],

K1e
−δ(t−t1), ïðè t ∈ (t1, t2],

K2e
(A−δ)(t−t2), ïðè t ∈ (t2,∞).

(iv): 0 < x(0) ≤ w

A
. Â ýòîì ñëó÷àå x(·) òàêæå ìîíîòîííî óáûâàåò

äëÿ âñåõ t ≥ 0 è íåîãðàíè÷åíà ïðè t →∞. Çíà÷èò, ñóùåñòâóåò t3 ≥ 0 :

0 < x(t) <
w

A
ïðè t ∈ [0, t3), x(t3) = 0, x(t) < 0 ïðè t ∈ (t3,∞)

(îòìåòèì, ÷òî t3 ìîæåò áûòü íàéäåíî â ÿâíîì âèäå ñ ïîìîùüþ (3.2)).
Îòñþäà ñîãëàñíî (2.1) èìååì

c(t) =

{
1, ïðè t ∈ [0, t3],

0, ïðè t ∈ (t3,∞).

Èíòåãðèðóÿ (1.4) ñ óïðàâëåíèåì (3.9), àíàëîãè÷íî (iii) ïîëó÷àåì

K(t) =

{
K0e

−δt, ïðè t ∈ [0, t3],

K0e
−δt3e(A−δ)(t−t3), ïðè t ∈ (t3,∞).

(v): x(0) ≤ 0. Â ýòîì ñëó÷àå x(·) òàêæå ìîíîòîííî óáûâàåò äëÿ
âñåõ t ≥ 0 è íåîãðàíè÷åíà ïðè t →∞. Çíà÷èò, x(t) < 0 ïðè âñåõ t > 0.
Îòêóäà ñîãëàñíî (2.1) è (1.4) èìååì

c(t) = 0 ïðè t ∈ [0,∞),

è

K(t) = K0e
(A−δ)t ïðè t ∈ [0,∞).

Ïîñêîëüêó öåëåâîé ôóíêöèîíàë â çàäà÷å (1.9) ñîäåðæèò ëîãà-
ðèôì îò c � íåîãðàíè÷åííûé ñíèçó ïðè c = 0, òî óïðàâëåíèÿ, ïðèíè-
ìàþùèå çíà÷åíèÿ 0 íà êàêîì-ëèáî èíòåðâàëå (ò.å. óïðàâëåíèÿ (iii),
(iv) è (v)), íå ìîãóò áûòü îïòèìàëüíûìè. Ïîýòîìó îíè èñêëþ÷àþòñÿ
èç äàëüíåéøåãî ðàññìîòðåíèÿ.
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Çàìåòèì òàêæå, ÷òî ñëó÷àè (i) è (ii) ìîãóò áûòü îáúåäèíåíû. Òà-
êèì îáðàçîì, îäíîïàðàìåòðè÷åñêîå ñåìåéñòâî (îòíîñèòåëüíî ïàðà-
ìåòðà x(0)) óïðàâëÿåìûõ ïðîöåññîâ (c(t), K(t)) (t ∈ [0, T ]) â çàäà÷å
(1.9), ãäå c(t) çàäàíî ïî (3.5), K(t) çàäàíî ïî (3.6) ïðè ëþáîì x(0) ≥ a

r
óäîâëåòâîðÿåò âñåì íåîáõîäèìûì óñëîâèÿì îïòèìàëüíîñòè ïðèíöèïà
ìàêñèìóìà Ïîíòðÿãèíà.

Òåîðåìà 3.1. Ïóñòü âûïîëíåíû óñëîâèÿ (3.3) è (3.4). Òîãäà óïðàâ-
ëåíèå c(·) è òðàåêòîðèÿ K(·), îïòèìàëüíûå â çàäà÷å (1.9), èìåþò
âèä (3.7) è (3.8) ñîîòâåòñòâåííî.

Äîêàçàòåëüñòâî. Âû÷èñëèì çíà÷åíèå öåëåâîãî ôóíêöèîíàëà J , ñî-
îòâåòñòâóþùåå îäíîïàðàìåòðè÷åñêîìó ñåìåéñòâó óïðàâëÿåìûõ ïðî-
öåññîâ (c(·), K(·)) (3.5), (3.6), ïàðàìåòðèçîâàííûõ ïàðàìåòðîì x(0) ≥
a

r
. Î÷åâèäíî, J = J(x(0)). Èìååì

J(x(0)) =

∫ ∞

0

e−rt


u0 + w ln


w

A

1(
x(0)− a

r

)
ert +

a

r


 +

+ a ln


K0e

(A−δ)t


 x(0)

x(0)− a

r
(1− e−rt)



−w

a





 dt

=

∫ ∞

0

e−rt
(
u0 + w ln

w

A
+ a ln K0 + ((A− δ)a− wr) t− w ln x(0)

)
dt.

Î÷åâèäíî, x(0) 7→ J(x(0)) � óáûâàþùàÿ ôóíêöèÿ è, çíà÷èò, äîñòèãà-
åò ñâîåãî ìàêñèìóìà ïðè íàèìåíüøåì çíà÷åíèè x(0), ò.å. x(0) =

a

r
.

Òàêèì îáðàçîì, ïîëó÷èëè, ÷òî (3.5) çàäàåò îïòèìàëüíîå óïðàâëåíèå,
è (3.6) � ñîîòâåòñòâåííî îïòèìàëüíóþ òðàåêòîðèþ.

4. Àíàëèç ÷óâñòâèòåëüíîñòè ìîäåëè
Â ýòîì ðàçäåëå ïðîàíàëèçèðóåì çàâèñèìîñòü ðåøåíèÿ çàäà÷è (1.9)

îò âûáîðà âåñîâîãî êîýôôèöèåíòà w, îïèñûâàþùåãî óäåëüíûé âåñ ñî-
âîêóïíîãî äèñêîíòèðîâàííîãî ïîòðåáëåíèÿ ïî ñðàâíåíèþ ñ êà÷åñòâîì
îêðóæàþùåé ñðåäû â öåëåâîì ôóíêöèîíàëå. Íàïîìíèì, ÷òî ìîäåëü
ðàññìàòðèâàåòñÿ ïðè äîñòàòî÷íî áîëüøèõ çíà÷åíèÿõ w, à èìåííî,
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ïðè ïðåäïîëîæåíèè (3.3).

Êàê áûëî ïîêàçàíî â ïðåäûäóùåì ðàçäåëå, îïòèìàëüíàÿ äîëÿ ïî-
òðåáëåíèÿ â çàäà÷å (1.9) ïîñòîÿííà íà âñåì ïðîìåæóòêå âðåìåíè è
çàäàåòñÿ (3.7). Îáîçíà÷àÿ åå ÷åðåç c∗ è ïîëàãàÿ ôóíêöèåé îò w, ïðå-
îáðàçîâûâàÿ, ïîëó÷èì

c∗(w) =
r

A
(
1 + γ − γ

w

) .

Î÷åâèäíî, w 7→ c∗(w) (w ∈ [w0, 1]) � óáûâàþùàÿ ôóíêöèÿ, ò.å. ñ
ðîñòîì óäåëüíîãî âåñà ñîâîêóïíîãî äèñêîíòèðîâàííîãî ïîòðåáëåíèÿ
w äîëÿ ÂÂÏ, íàïðàâëÿåìàÿ íà ïîòðåáëåíèå, óìåíüøàåòñÿ, ïðè÷åì

c∗(w0) = 1,

c∗(1) =
r

A
,

ãäå

w0 =
γA

γA + A− r
.

Òàêæå â ïðåäûäóùåì ðàçäåëå áûëî ïîêàçàíî, ÷òî ïðèðîñò îïòè-
ìàëüíîãî çàïàñà êàïèòàëà â çàäà÷å (1.9) ïðîèñõîäèò ýêñïîíåíöèàëü-

íî ñ ïîñòîÿííîé ñêîðîñòüþ κ =
K̇(t)

K(t)
(t ≥ 0) è çàäàåòñÿ ÷åðåç (3.7).

Îáîçíà÷àÿ ee ÷åðåç κ∗ è ïîëàãàÿ ôóíêöèåé îò w, ïðåîáðàçîâûâàÿ,
ïîëó÷èì

κ∗(w) = A− δ − r

1 + γ − γ

w

.

Î÷åâèäíî, w 7→ κ∗(w) (w ∈ [w0, 1]) � âîçðàñòàþùàÿ ôóíêöèÿ, ò.å. ñ
ðîñòîì óäåëüíîãî âåñà ñîâîêóïíîãî äèñêîíòèðîâàííîãî ïîòðåáëåíèÿ
w ñêîðîñòü ïðèðîñòà êàïèòàëà óâåëè÷èâàåòñÿ, ïðè÷åì

κ∗(w0) = −δ,

κ∗(w∗) = 0,

κ∗(1) = A− r − δ,
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ãäå

w∗ =
γ

1 + γ − r

A− δ

. (4.1)

Òàêèì îáðàçîì, åñëè óäåëüíûé âåñ ñîâîêóïíîãî äèñêîíòèðîâàííîãî
ïîòðåáëåíèÿ w â öåëåâîì ôóíêöèîíàëå áëèçîê ê åäèíèöå, à èìåí-
íî, åñëè w ∈ (w∗, 1], òî κ∗(w) > 0, è, ñëåäîâàòåëüíî, îïòèìàëüíûé
çàïàñ êàïèòàëà ðàñòåò; åñëè æå îí íåäîñòàòî÷íî âåëèê, à èìåííî, åñ-
ëè w ∈ [w0, w∗), òî κ∗(w) < 0, è, ñëåäîâàòåëüíî, îïòèìàëüíûé çàïàñ
êàïèòàëà óáûâàåò ñî âðåìåíåì äî íóëÿ. Ïðè w = w∗ κ∗(w) = 0, è,
ñëåäîâàòåëüíî, çàïàñ êàïèòàëà ïîñòîÿíåí ïî âðåìåíè. Â ñèëó ëèíåé-
íîñòè ïðîèçâîäñòâåííîé ôóíêöèè (1.2), àíàëîãè÷íîå ïîâåäåíèå èìå-
åò è ÂÂÏ. Ñèòóàöèþ, ïðè êîòîðîé ÂÂÏ è êàïèòàë íåóáûâàåò, áó-
äåì íàçûâàòü óñòîé÷èâûì ýêîíîìè÷åñêèì ðàçâèòèåì, à ñèòóàöèþ,
â êîòîðîé îíè óáûâàþò � íåóñòîé÷èâûì ýêîíîìè÷åñêèì ðàçâèòè-
åì. Íåóñòîé÷èâîå ýêîíîìè÷åñêîå ðàçâèòèå â ðàìêàõ ðàññìàòðèâàå-
ìîé ìîäåëè, âîçíèêàåò, åñëè â öåëåâîì ôóíêöèîíàëå óäåëüíûé âåñ
êà÷åñòâà îêðóæàþùåé ñðåäû äîñòàòî÷íî âåëèêî.

Ðàññìîòðèì òåïåðü äèíàìèêó êà÷åñòâà îêðóæàþùåé ñðåäû. Èç
(1.6) ñëåäóåò, ÷òî â îïòèìàëüíîì ðåæèìå êà÷åñòâî îêðóæàþùåé ñðå-
äû ïðèðàñòàåò ñîãëàñíî

Ė(t)

E(t)
= −γ

K̇(t)

K(t)
= −γκ∗ = ε∗ (t ≥ 0).

Èç ïðåäûäóùåãî àíàëèçà ñëåäóåò, ÷òî ïðèðîñò êà÷åñòâà îêðóæàþùåé
ñðåäû â îïòèìàëüíîì ðåæèìå ïðîèñõîäèò ýêñïîíåíöèàëüíî ñ ïîñòî-
ÿííîé ñêîðîñòüþ ε∗(w) = −γκ∗(w). Åñëè óäåëüíûé âåñ ñîâîêóïíîãî
äèñêîíòèðîâàííîãî ïîòðåáëåíèÿ w â öåëåâîì ôóíêöèîíàëå áëèçîê ê
åäèíèöå, à èìåííî, åñëè w ∈ (w∗, 1], òî ε∗(w) < 0, è, ñëåäîâàòåëü-
íî, êà÷åñòâî îêðóæàþùåé ñðåäû â îïòèìàëüíîì ðåæèìå óáûâàåò äî
íóëÿ; åñëè æå îí íåäîñòàòî÷íî âåëèê, à èìåííî, åñëè w ∈ [w0, w∗),
òî ε∗(w) > 0, è, ñëåäîâàòåëüíî, êà÷åñòâî îêðóæàþùåé ñðåäû â îï-
òèìàëüíîì ðåæèìå ðàñòåò. Ïðè w = w∗ ε∗(w) = 0, è, ñëåäîâàòåëü-
íî, êà÷åñòâî îêðóæàþùåé ñðåäû ïîñòîÿííî ïî âðåìåíè. Ñèòóàöèþ,
ïðè êîòîðîé êà÷åñòâî îêðóæàþùåé ñðåäû óáûâàåò, áóäåì íàçûâàòü
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íåóñòîé÷èâûì ðàçâèòèåì îêðóæàþùåé ñðåäû, à ñèòóàöèþ, â êîòî-
ðîé îíî íåóáûâàåò � óñòîé÷èâûì ðàçâèòèåì îêðóæàþùåé ñðåäû.
Íåóñòîé÷èâîå ðàçâèòèå îêðóæàþùåé ñðåäû â ðàìêàõ ðàññìàòðèâàå-
ìîé ìîäåëè âîçíèêàåò, åñëè â öåëåâîì ôóíêöèîíàëå åãî óäåëüíûé âåñ
äîñòàòî÷íî ìàë.

Òàêèì îáðàçîì, ïîëó÷àåì, ÷òî äîáèòüñÿ óñòîé÷èâîãî ðàçâèòèÿ
ýêîíîìèêè è îêðóæàþùåé ñðåäû âîçìîæíî, åñëè ïîäîáðàòü óäåëüíûå
âåñà ýêîíîìè÷åñêîé è ýêîëîãè÷åñêîé ñîñòàâëÿþùèõ öåëåâîãî ôóíê-
öèîíàëà ñáàëàíñèðîâàííûì îáðàçîì, à èìåííî, â ðàìêàõ äàííîé ìî-
äåëè, åñëè ïîëîæèòü w = w∗ (4.1). Â ýòîì ñëó÷àå κ∗(w) = ε∗(w) = 0,

è, ñëåäîâàòåëüíî, ñèñòåìà ôóíêöèîíèðóåò â ñòàöèîíàðíîì ñîñòîÿíèè.

Èññëåäóåì âîïðîñ î òîì, âîçìîæåí ëè ýêîíîìè÷åñêèé ðîñò, ò.å.
ôàêòè÷åñêèé ïðèðîñò ÂÂÏ, îäíîâðåìåííî ñ ðîñòîì êà÷åñòâà îêðó-
æàþùåé ñðåäû â ñòàöèîíàðíîì ñîñòîÿíèè. Çàìåòèì, ÷òî

∂κ∗
∂A

= 1 > 0,
∂ε∗
∂A

= −γ < 0,

∂κ∗
∂δ

= −1 < 0,
∂ε∗
∂δ

= γ > 0,

è
∂κ∗
∂r

= − 1

1− γ

(
1

w∗
− 1

) = −A− δ

r
< 0,

∂ε∗
∂δ

= γ
A− δ

r
> 0,

ò.å. ïðè âàðèàöèÿõ êàïèòàëîîòäà÷è A, àìîðòèçàöèè δ è äèñêîíòè-
ðîâàíèÿ r äèíàìèêà êàïèòàëà/ÂÂÏ è êà÷åñòâà îêðóæàþùåé ñðåäû
äåìîíñòðèðóåò ïðîòèâîïîëîæíûå òåíäåíöèè: ýêîíîìè÷åñêèé ðîñò ñî-
ïðÿæåí ñ ïàäåíèåì êà÷åñòâà îêðóæàþùåé ñðåäû è íàîáîðîò. Îäíàêî,

∂κ∗
∂γ

= − r(
1− γ

(
1

w
− 1

))2

(
1

w
− 1

)
= −A− δ

r2γ
(A− δ − r) < 0,

∂ε∗
∂γ

= −(A− δ) + r

1− 2γ

(
1

w∗
− 1

)

(
1− γ

(
1

w
− 1

))2 = −A− δ

r2
(A− δ − r) < 0.
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Ïîëó÷èëè, ÷òî ýêîíîìè÷åñêèé ðîñò ñ îäíîâðåìåííûì ðîñòîì êà÷å-
ñòâà îêðóæàþùåé ñðåäû âîçìîæåí çà ñ÷åò ñíèæåíèÿ ýëàñòè÷íîñòè
êà÷åñòâà îêðóæàþùåé ñðåäû ïî îòíîøåíèþ ê ÂÂÏ γ. Íà ðèñ. 5 ïðåä-
ñòàâëåíà çàâèñèìîñòü ïðîàíàëèçèðîâàííûõ çäåñü ïîêàçàòåëåé � îï-
òèìàëüíîé äîëè ïîòðåáëåíèÿ, ñêîðîñòè ðîñòà ÂÂÏ è ñêîðîñòè èçìå-
íåíèÿ îêðóæàþùåé ñðåäû îò âåñîâîãî êîýôôèöèåíòà w.

5. Êàëèáðîâêà è ðåçóëüòàòû ìîäåëèðîâàíèÿ äëÿ Ðîññèè
Ê ñîæàëåíèþ â îòêðûòîì äîñòóïå ìîæíî íàéòè î÷åíü ìàëî äàí-

íûõ î çàãðÿçíåíèè îêðóæàþùåé ñðåäû â Ðîññèè. Îäíèì èç íàäåæíûõ
è ïîëíûõ èñòî÷íèêîâ òàêèõ äàííûõ, òàê æå êàê è äàííûõ îá ýêîíî-
ìè÷åñêîì ðàçâèòèè, ÿâëÿåòñÿ áàçà äàííûõ Ìèðîâîãî áàíêà [5]. Â íåé
ïðåäñòàâëåíû äàííûå î âîñüìè çàãðÿçíèòåëÿõ âîäû è âîçäóõà: îðãà-
íè÷åñêèå çàãðÿçíèòåëè âîçäóõà, âûáðîñû ÑÎ2, HFC, CH4, NOx, PFC,
SF6 è ñîäåðæàíèå ìåëêîäèñïåðñíîé ïûëè (PM) (ñì. ðèñ. 1). Äàííûå
äîñòóïíû äëÿ íåêîòîðûõ ëåò â ïåðèîä ñ 1991 ïî 2010 ãã., íàèáîëåå
ïîëíàÿ èíôîðìàöèÿ èìååòñÿ î âûáðîñàõ ÑÎ2 (â ïåðèîä ñ 1992 ïî
2007 ãã., ïî âñåì ãîäàì) è ñîäåðæàíèÿ ìåëêîäèñïåðñíîé ïûëè (PM)
(â ïåðèîä ñ 1990 ïî 2008 ãã., ïî âñåì ãîäàì). Äàííûå îá îñòàëüíûõ
âûáðîñàõ äîñòóïíû ëèøü äëÿ íåñêîëüêèõ ëåò èç ýòîãî ïðîìåæóòêà.
Êîððåëÿöèîííûé àíàëèç ïîêàçûâàåò, ÷òî ìåæäó îñíîâíûìè çàãðÿç-
íèòåëÿìè � âûáðîñàìè ÑÎ2, CH4, SF6 è ñîäåðæàíèåì PM ñóùåñòâó-
åò äîñòàòî÷íî ñèëüíàÿ ïîëîæèòåëüíàÿ êîððåëÿöèÿ (êîýôôèöèåíòû
êîððåëÿöèè ìåæäó âûáðîñàìè ÑÎ2 è CH4, SF6 è ñîäåðæàíèåì PM
ðàâíû ñîîòâåòñòâåííî 0.49, 0.86 è 0.61). Ñ îñòàëüíûìè çàãðÿçíèòå-
ëÿìè âûÿâëåíà ñëàáàÿ îòðèöàòåëüíàÿ êîððåëÿöèÿ, îäíàêî äàííûõ
íåäîñòàòî÷íî, ÷òîáû ñäåëàòü âûâîäû íà ýòîé îñíîâå. Ïîýòîìó â äàí-
íîé ðàáîòå â êà÷åñòâå èíäèêàòîðà, îïèñûâàþùåãî ñîñòîÿíèå îêðó-
æàþùåé ñðåäû, ïðåäëàãàåòñÿ èñïîëüçîâàòü âûáðîñû ÑÎ2 � íàèáîëåå
ïîïóëÿðíûé èíäèêàòîð. Â êà÷åñòâå êà÷åñòâà îêðóæàþùåé ñðåäû E,
òàêèì îáðàçîì, áóäåì èñïîëüçîâàòü âåëè÷èíó, îáðàòíóþ âûáðîñàì
ÑÎ2.

Íà ðèñ. 2 îòðàæåíà äèíàìèêà çàïàñà êàïèòàëà è êà÷åñòâà îêðó-
æàþùåé ñðåäû çà ïåðèîä ñ 1991 ïî 2010 ãã. Ðåãðåññèîííûé àíàëèç (íà
ïåðèîäå ñ 2000 ïî 2008 ãã., äëÿ èñêëþ÷åíèÿ ïåðèîäîâ êðèçèñà) ïîçâî-
ëÿåò êàëèáðîâàòü ïàðàìåòðû γ è B0 ñîîòíîøåíèÿ (1.5) êàê 9.5E − 5

(P = 2E − 5) è 0.187 (P = 7E − 4) ñîîòâåòñòâåííî (R2 = 0.934).
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Ðèñóíîê 1. Äèíàìèêà çàãðÿçíåíèé âîäû è âîçäóõà â Ðîññèè ñ 1990
ïî 2010 ãã.

Íà ðèñ. 3 îòðàæåíà äèíàìèêà ïðèðîñòà çàïàñà êàïèòàëà è ïðè-
ðîñòà ÂÂÏ çà ïåðèîä ñ 1991 ïî 2010 ãã. Ðåãðåññèîííûé àíàëèç (íà
ïåðèîäå ñ 2000 ïî 2008 ãã., äëÿ èñêëþ÷åíèÿ ïåðèîäîâ êðèçèñà) ïîç-
âîëÿåò êàëèáðîâàòü ïàðàìåòð A (áåç êîíñòàíòû) ñîîòíîøåíèÿ (1.2),
çàïèñàâ åå ÷åðåç ïðèðàùåíèÿ ∆Y (t) = A∆K(t) êàê 0.325 (P = 1E−5)

(R2 = 0.971). Èññëåäóÿ äàííûå ïî èíôëÿöèè ïîòðåáèòåëüñêèõ öåí,
äåôëÿòîðó ÂÂÏ è ðåàëüíîé ïðîöåíòíîé ñòàâêè â Ðîññèè ñ 2000 ïî
2010 ã. (ñì. ðèñ. 4; óêîðî÷åííûé ïåðèîä âûáðàí èç-çà âûñîêîé èíôëÿ-
öèè â 1990-å ãã.) êàê îáúåêòèâíûõ ôàêòîðîâ, à òàêæå ïðèíèìàÿ âî
âíèìàíèå ñóáúåêòèâíûå ôàêòîðû [4], âûáåðåì ïîêàçàòåëü äèñêîíòè-
ðîâàíèÿ íà óðîâíå r = 0.25. Íàêîíåö, óñòàðåâàíèå êàïèòàëà ìîæíî
âçÿòü íà óðîâíå δ = 0.05. Çàìåòèì, ÷òî ïîëó÷åííûå çíà÷åíèÿ ïàðà-
ìåòðîâ óäîâëåòâîðÿþò ïðåäïîëîæåíèÿì ìîäåëè (3.3) è (3.4).
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Ðèñóíîê 2. Äèíàìèêà êà÷åñòâà îêðóæàþùåé ñðåäû è çàïàñà
êàïèòàëà â Ðîññèè ñ 1990 ïî 2010 ãã.

Ïðè çàäàííûõ çíà÷åíèÿõ ïàðàìåòðîâ äëÿ Ðîññèè ïîëó÷àåì, ÷òî
ìèíèìàëüíûé óäåëüíûé âåñ w0, ïðè êîòîðîì âåðíû âñå ðàññóæäå-
íèÿ ýòîé ñòàòüè, ñîñòàâëÿåò w0 = 0.447, à âåñ, ïðè êîòîðîì ñèñòåìà
ôóíêöèîíèðóåò â ñòàöèîíàðíîì (óñòîé÷èâîì) ñîñòîÿíèè ñîñòàâëÿåò
w∗ = 0.673. Çàìåòèì, ÷òî â ïåðèîä ñ 1991 ïî 2010 ãã. ðåàëüíàÿ äîëÿ
ÂÂÏ, ïðèõîäèâøàÿñÿ íà ïîòðåáëåíèå, èìåëà âåñüìà âîëàòèëüíóþ äè-
íàìèêó è âàðüèðîâàëàñü îò 0.6 äî 2.5. Íà ðèñ. 4 ïðåäñòàâëåíû ãðàôèê
èñòîðè÷åñêîé äèíàìèêè äîëè ïîòðåáëåíèÿ, à òàêæå îïòèìàëüíûå äî-
ëè ïîòðåáëåíèÿ äëÿ w = 1 (ñëó÷àé îïòèìèçàöèè òîëüêî ïîòðåáëåíèÿ,
áåç êà÷åñòâà îêðóæàþùåé ñðåäû), äëÿ w = w0 (ñëó÷àé ìàêñèìàëüíî-
ãî ó÷åòà êà÷åñòâà îêðóæàþùåé ñðåäû) è äëÿ w = w∗ (ñëó÷àé óñòîé-
÷èâîãî, ñòàöèîíàðíîãî ðàçâèòèÿ). Âèäíî, ÷òî çà ïåðèîä ñ 1991 ïî 2010
ãã. ðåàëüíàÿ äîëÿ ïîòðåáëåíèÿ ïðèíèìàëà êàê î÷åíü âûñîêèå çíà÷å-
íèÿ, âåäóùèå ê íåóñòîé÷èâîìó ðàçâèòèþ îêðóæàþùåé ñðåäû, òàê è
î÷åíü íèçêèå, âåäóùèå ê íåóñòîé÷èâîìó ýêîíîìè÷åñêîìó ðàçâèòèþ.
Ñðåäíåå çíà÷åíèå äîëè ïîòðåáëåíèÿ çà äàííûé ïåðèîä (c = 1.2) �
î÷åíü áîëüøîå (áîëüøå 100% áëàãîäàðÿ çàåìíûì ñðåäñòâàì) çíà÷è-
òåëüíî âûøå îïòèìàëüíîãî çíà÷åíèÿ, ñîîòâåòñòâóþùåãî óñòîé÷èâîìó
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ðàçâèòèþ. Åñëè ýòî çíà÷åíèå ñîõðàíèòñÿ â áóäóùåì, òî ýòî ïðèâåäåò
ê çíà÷èòåëüíîìó è ðåçêîìó ñíèæåíèþ êà÷åñòâà îêðóæàþùåé ñðåäû.
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Ðèñóíîê 3. Äèíàìèêà ïðèðîñòà çàïàñà êàïèòàëà è ïðèðîñòà ÂÂÏ â
Ðîññèè ñ 1990 ïî 2010 ãã.

ÑÏÈÑÎÊ ËÈÒÅÐÀÒÓÐÛ

1. Àñååâ Ñ.Ì., Êðÿæèìñêèé À.Â. Ïðèíöèï ìàêñèìóìà Ïîíòðÿãè-
íà è çàäà÷è îïòèìàëüíîãî ýêîíîìè÷åñêîãî ðîñòà // Òð. ÌÈ-
ÀÍ. 2007. Ò. 257. Ñ. 5�271.

2. Ïîíòðÿãèí Ë.Ñ., Áîëòÿíñêèé Â.Ã., Ãàìêðåëèäçå Ð.Â., Ìèùåí-
êî Å.Ô. Ìàòåìàòè÷åñêàÿ òåîðèÿ îïòèìàëüíûõ ïðîöåññîâ. Ì.:
Íàóêà, 1983.

3. Acemoglu D. Introduction to modern economic growth. MIT Press,
2009.

4. Savin V.V., Rovenskaya E.A. Remarks on fair wealth accumulation
in Russia // Environment, Development and Sustainability. 2011.
V. 13, N. 5. P. 923�937.



Ìîäåëü ýêîíîìè÷åñêîãî ðîñòà 83

5. World Bank Database http://data.worldbank.org/

A MODEL OF ECONOMIC GROWTH AND RELATED
ENVIRONMENTAL QUALITY

Elena A. Rovenskaya, Faculty of Computational Mathematics and
Cybernetics, Lomonosov Moscow State University, Cand.Sc.
(eroven@mail.ru).

Abstract : In this paper we suggest a stylized optimization model of
national economic growth and environmental quality control. A problem
of �nding an optimal development strategy is solved analytically. We
reveal qualitatively di�erent development trajectories, suggest a concept
of sustainable development in the framework of the considered model.
The model is calibrated for Russia.

Keywords : mathematical modeling, optimal control, economic growth,
sustainable development.

Ðèñóíîê 4. Èíôëÿöèÿ ïîòðåáèòåëüñêèõ öåí, äåôëÿòîð ÂÂÏ è
ðåàëüíàÿ ïðîöåíòíàÿ ñòàâêà â Ðîññèè ñ 2000 ïî 2010 ãã.
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