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Definitions

-

A deterministic finite automaton A = (@, X, 9,qo, T) IS
defined by specifying

() — a finite set of states

Y, — finite alphabet

0: (Q x X — @ — transition function

qo € @ — Initial state

T C ) — set of terminal states

6 can be extended to an action ) x ¥* — Q
A={(Q,%,0,q0,T)|2 ={0,1}}
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Definitions

bin: N — »* T
bin(r) =ap_1ap_9...00 <

r = Qk_lak_l + Qk_2ak_2 +---+ag,a; €{0,1},ar_1 =1

VAe A xeNzxe L(A) < bin(zx) € L(A)
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Problem

-

Given A € A, k£ € N, does such B € A exists that
VeeNze L(B) < (¢+k)e L(A)?

If it does, how large is size of B?
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Main result

VA e AVE e N
dBe AVx e Nz € L(B) < (x+k) € L(A).

Qp| < [%W n? + 2nk + 2k, where n = |Q 4.
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Approach to the problem

— Build automaton with required properties for k = 1 T

— Generalize used construction for £ > 1 but with larger
number of states than required

— Prove that built automaton after minimization has
required number of states



10001 + 1 = 10010

1



10001 + 1 = 10010

100010 41 = 100011
100011 41 = 100100

1



k=1

v =22 +2", 2" €{0,1}
A=1(Q,%,0,q,T) €A



k=1

r =22 +2", 2" €{0,1}
A= <Q72757QO7T> S\



Solution for k =1
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Solution for k =1

A= <Q72790757 T}, B = <Q’,Z,q(’),5’,T’>.

Q'=QxQ

70 = (90, 0(q0, 1))

5’((&, b)vO) — (5(&,0),5(&, 1))
& ((a,b),1) = (6(a,1),0(b,0))
T"=QxT

Ve € N §'(qq, bin(x)) = (6(qo, bin(z)), 6(qo, bin(x + 1)))
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k>1

10001 + 1 = 10010

10001001 + 101 = 10001110
10001110 + 101 = 10010011



Solution for k > 1

A — <Q727QO757 T>5 B = <QI727Q(/)75/7T/>
m = 2[10g2 k]



Solution for k > 1

-

A — <Q727QO757 T>5 B = <Q/727Q(/)75/7T/>

m:QHngk]
QxQx{0...m—1yU{0...m—1}¢, =0
, 2q + a, 2g+a <m
0'(q,a) =
(6(qo,1),0(qo,10),(2¢+a—m)), 2¢g+a=>m

(0(p1,0),d(p1,1), (29 + a)), 20 +a <m
(6(p1,1),0(p2,0),(2¢ +a—m)), 2¢g+a=>m

' ((p1,p2,9),a) = {



Solution for k > 1

-

A — <Q727QO757 T>5 B = <Q/727Q(/)75/7T/>

m:QHngk]
QxQx{0...m—1yU{0...m—1}¢, =0
, 2q + a, 2g+a <m
0'(q,a) =
(6(qo,1),0(qo,10),(2¢+a—m)), 2¢g+a=>m

/ L (5(]9170)75(]9171)7(QQ+CL))7 2q—|—a <m
PP ped) ) = { (6(p1,1),6(p2,0), (2 +a—m)), 2q+a>m
T'={xe{0..m—1}(zx+k) € L(A)}

U{(a,b,q)|lg+k <m,d(a,bin(qg+ k)) € T}
U{(a,b,q)|lg+k=m,0(b,bin(¢+k—m))}

|



Solution for k > 1

-

For any number z € N

6 (¢, x) =z ifx <m

8 (g0, ) = (6(qo, bin(| Z])),(qo, bin(| % | + 1)), mod,z)
otherwise.



End

Thank you!
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