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1. Ìîäåëü

Èãðà ïðîèñõîäèò íà ñåòè G = (X, D), ãäå X � êîíå÷íîå ìíîæåñòâî,
íàçûâàåìîå ìíîæåñòâîì âåðøèí, è D � ìíîæåñòâî ïàð âèäà (y, z), ãäå
y ∈ X, z ∈ X, íàçûâàåìîå ìíîæåñòâîì äóã. Òî÷êè x ∈ X áóäåì íà-
çûâàòü âåðøèíàìè èëè óçëàìè ñåòè, à ïàðó (x, y) ∈ D � äóãîé ñîåäè-
íÿþùåé âåðøèíû x, y. Íà ìíîæåñòâå äóã D çàäàíà íåîòðèöàòåëüíàÿ
ñèììåòðè÷íàÿ âåùåñòâåííàÿ ôóíêöèÿ γ(x, y) = γ(y, x) ≥ 0, èíòåð-
ïðåòèðóåìàÿ äëÿ êàæäîé äóãè (x, y) ∈ D êàê çàòðàòû, ñâÿçàííûå ñ
ïåðåõîäîì èç âåðøèíû x â âåðøèíó y ïî äóãå (x, y).

Îïèøåì òåïåðü òðàíñïîðòíóþ èãðó n-ëèö íà ñåòè G. Òðàíñïîðò-
íàÿ èãðà Γ ïðåäñòàâëÿåò ñîáîé íàáîð Γ =< G, N, x(N), a >, ãäå G �
ñåòü, N = {1, . . . , n} � ìíîæåñòâî èãðîêîâ, a ∈ X � íåêîòîðàÿ ôèê-
ñèðîâàííàÿ âåðøèíà ñåòè G, x(N) ⊂ X � ïîäìíîæåñòâî âåðøèí ñåòè
G, x(N) = {1(x), 2(x), . . . , i(x), . . . , n(x)}, ñ óêàçàíèåì èãðîêîâ, íà-
õîäÿùèõñÿ â ýòèõ âåðøèíàõ â íà÷àëå èãðîâîãî ïðîöåññà (íà÷àëüíîå
ñîñòîÿíèå èãðîêà). Òàê, íàïðèìåð, i(x) îçíà÷àåò âåðøèíó x ∈ X, â
êîòîðîé íàõîäèòñÿ èãðîê i â íà÷àëå èãðû. Â ìíîæåñòâå x(N) ìîãóò
áûòü ñîâïàäàþùèå ýëåìåíòû, ò.å. â íà÷àëå èãðû íåñêîëüêî èãðîêîâ
ìîãóò íàõîäèòüñÿ â îäíîé è òîé æå âåðøèíå. Â ðÿäå ñëó÷àåâ, ÷òîáû
íå óñëîæíÿòü îáîçíà÷åíèÿ, ìû ïîä i(x) áóäåì ïîäðàçóìåâàòü òàêæå
è èãðîêà i, íàõîäÿùåãîñÿ â âåðøèíå x.

Ïîä ïóòåì â èãðå Γ ìû áóäåì ïîíèìàòü ëþáóþ êîíå÷íóþ ïîñëåäî-
âàòåëüíîñòü äóã âèäà h = {(x0, x1), (x1, x2), . . . , (xl−1, xl)}, â êîòîðîé
íåò öèêëîâ, ñóùåñòâóåò òàêîå k ∈ N , ÷òî x0 = k(x0) ∈ x(N) è xl = a.
Òàêèì îáðàçîì ïóòü � ýòî ïîñëåäîâàòåëüíîñòü äóã (áåç öèêëîâ), ñî-
åäèíÿþùèõ íà÷àëüíîå ìåñòîïîëîæåíèå îäíîãî èç èãðîêîâ â ñåòè ñ
çàðàíåå ôèêñèðîâàííîé âåðøèíîé a. Ìû áóäåì ãîâîðèòü, ÷òî ïóòè h′

è h′′ íå ïåðåñåêàþòñÿ è ïèñàòü h′ ∩ h′′ = ∅, åñëè îíè íå èìåþò îáùèõ
äóã.

Îïðåäåëèì ñòðàòåãèè èãðîêîâ â èãðå Γ. Ïîä ñòðàòåãèåé èãðîêà
i ∈ N â Γ áóäåì ïîíèìàòü ëþáîé ïóòü, ñîåäèíÿþùèé åãî íà÷àëüíîå
ìåñòîïîëîæåíèå ñ âåðøèíîé a, ò.å. ñòðàòåãèè èãðîêà i � ýòî ñóòü ïóòè,
â êîòîðûõ íà÷àëüíàÿ âåðøèíà x0 = i(x0), à êîíå÷íàÿ ñîâïàäàåò ñ
a ∈ X. Ïóñòü hi = {(x0, x1), (x1, x2), . . . , (xk, xk+1), . . . , (xl−1, a)}, òîãäà
÷èñëî l (÷èñëî äóã â ïóòè hi) íàçîâåì äëèíîé ñòðàòåãèè hi. Ïîíÿòíî,
÷òî â Γ ñòðàòåãèè èãðîêà ìîãóò èìåòü ðàçëè÷íûå äëèíû. Ìíîæåñòâî
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âñåõ ñòðàòåãèé èãðîêà i îáîçíà÷èì ÷åðåç H i = {hi} , i = 1, . . . , n.
Äîïóñòèìûå ñèòóàöèè â èãðå Γ. Ñèòóàöèè h = (h1, . . . , hn), h1 ∈

∈ H1, . . . , hn ∈ Hn íàçûâàþòñÿ äîïóñòèìûìè, åñëè ïóòè hj è hk ïðè
j 6= k íå ïåðåñåêàþòñÿ, ò.å. hj ∩ hk = ∅, j 6= k. Ìíîæåñòâî âñåõ äîïó-
ñòèìûõ ñèòóàöèé îáîçíà÷èì ÷åðåç H.

Îïðåäåëèì ôóíêöèþ çàòðàò â èãðå.
Äëÿ êàæäîé ñèòóàöèè h = (h1, . . . , hn) ∈ H îïðåäåëèì çàòðàòû

èãðîêà i, Ki(h), ïî ôîðìóëå

Ki(h) =
l−1∑

k=0

γ(xk, xk+1) = k(hi) ,

ãäå {(x0, x1), (x1, x2), . . . , (xl−1, xl)} = hi. Òàêèì îáðàçîì, çàòðàòû êàæ-
äîãî èãðîêà â èãðå Γ ðàâíû çàòðàòàì, êîòîðûå îí íåñåò ïåðåìåùàÿñü
èç íà÷àëüíîé âåðøèíû i(x0) ∈ x(N) â ôèêñèðîâàííóþ âåðøèíó a,
êîòîðàÿ îäèíàêîâà äëÿ âñåõ èãðîêîâ. Çäåñü ìû âèäèì, ÷òî çàòðàòû
èãðîêà i,Ki(h), çàâèñÿò ëèøü îò åãî ñòðàòåãèè hi è çàâèñèò îò ñòðàòå-
ãèé äðóãèõ èãðîêîâ òåì, ÷òî ñòðàòåãèÿ hi (ïóòü èãðîêà i) íå äîëæíà
ïåðåñåêàòüñÿ ñî ñòðàòåãèÿìè äðóãèõ èãðîêîâ. Ïîýòîìó, â íåêîòîðûõ
ñëó÷àÿõ, êîãäà ýòî íå áóäåò ïðèâîäèòü ê íåäîðàçóìåíèÿì, ìû âìå-
ñòî Ki(h) áóäåì èñïîëüçîâàòü îáîçíà÷åíèå k(hi), îçíà÷àþùåå çàòðàòû
èãðîêà i âäîëü ïóòè hi.

Ðàâíîâåñèå ïî Íýøó â èãðå Γ [2]. Ñèòóàöèÿ h̄ = (h̄1, . . . , h̄n) íàçû-
âàåòñÿ ñèòóàöèåé ðàâíîâåñèÿ â Γ, åñëè èìååò ìåñòî Ki(h̄ ‖ hi) ≥ Ki(h̄)

äëÿ âñåõ äîïóñòèìûõ ñèòóàöèé (h̄ ‖ hi), ò.å. äëÿ âñåõ (h̄ ‖ hi) ∈ H è
i ∈ N .

Ïîñòðîåíèå êëàññà ñèòóàöèé ðàâíîâåñèÿ â èãðå Γ.
Ïóñòü π � íåêîòîðàÿ ïåðåñòàíîâêà ÷èñåë 1, . . . , n, π = (i1, . . . , in).

Ðàññìîòðèì âñïîìîãàòåëüíóþ òðàíñïîðòíóþ çàäà÷ó íà ñåòè G äëÿ
èãðîêà i1. Íàéäåì ïóòü â ñåòè G, ìèíèìèçèðóþùèé çàòðàòû èãðîêà
i1 íà ïåðåõîä èç âåðøèíû i1(x) ∈ x(N) â âåðøèíó a ∈ X. Îáîçíà÷èì
ïóòü, ðåøàþùèé ýòó çàäà÷ó, ÷åðåç h̄i1 , ò.å.

k(h̄i1) = min
hi1∈Hi1

k(hi1) .

Ââåäåì â ðàññìîòðåíèå ïîäñåòü ñåòè G, íå ñîäåðæàùóþ ïóòü h̄i1 ,
ò.å. ïîäñåòü G\h̄i1 . Ðàññìîòðèì âñïîìîãàòåëüíóþ òðàíñïîðòíóþ çàäà-
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÷ó äëÿ èãðîêà i2 íà ñåòè G\ h̄i1 . Íàéäåì ïóòü â ïîäñåòè G\ h̄i1 , ìèíè-
ìèçèðóþùèé çàòðàòû èãðîêà i2 íà ïåðåõîä èç âåðøèíû i2(x) ∈ x(N)

â âåðøèíó a ∈ X. Îáîçíà÷èì ïóòü, ðåøàþùèé ýòó çàäà÷ó, ÷åðåç h̄i2 ,
ò.å.

k(h̄i2) = min
hi2∈Hi2

k(hi2) .

Äåéñòâóÿ äàëåå àíàëîãè÷íûì îáðàçîì, ââåäåì â ðàññìîòðåíèå ïîä-
ñåòü ñåòè G, íå ñîäåðæàùóþ ïóòåé h̄i1 , . . . , h̄im−1 . Ðàññìîòðèì âñïî-
ìîãàòåëüíóþ òðàíñïîðòíóþ çàäà÷ó äëÿ èãðîêà im íà ñåòè G \

m−1⋃
l=1

h̄il .

Íàéäåì ïóòü â ïîäñåòè G\
m−1⋃
l=1

h̄il , ìèíèìèçèðóþùèé çàòðàòû èãðîêà
im íà ïåðåõîä èç âåðøèíû im(x) ∈ x(N) â âåðøèíó a ∈ X. Îáîçíà÷èì
ïóòü, ðåøàþùèé ýòó çàäà÷ó, ÷åðåç h̄im , ò.å.

k(h̄im) = min
him∈Him

k(him) .

Â ðåçóëüòàòå ìû ïîëó÷àåì ïîñëåäîâàòåëüíîñòü ïóòåé h̄i1 , . . . , h̄in ,
ìèíèìèçèðóþùèõ çàòðàòû èãðîêîâ i1, i2, . . . , im, . . . , in íà ïîäñåòÿõ
G,G \ h̄i1 , . . . , G \

m−1⋃
l=1

h̄il , . . . , G \
n−1⋃
l=1

h̄il .

Ïîñëåäîâàòåëüíîñòü ïóòåé h̄i1 , . . . , h̄im , . . . , h̄in ïî ïîñòðîåíèþ ñî-
ñòîèò èç ïîïàðíî íåïåðåñåêàþùèõñÿ ïóòåé, è êàæäûé èç ïóòåé h̄il ∈
∈ H il . Ñëåäîâàòåëüíî, ñèòóàöèÿ (h̄i1 , . . . , h̄im , . . . , h̄in) = h̄(π) ∈ H, ò.å.
ÿâëÿåòñÿ äîïóñòèìîé â Γ.

Òåîðåìà 1.1. Ñèòóàöèÿ h̄(π) ∈ H ÿâëÿåòñÿ ñèòóàöèåé ðàâíîâåñèÿ
â Γ ïðè ëþáîé ïåðåñòàíîâêå π.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ñèòóàöèþ [h̄(π) ‖ him ], ãäå him 6= h̄im ,

him ∈ H im , [h̄(π) ‖ him ] ∈ H. Ïî ïîñòðîåíèþ h̄im îïðåäåëÿåòñÿ èç
óñëîâèÿ

k(h̄im) = min
him∈G\

m−1⋃
l=1

h̄il

k(him) ,

îäíàêî ñèòóàöèÿ [h̄(π) ‖ him ] äîïóñòèìà (åñëè him ∈ G \
m−1⋃
l=1

h̄il) è ïî-

ýòîìó k(h̄im) ≤ k(him) = Kim [h̄(π) ‖ him ], îäíàêî k(h̄im) = Kim(h̄(π)),
è ìû èìååì Kim [h̄(π)] ≤ Kim [h̄(π) ‖ him ] äëÿ âñåõ [h̄(π) ‖ him ] ∈ H,
÷òî è äîêàçûâàåò òåîðåìó.
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Òåîðåìà 1.1 óêàçûâàåò íà áîãàòîå ñåìåéñòâî ñèòóàöèé ðàâíîâåñèÿ
â ÷èñòûõ ñòðàòåãèÿõ â Γ â çàâèñèìîñòè îò ïåðåñòàíîâêè π. Òàêèì
îáðàçîì â Γ èìååì ïî êðàéíåé ìåðå n! ñèòóàöèé ðàâíîâåñèÿ â ÷èñòûõ
ñòðàòåãèÿõ.

Îïðåäåëåíèå 1.1. Ñèòóàöèÿ ðàâíîâåñèÿ ïî Íýøó h̄(π̂) íàçûâàåòñÿ
óñëîâíî êîîïåðàòèâíûì ðàâíîâåñèåì, åñëè

n∑
i=1

Ki(h̄(π̂)) = min
π

n∑
i=1

Ki(h̄(π)) = W . (1.1)

Îïðåäåëåíèå 1.2. Ñèòóàöèÿ ðàâíîâåñèÿ ïî Íýøó

h∗ = ((h1)∗, . . . , (hn)∗)

â Γ íàçûâàåòñÿ ñèëüíûì ðàâíîâåñèåì, åñëè äëÿ ëþáîé êîàëèöèè S ⊂
⊂ N íàéäåòñÿ èãðîê j ∈ S, òàêîé ÷òî

Kj(h
∗ ‖ hS) ≥ Kj(h

∗) ,

ãäå hS � íàáîð ñòðàòåãèé èãðîêîâ èç S, ò.å. hS = {hi, i ∈ S}, à ñèòó-
àöèÿ (h∗ ‖ hS) � äîïóñòèìàÿ ñèòóàöèÿ, â êîòîðîé ýëåìåíòû (hi)∗

çàìåíåíû íà (hi) ïðè i ∈ S.

Òåîðåìà 1.2. Ñèòóàöèÿ h̄(π) äëÿ ëþáîãî π ÿâëÿåòñÿ ñèòóàöèåé
ñèëüíîãî ðàâíîâåñèÿ ïî Íýøó â Γ.

Äîêàçàòåëüñòâî. Ïîêàæåì, ÷òî äëÿ ëþáîé êîàëèöèè S ⊂ N íàéäåò-
ñÿ èãðîê j ∈ S, äëÿ êîòîðîãî èìååò ìåñòî

Kj(h̄(π) ‖ hS) ≥ Kj(h
∗(π)) .

Òàêèì èãðîêîì ÿâëÿåòñÿ èãðîê, èìåþùèé íàèìåíüøèé íîìåð â
ïåðåñòàíîâêå π è ïðèíàäëåæàùèé êîàëèöèè S. Ïóñòü ýòî èãðîê im.
Ñòðàòåãèÿ h̄im îïðåäåëÿåòñÿ èç óñëîâèÿ

k(h̄im) = min
him∈G\

m−1⋃
l=1

h̄il

k(him) ,

ïîýòîìó

Kim(h̄(π)) = k(h̄im) ≤ k(him) = Kim(h̄(π) ‖ hS), im ∈ S ,

è òåîðåìà äîêàçàíà.
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Îäíàêî ñóùåñòâóþò è äðóãèå ñèòóàöèè ðàâíîâåñèÿ ïî Íýøó â Γ.
Ðàññìîòðèì ñèòóàöèþ ¯̄h, ðåøàþùóþ çàäà÷ó ìèíèìèçàöèè

min
h

n∑
i=1

Ki(h) =
m∑

i=1

Ki(
¯̄h) = V . (1.2)

Ìîæíî ïðîñòî ïîêàçàòü, ÷òî ¯̄h òàêæå ÿâëÿåòñÿ ñèòóàöèåé ðàâíî-
âåñèÿ ïî Íýøó.

Ñèòóàöèþ ¯̄h íàçîâåì êîîïåðàòèâíûì ðàâíîâåñèåì â Γ. Ìîæåò ïî-
êàçàòüñÿ, ÷òî V = W , îäíàêî, êàê ïîêàçûâàåò ñëåäóþùèé ïðèìåð,
ýòî íå òàê.

2. Ïðèìåð

Ðèñóíîê 1. Èãðà äâóõ ëèö

Â èãðå, èçîáðàæåííîé íà ðèñ. 1, ó÷àñòâóþò äâà èãðîêà N = {1, 2},
ìíîæåñòâî x(N) = {x1, x8}. Òàêèì îáðàçîì, â íà÷àëüíûé ìîìåíò èã-
ðîê 1 ðàñïîëîæåí â âåðøèíå x1, à èãðîê 2 � â âåðøèíå x8. Çàòðàòû
çàïèñàíû íàä äóãàìè è ðàâíû, ñîîòâåòñòâåííî,

γ(x1, x2) = 2, γ(x2, x3) = 0, γ(x3, x4) = 2, γ(x4, a) = 0,

γ(x1, x5) = 1, γ(x5, x6) = 0, γ(x2, x6) = 0, γ(x6, x3) = 0, 5,

γ(x7, x3) = 0, γ(x7, x4) = 1, γ(x7, a) = 0, γ(x8, x5) = 0,
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γ(x9, x5) = 2, γ(x9, x7) = 1.

Âû÷èñëåíèÿ ïîêàçûâàþò, ÷òî äëÿ ïåðåñòàíîâêè π = {1, 2}

h̄1 =
{
(x1, x5), (x5, x6), (x6, x2), (x2, x3), (x3, x7), (x7, a)

}

è
h̄2 =

{
(x8, x5), (x5, x9), (x9, x7), (x7, x4), (x4, a)

}
,

K1(h̄({1, 2})) = 1, K2(h̄({1, 2})) = 4,

K1(h̄({1, 2}) + K2(h̄({1, 2})) = 5;

äëÿ ïåðåñòàíîâêè π = {2, 1}

h̄1 =
{
(x1, x5), (x5, x9), (x9, x7), (x7, x4), (x4, a)

}

è
h̄2 =

{
(x8, x5), (x5, x6), (x6, x2), (x2, x3), (x3, x7), (x7, a)

}
,

K1(h̄({2, 1})) = 5, K2(h̄({2, 1})) = 0,

K1(h̄({1, 2}) + K2(h̄({1, 2})) = 5.

Òàêèì îáðàçîì, îáà ðàâíîâåñèÿ h̄ {1, 2} è h̄ {2, 1} ÿâëÿþòñÿ óñëîâ-
íî êîîïåðàòèâíûìè ðàâíîâåñèÿìè â Γ è W = 5 (ñì. (1.1)).

Çàìåòèì, ÷òî ñèòóàöèÿ ¯̄h (ñì. (1.2)) â íàøåì ïðèìåðå èìååò âèä

¯̄h1 =
{
(x1, x5), (x5, x9), (x9, x7), (x7, x4), (x4, a)

}
,

¯̄h2 =
{
(x8, x5), (x5, x6), (x6, x3), (x3, x7), (x7, a)

}

è
K1(

¯̄h) = 4, K2(
¯̄h) = 0, 5,

V = K1(
¯̄h) + K2(

¯̄h) = 4, 5 < 5 = W,

òî åñòü ñóùåñòâóþò èãðû, ãäå V < W .

3. Êîîïåðàòèâíàÿ èãðà
Äëÿ ïîñòðîåíèÿ êîîïåðàòèâíîãî âàðèàíòà èãðû Γ(G,N, x(N), a),

êîòîðóþ ìû áóäåì îáîçíà÷àòü ÷åðåç Γc(G,N, x(N), a), íåîáõîäèìî ïî-
ñòðîèòü õàðàêòåðèñòè÷åñêóþ ôóíêöèþ èãðû. Â äàííîé ðàáîòå ìû
ïðåäëîæèì äâà ñïîñîáà ïîñòðîåíèÿ õàðàêòåðèñòè÷åñêîé ôóíêöèè [3,
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4]. Îäíà ñòðîèòñÿ ñ èñïîëüçîâàíèåì óñëîâíî-êîîïåðàòèâíîãî ðàâíî-
âåñèÿ h̄, äðóãàÿ � ñ èñïîëüçîâàíèåì êîîïåðàòèâíîãî ðàâíîâåñèÿ ¯̄h.

Ðàññìîòðèì ñïåðâà ïåðâûé ñïîñîá. Îáîçíà÷èì ÷åðåç ϑ1(S), S ⊂ N

õàðàêòåðèñòè÷åñêóþ ôóíêöèþ èãðû. Ïîëàãàåì

ϑ1(N) = W = min
π

n∑
i=1

Ki(h̄(π)) =
n∑

i=1

k(ˆ̄hi(ˆ̄π)) .

Ïóñòü S ⊂ N . Íàèõóäøèå óñëîâèÿ äëÿ êîàëèöèè S ìîãóò âîçíèê-
íóòü â òîì ñëó÷àå, åñëè èãðîêè èç S íàõîäÿòñÿ íà ïîñëåäíèõ ìåñòàõ
ïåðåñòàíîâêè π. Îáîçíà÷èì ÷åðåç P (S) ìíîæåñòâî âñåõ ïåðåñòàíîâîê
π, ó êîòîðûõ èãðîêè èç S íàõîäÿòñÿ íà ïîñëåäíèõ |S| ìåñòàõ (çäåñü
|S| � ÷èñëî ýëåìåíòîâ êîàëèöèè S).

Ïîëàãàåì

ϑ1(S) = min
π∈P (S)

∑
i∈S

Ki(h̄i(π)) =
∑
i∈S

k(hi(π̂s)) .

Ïðè òàêîé ïîñòàíîâêå êîàëèöèÿ N\S èãðàåò çà ñåáÿ è íå èãðàåò
ïðîòèâ êîàëèöèè S, à êîàëèöèÿ S, îêàçàâøèñü â õóäøåì äëÿ ñåáÿ ïî-
ëîæåíèè (â ïîñëåäíèõ ìåñòàõ ïåðåñòàíîâêè S), ìèíèìèçèðóåò ñâîè
çàòðàòû. Åñëè ïðåäïîëîæèòü ðàöèîíàëüíîñòü èãðîêîâ èç N\S è S,
òàêîå ïðåäñòàâëåíèå ϑ1(S) ìîæåò áûòü èíòåðïðåòèðîâàíî êàê ìèíè-
ìàëüíûå ãàðàíòèðîâàííûå ïîòåðè êîàëèöèè S.

Ðàññìîòðèì òåïåðü âòîðîé ñïîñîá îïðåäåëåíèÿ õàðàêòåðèñòè÷å-
ñêîé ôóíêöèè. Îí áëèæå ê êëàññè÷åñêîìó îïðåäåëåíèþ, ïîñêîëüêó
â ýòîì ñëó÷àå ìû ïîëàãàåì ϑ2(N) = V , ò.å. çíà÷åíèå õàðàêòåðèñòè-
÷åñêîé ôóíêöèè äëÿ ìàêñèìàëüíîé êîàëèöèè ðàâíî ìèíèìàëüíûì
ñóììàðíûì çàòðàòàì èãðîêîâ, ÷òî, êàê ïîêàçûâàåò ïðèìåð èç ðàçäå-
ëà 2, íå âñåãäà âåðíî, åñëè â êà÷åñòâå õàðàêòåðèñòè÷åñêîé ôóíêöèè
âçÿòü ôóíêöèþ ϑ1(S), S ⊂ N .

Ïîëàãàåì

ϑ2(N) = V = min
h=(h1,...,hn)

n∑
i=1

Ki(hi) =
n∑

i=1

k(¯̄hi) .

Îïðåäåëèì òåïåðü ϑ2(S) äëÿ S ⊂ N . Ðàññìîòðèì ìíîæåñòâî N\S
è îïðåäåëèì ïîäèãðó Γc(G, N\S, x(N\S), a), ãäå x(N\S) ⊂ x(N) åñòü
ìíîæåñòâî íà÷àëüíûõ ñîñòîÿíèé èãðîêîâ èç N\S â èãðå Γc(G,N, x(N), a)
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(îíî î÷åâèäíî ñîâïàäàåò ñ ìíîæåñòâîì íà÷àëüíûõ ñîñòîÿíèé èãðîêîâ
â èãðå Γc(G,N \S, x(N \S), a)). Ïóñòü ¯̄h(N \S) � êîîïåðàòèâíîå ðàâ-
íîâåñèå â èãðå Γ(G,N\S, x(N\S), a). Ðàññìîòðèì òåïåðü ïîäèãðó

Γ(G \
⋃

i∈N\S

¯̄hi(S), S, x(S), a) ,

è ïóñòü ¯̄h(S) � êîîïåðàòèâíîå ðàâíîâåñèå â ýòîé èãðå. Òîãäà ïîëàãàåì

ϑ2(S) =
∑
i∈S

Ki(
¯̄h(S)) =

∑
i∈S

k(¯̄hi(S)) .

Òàêèì îáðàçîì, âû÷èñëåíèå ϑ2(S), S ⊂ N , ñâîäèòñÿ ê íàõîæäå-
íèþ íàèìåíüøèõ çàòðàò â èãðå Γ(G′, S, x(S), a) íà ïîäñåòè G′ ñåòè G.
Ïîýòîìó, äëÿ âû÷èñëåíèÿ ϑ2(S) ìîæíî ïðèìåíèòü òåõíèêó äèíàìè-
÷åñêîãî ïðîãðàììèðîâàíèÿ [1, 5]. Îáîçíà÷èì ÷åðåç ϑ̄2(G

′,m) ìèíè-
ìàëüíûå ñóììàðíûå çàòðàòû â èãðå ñ m èãðîêàìè Γ(G′, M, x(M), a),
ãäå |M | = m è x(M) � íà÷àëüíûå ñîñòîÿíèÿ èãðîêîâ èç M . Òîãäà
äëÿ ôóíêöèè ϑ̄2(G

′,m) ìîæíî âûïèñàòü ôóíêöèîíàëüíîå óðàâíåíèå
(óðàâíåíèå Áåëëìàíà)

¯̄ϑ2(G
′,m) = min

h1∈G′
[k(h1) + ϑ̄2(G

′ \ h1, m− 1)] (3.1)

ñ íà÷àëüíûì óñëîâèåì

¯̄ϑ2(G \
m−1⋃
i=1

hi, 1) = min
hm∈G′\

m−1⋃
i=1

hi

k(hm) . (3.2)

Ìîæíî ïîêàçàòü, ÷òî ϑ2(S) = ¯̄ϑ2(G, |S|). Çàìåòèì, ÷òî äëÿ âû-
÷èñëåíèÿ ϑ2(S) íóæíî çíàòü ñåòü G′, êîòîðàÿ ïîëó÷àåòñÿ èç ñåòè G

ïóòåì óäàëåíèÿ ïóòåé, îáåñïå÷èâàþùèõ ìèíèìàëüíûå çàòðàòû äëÿ

èãðîêîâ êîàëèöèè N\S, ò.å. íàäî ïîñòðîèòü ñåòü G′ = G\
|n\S|⋃
i=1

¯̄hi(N\S).

Äëÿ ïîñòðîåíèÿ ñåòè G′ = G\
|n\S|⋃
i=1

¯̄hi(N\S) íàäî ðåøèòü çàäà÷ó äèíà-
ìè÷åñêîãî ïðîãðàììèðîâàíèÿ äëÿ ìíîæåñòâà èãðîêîâ N \ S íà ñåòè
G, èñïîëüçóÿ óðàâíåíèÿ (3.1), (3.2), çàïèñàííûå äëÿ ýòîãî ñëó÷àÿ.

Äàëåå, íàéäÿ ¯̄hi(N\S), ïîñòðîèòü ñåòü G′ = G \
|n\S|⋃
i=1

¯̄hi(N\S), ïåðåé-
òè ê íàõîæäåíèþ ϑ2(S), èñïîëüçóÿ òå æå óðàâíåíèÿ (3.1),(3.2) óæå
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äëÿ ñåòè G′. Çàìåòèì, ÷òî ýòó æå çàäà÷ó ìîæíî ðåøàòü ìåòîäàìè
äèñêðåòíîãî ïðîãðàììèðîâàíèÿ [3, 4, 6].
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ON TRANSPORTATION NETWORK GAME

Leon A. Petrosyan, Faculty of Applied Mathematics and Control
Processes, Saint-Petersburg State University, Dr.Sc., prof.
(spbuoasis7@peterlink.ru).

Abstract : The n-person transportation game over a Network G(X, D)

is considered. The players at the beginning are situated in the vertexes
x(N) ∈ X of the Network G. The aim of each player is to reach a �xed
vertex a ∈ X with minimal costs. The additional condition is that the
paths of players must not intersect (must not contain the same arcs). The
rich family of Nash Equilibrium points is constructed and the cooperative
game is also considered. Two di�erent approaches to the de�nition of
characteristic function are proposed.

Keywords : network games, transportation model, cooperative games, Bellman
equation.


