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Introduction

We construct a family of graphs G,, with the resolution complexity of the
perfect matching principle 2™
e First exponential lower bound for PMP in the form 28Un) \where n is
the number of variables.

e Matches upper bound.
e Implies several known lower bounds (PHP,, ,,,) and improves some of
them (PMPg,,).
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Resolution proof system

0 =C1 ANCyA...N\Cj — unsatisfiable CNF.
Resolution proof: C;,, C,, ..., Cj,

0C, =1
@® Every (; is either contained in ¢ or is obtained using resolution rule:

zV A -xV B
AV B

Definition

A family of unsatisfiable formulas F,, is weaker than H,

m
if for some m for all clauses C' € H,,, C is an implication of A C;, where

=1
C; is a clauses of F,.
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Pigeonhole principle

PHP}": m pigeons, n holes. Variables {p; ;}i=1..m,j = 1..n.
PHP" is a conjunction of statements:

e Every pigeon is contained in at least one hole.

/\ (Pia Vpi2V...Vpim)

%

e Every hole contains at most one pigeon.

N\ PV pag) A(SpLg Vomps ) A A (SPme1 Y P g)
i
— Haken, 1985: 22" for ;p = n + 1.

— Razborov, 2001: 29(”%) for any m > n.

G-PHP]: restriction on a particular bipartite graph G.
— Ben-Sasson, Wigderson, 2001: 2°(") for m = O(n) and G is a
bipartite constant degree expander.
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FPHP?" and Perfect matching

FPHP": weakening of PHP}",

e Every pigeon is contained in at most one hole.

— Razborov, 2001: lower bound 29(<10gnm)2>, which implies 29("1/3).
PMP¢: for some graph G(V, E) a formula PMP¢ encodes
that G has a perfect matching. We assign a binary variable x. for all
e € E. PMP¢ is the conjunction of the conditions:

e For all v € V at least one edge that incident to v has value 1:

\/ L(vu)-
(vyu)ER

e For any pair of edges e1, e5 incident to v at most one of them takes
value 1, —z¢, V 1, .

5(Q)
— Razborov, 2004: resolution complexity is at least 21og%n

where (G) is the minimal degree and n is the number of vertices.
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3D such that YC ¥n Vm € [n+ 1,Cn]| there exists such bipartite
G(X,Y, E) such that

o G is explicit with maximum degree < D, | X| =m,|Y| = n.
* PMPg, .. is unsatisfiable and refutable in at least o),

The number of variables in PMPg,  is O(n), therefore the lower bound
matches (up to an application of a polynomial) the trivial upper bound
20(") that holds for every formula with O(n) variables.
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Theorem 1 corollaries

e PMPg, . is weaker than G, ,—PHP}', PHP} and FPHP], therefore
Theorem 1 implies the same lower bound for G, ,— PHP}', PHP}
and FPHP".

e The resolution complexity of PMPy, is 29U") where m = O(n),
which improves 9% (n/log n) (Razborov, 2004) and matches the upper
bound n2" that follows from the upper bound for PHP" 1,

e The lower bound for the resolution complexity of PMPy is 22(7),
which improves the lower bound 2¢(n/10g”n) (Razborov, 2004).
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Boundary expanders, refutation width

A bipartite graph G with parts X and Y is a (r, ¢)-boundary expander if VA C X,
if |[A] <7 then |6(A)| > c|A|, where §(A) is the set of all vertices in Y that are
connected with exactly one vertex in A;

Ben-Sasson, Wigderson, 2001:
e Width of the clause w(C) is a number of literals in C.
e Width of the formula w(yp) is a maximum width of the clause in it.
o w(yp) is refutable in width w if there exists refutation with maximum width of
the clauses w.

Theorem (Ben-Sasson, Wigderson)

For any k-CNF unsatisfiable formula @ with n variables the size of resolution proof

(w=k)?

is at least 2 ( > where w is a minimal width of a resolutional proof.
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Width-size connection

Let G be a (r,c)-boundary expander with parts X and Y such that there is
a matching in G that covers all vertices from Y. Then the width of all
resolution proofs of PMP¢ is at least cr/2.

If degrees of all vertices are at most D, then the size of any resolution proof
(cr/2—D)?

Q
of PHPg is at least 2 ( " ) where n is the number of edges in G.

Lemma (ltsykson, Sokolov, 2011)

VdV C and ¥ n and m € [n+ 1,Cn] there is an explicit construction of
(r,0.4d)-boundary expander G(X,Y, E) with | X|=m, |Y| =n and
r = Q(n) such that all degrees are bounded by d>.

Now Theorem 2 and Lemma imply Theorem 1.
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Generalization

G(V, E) is an undirected graph.
h is a function V' — N.

variables {x.} correspond to E.

\Il(Gh): Vv € V exactly h(v) edges e, , have value 1.

PMP¢ is a particular case of \Il(Gh) for h = 1.

V' d € NV n large enough and ¥ h : V — {1,2,...,d}, where |[V| =n,
there exists such explicit G(V, E), that \If(Gh) is unsatisfiable and the
refutation size for \I/gl ) is at least 2%(m).
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Theorem 2 corollaries

o Tseitin formulas. Let G(V, E) be an arbitrary and f : V' — {0, 1}; variables
xe of Téf) correspond to E.

Tc(lf) = /\ @ L(vu) = f(U)

veV \ (v,u)eE

Let h(v) = 2 — f(v). By Theorem 3 there exists G with n vertices of degree at

most D such that the size of any resolution proof of the formula \Ilg is at least
29(n)  Every condition of Téh) may be derived from a condition of \I/’é in 20

steps. Thus resolution complexity of Téf) is at least 24" (— Urquhart, 1987).
e Complete graph. Let h: V — {0,1,...,d} be defined on the graph K,, and
let formula \IJ%LZ be unsatisfiable. By Theorem 3 there exists G with n vertices
of bounded degree that the size of any resolution proof of \I/g is at least 22("),
Formula \I/g}) can be obtained from \I/(I?Z by substituting zeroes to some edges,

therefore the size of the resolution proof of \Ilg?i is at least 22("),
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